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' ' f t \ e s u S
( o ^ l D  
C o f y  /•
my w ife , E l iz a b e th ,  
and my p a re n ts
0 LORD, o u r L ord,
how m a je s t ic  i s  your name in  a l l  th e  e a r th !
You have s e t  your g lo ry  
above th e  h eav en s.
From th e  l i p s  o f  c h i ld r e n  and in f a n t s  
you have o rd a in e d  p r a i s e  
because  o f  yo u r enem ies,
to  s i le n c e  th e  fo e  and th e  a v en g e r.
"When I  c o n s id e r  yo u r h eav en s,
. th e  work o f  yo u r f in g e r s ,  
th e  moon and th e  s t a r s ,
which you have s e t  in  p la c e ,  
what i s  man th a t  you a re  m indfu l o f  him , 
th e  son o f  man th a t  you c a re  f o r  him?
You made him a  l i t t l e  low er th a n  th e  h eav e n ly  b e in g s  
and crowned him w ith  g lo ry  and honour.
You made him r u l e r  ov er th e  works o f  you r h an d s;
you p u t e v e ry th in g  u nder h i s  f e e t :  
a l l  f lo c k s  and h e rd s ,
and th e  b e a s ts  o f  th e  f i e l d ,  
th e  b i r d s  o f  th e  a i r ,  
and th e  f i s h  o f  th e  s e a , 
a l l  t h a t  swim th e  p a th s  o f  th e  s e a s .
0 LORD, ou r L ord,
how m a je s t ic  i s  you r name in  a l l  th e  e a r th !
Psalm  8
(New I n te r n a t io n a l  
V ers io n )
PREFACE
T his  t h e s i s  p re s e n ts  th e  r e s u l t s  o f  a  nu m erica l in v e s t ig a t io n  in to  th e  
s t r u c tu r e  o f  sym m etric p e r io d ic  s o lu t io n s  o f  th e  r e s t r i c t e d  th re e -b o d y  
problem , and in  p a r t i c u l a r ,  th e  r e l a t i o n s h ip s  betw een f a m i l i e s  o f  p la n a r  
and th re e -d im e n s io n a l p e r io d ic  o r b i t s ,  and betw een f a m i l i e s  in  th e  
c i r c u l a r  and e l l i p t i c  v e rs io n s  o f  th e  r e s t r i c t e d  problem . The n u m erica l 
te c h n iq u e s  u sed  in  th e  d e te rm in a tio n  o f  f a m i l i e s  and s e r i e s  o f  sym m etric 
p e r io d ic  o r b i t s  in  each o f  th e  d i f f e r e n t  v e r s io n s  o f  th e  problem  a re  a ls o  
d e s c r ib e d .
C h ap te rs  1 and 2 and th e  f i r s t  f iv e  s e c t io n s  o f  C hap ter 3 form  an 
in t r o d u c t io n  to  th e  r e s t r i c t e d  problem , w ith  em phasis on p e r io d ic  o r b i t s  
and t h e i r  p r o p e r t i e s ,  such a s  symmetry and s t a b i l i t y .  The rem a in in g  
s e c t io n  o f  C hap ter 3 i s  concerned  w ith  b i f u r c a t io n s  o f  p la n a r  w ith  th r e e -  
d im en sio n al p e r io d ic  o r b i t s .  C hapter 4 d e a ls  w ith  n u m erica l te c h n iq u e s  
fo r  d e te rm in in g  p e r io d ic  o r b i t s ;  in  C h ap te rs  5 - 8 ,  v a r io u s  a s p e c ts  o f  
th e  s t r u c t u r e  and c l a s s i f i c a t i o n  o f  sym m etric p e r io d ic  s o lu t io n s  a re  
d is c u s s e d , and n u m erica l exam ples a re  g iven  to  i l l u s t r a t e  each o f  th e se  
a s p e c ts .  The o r ig i n a l  m a te r ia l  c o n ta in e d  in  t h i s  t h e s i s  b e g in s  w ith  
S e c tio n  J . 6  o f  C hapter 3» and in c lu d e s  C hap ter 4 (w ith  th e  e x c e p tio n  o f  
S e c tio n  4 * 2 ), to g e th e r  w ith  C h ap te rs  5 - 8 .  The "bulk o f  th e  c o n te n t o f  
C hap te rs  4 and 5 h a s  been p u b lish e d  in  th e  jo u rn a l  " C e le s t ia l  M echanics", 
V ol. 21, pp . 395 -  434 (w ith  Dr. V. M a rk e llo s ) ;  a  second p ap e r p r e s e n t in g  
some o f  th e  r e s u l t s  g iv en  in  C hap ter 7 h a s  been  a c c e p te d  f o r  p u b l ic a t io n  
in  th e  same jo u r n a l .
The num bering  o f  t a b l e s ,  f ig u r e s  and e q u a tio n s  in  t h i s  t h e s i s  fo llo w s  
th e  u s u a l decim al n o ta t io n  in d i c a t in g  th e  c h a p te r  to  w hich each b e lo n g s . 
Computer p l o t s  o f  r e p r e s e n ta t iv e  p e r io d ic  o r b i t s  b e lo n g in g  to  th e  f a m i l i e s  
d is c u s s e d  in  C h ap te rs  5 - 8  a re  g iv en  in  th e  Appendix, and a re  numbered 
A l, A2, A 3 .. .  e t c .
I  would l i k e  to  ta k e  t h i s  o p p o r tu n i ty  to  th a n k  a  number o f  p eo p le  who 
have h e lp e d  me in  th e  co u rse  o f  my work. I  am g r a te f u l  f o r  f i n a n c i a l  
su p p o rt in  th e  form  o f  a  R esearch  S tu d e n tsh ip  p ro v id ed  by th e  S c ience  
R esearch  C o u n c il. I t  i s  my p le a s u re  to  th a n k  my s u p e rv is o r s ,
P ro f .  A.E. Roy and P ro f .  P .A . Sw eet, f o r  t h e i r  h e lp  and encouragem ent 
over th e  l a s t  th r e e  y e a r s ;  s p e c ia l  th a n k s  go to  D r. (now P r o f .)  V.V. 
M ark e llo s  f o r  num erous in v a lu a b le  d is c u s s io n s  and f o r  s u g g e s tin g  many
o f  th e  to p ic s  upon which th e  work o f  t h i s  t h e s i s  i s  b a se d . The 
a s s i s ta n c e  o f  Dr. P. R osenberg  o f  th e  U n iv e r s i ty  o f  Glasgow in  p ro v id in g  
th e  n e c e s s a ry  n u m erica l in t e g r a t i o n  r o u t in e s ,  and g e n e ra l ad v ice  on th e  
ru n n in g  o f  com puter program s, i s  a p p re c ia te d .  I  would l i k e  to  re c o rd  
my g r a t i tu d e  to  Mrs. L. W illiam son f o r  h e r  e f f i c i e n t  ty p in g  o f  most o f  
th e  t a b le s ,  and to  Mrs. M. M orris  and Mr. P. M cHaffie f o r  p re p a r in g  th e  
d iag ram s. L a s t ,  b u t n o t l e a s t ,  th a n k s  go to  my w ife  E l iz a b e th  f o r  ty p in g  
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SUMMARY
T his t h e s i s  i s  concerned, w ith  th e  s t r u c tu r e  o f  sym m etric p e r io d ic  
s o lu t io n s  o f  th e  r e s t r i c t e d  th re e -b o d y  p rob lem , in  th e  c a se s  o f  p la n a r  
and th re e -d im e n s io n a l m otion o f  th e  m a ss le ss  t h i r d  p a r t i c l e ,  and f o r  
c i r c u l a r  and e l l i p t i c  m otion o f  th e  two m assive  p r im a r ie s .  P a r t i c u l a r  
em phasis i s  p la c e d  on th e  r e l a t i o n s h ip s  e x i s t i n g  betw een f a m i l ie s  o f  
p e r io d ic  o r b i t s  in  th e  d i f f e r e n t  v e r s io n s  o f  th e  p rob lem , and on n u m erica l 
methods o f  c o n t in u in g  p e r io d ic  o r b i t s  in  th e  s im p le s t  v e rs io n  o f  th e  
r e s t r i c t e d  p rob lem , th e  p la n a r  c i r c u l a r  c a s e ,  in to  th e  more g e n e ra l 
v e r s io n s  o f  th e  prob lem .
The r e s t r i c t e d  th re e -b o d y  problem  i s  in tro d u c e d  in  C hapter 1 ; a p p l i ­
c a t io n s  to  a c tu a l  p h y s ic a l  system s a r e  d is c u s s e d , and a  d e r iv a t io n  o f  th e  
e q u a tio n s  o f  m otion  in  t h e i r  u s u a l form  i s  o f f e r e d .  The J a c o b i in t e g r a l  
and th e  L agrange e q u il ib r iu m  s o lu t io n s  a re  a l s o  o b ta in e d  f o r  l a t e r  
r e f e r e n c e .  C hap ter 2 d e a ls  w ith  p e r io d ic  o r b i t s  and t h e i r  s ig n if ic a n c e  
from bo th  th e  t h e o r e t i c a l  and p r a c t i c a l  p o in t s  o f  v iew ; symmetry p r o p e r t i e s  
and p e r io d i c i t y  c o n d i t io n s  a re  d is c u s s e d  in  te rm s o f  th e  two p o s s ib le  ty p e s  
o f  "m irro r  c o n f ig u ra t io n "  in  th e  r e s t r i c t e d  p rob lem . The e x is te n c e  o f  
m onoparam etric s e t s  o r  f a m i l ie s  o f  p e r io d ic  o r b i t s  in  b o th  th e  c i r c u l a r  
and e l l i p t i c  v e r s io n s  o f  th e  r e s t r i c t e d  p rob lem , f o r  a  f ix e d  v a lu e  o f  th e  
mass p a ram ete r o f  th e  p r im a r ie s ,  i s  d is c u s s e d  in  t h i s  c h a p te r ,  and 
StrdJmgren* s and H in o ^ s  e x p lo ra t io n s  o f  th e  p la n a r  c i r c u l a r  problem  a re  
b r i e f l y  rev iew ed .
A f i r s t - o r d e r  t r e a tm e n t  o f  v a r i a t i o n s  in  a  p e r io d ic  o r b i t  r e s u l t i n g  
from  sm all changes in  th e  i n i t i a l  c o n d i t io n s  i s  g iv en  in  C hap ter 3> suid 
t h i s  i s  u sed  to  e s t a b l i s h  th e  u s u a l  l i n e a r  s t a b i l i t y  c r i t e r i o n .  V a r ia t io n s  
r e s u l t i n g  from  sm all changes in  th e  p a ra m e te rs  j i  (m ass p a ra m e te r)  and e 
( o r b i t a l  e c c e n t r i c i t y )  o f  th e  p r im a r ie s  a re  a l s o  in tro d u c e d  f o r  u se  in  
[ subsequent c h a p te r s .  The b i f u r c a t io n ,  o r  b ra n c h in g , o f  f a m i l i e s  o f  
p e r io d ic  o r b i t s  ( f o r  f ix e d  jm) i s  d is c u s s e d  in  g e n e ra l te rm s , w ith  a  more, 
d e ta i le d  a n a ly s i s  in  th e  p a r t i c u l a r  case  o f  " v e r t i c a l "  b i f u r c a t io n s ,  th a t  
i s ,  b i f u r c a t io n s  o f  p la n a r  w ith  th re e -d im e n s io n a l p e r io d ic  o r b i t s .
N um erical te c h n iq u e s  f o r  e s t a b l i s h in g  f a m i l i e s  o f  th re e -d im e n s io n a l 
sym m etric p e r io d ic  o r b i t s  a r e  d e s c r ib e d  in  C hap ter 4> w ith  p a r t i c u l a r  
re fe re n c e  to  th e  n u m erica l d e te rm in a tio n  o f  " v e r t i c a l  b ra n c h e s" , o r  
f a m i l ie s  o f  th re e -d im e n s io n a l o r b i t s  g e n e ra te d  from  v e r t i c a l  b i f u r c a t io n s .
-  2 -
The r e s u l t s  o f  a  n u m erica l i n v e s t ig a t io n  o f  th e  v e r t i c a l  b ran ch e s  o f  
S trflm gren 's  fa m ily  f ,  in  th e  S u n -J u p i te r  case  (jx -  0*00095) o f  th e  
c i r c u la r  problem , a re  g iv en  in  C hap ter 5 to  i l l u s t r a t e  th e  fo re g o in g  
d is c u s s io n . Examples c o rre sp o n d in g  to  each k in d  o f  v e r t i c a l  b i f u r c a t io n ,  
and a l l  p o s s ib le  symmetry c l a s s e s ,  a r e  g iv e n . The r e s u l t s  con firm  th e  
p r e d ic t io n  t h a t  f a m i l i e s  o f  th re e -d im e n s io n a l o r b i t s  b i f u r c a t in g  v e r t i c a l l y  
from th e  p la n e  o ccu r in  p a i r s ,  and th e  p r e d ic te d  r e l a t i o n s h ip  betw een 
symmetry p r o p e r t i e s  and m u l t i p l i c i t y  i s  o b se rv ed . W ith a  s in g le  
ex c e p tio n , th e  v e r t i c a l  b ra n c h e s  in v e s t ig a te d  a re  found to  co n n ec t th e  
f a m i l ie s  o f  r e t r o g r a d e  and o f  d i r e c t  s a t e l l i t e  o r b i t s  ab o u t th e  l e s s -  
m assive p rim ary  ( J u p i t e r ) .
The c o n tin u a tio n  o f  p e r io d ic  o r b i t s  o f  th e  c i r c u l a r  r e s t r i c t e d  problem  
in to  th e  e l l i p t i c  case  i s  d is c u s s e d  in  C hapter 6 . T h ree -d im en sio n a l a s  
w ell a s  p la n a r  p e r io d ic  o r b i t s  a r e  c o n s id e re d , and i t  i s  shown t h a t  f o r  
any co m m ensu rab ility  in  th e  p e r io d  w ith  t h a t  o f  th e  p r im a r ie s ,  two 
f a m i l ie s  o f  p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  problem  can alw ays be o b ta in e d  
from  a  commensurable o r b i t  o f  th e  c i r c u l a r  problem . To i l l u s t r a t e  th e  
d is c u s s io n , n u m e rica l exam ples a re  p re s e n te d  f o r  each  ty p e  o f  commensur- 
a b i l i t y ,  in c lu d in g  o r b i t s  o f  b o th  s im p le  and doub le  symmetry.
C hapter 7 d e a ls  w ith  th e  n u m e rica l d e te rm in a tio n  o f  s e r i e s  o f  v e r t i c a l  
b i f u r c a t io n  o r b i t s ,  f o r  which th e  v e r t i c a l  s t a b i l i t y  in d ex  a^  i s  k e p t 
c o n s ta n t and th e  mass p a ram e te r  Jl i s  a llo w ed  to  v a ry . The im portance  
o f  t h i s  ty p e  o f  s e r i e s  (from  any o r b i t  o f  which may be g e n e ra te d  e i t h e r  
one o r  two e n t i r e  f a m i l i e s  o f  th re e -d im e n s io n a l p e r io d ic  o r b i t s ) ,  w ith  
re g a rd  to  th e  s t r u c t u r e  o f  sym m etric p e r io d ic  s o lu t io n s ,  i s  d is c u s s e d , 
and num erica l exam ples in  b o th  th e  c i r c u l a r  and e l l i p t i c  c a se s  o f  th e  
r e s t r i c t e d  problem  a re  o f f e r e d ,  to g e th e r  w ith  an in s ta n c e  o f  th e  c o n tin u ­
a t io n  o f  p la n a r  p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  r e s t r i c t e d  problem  in to  
th r e e  d im ensions.
C hapter 8 p r e s e n ts  th e  r e s u l t s  o f  a  p re l im in a ry  in v e s t ig a t io n  in to  th e  
phenomenon o f  th re e -d im e n s io n a l b i f u r c a t io n ;  t h a t  i s ,  th e  i n t e r s e c t i o n  
o f  two f a m i l i e s  o f  p e r io d ic  o r b i t s  in  th r e e  d im en sio n s . N um erical 
exam ples g iv e n  in  t h i s  c h a p te r  in c lu d e  a  fa m ily  o f  th re e -d im e n s io n a l 
o r b i t s  which a p p e a rs  to  te rm in a te  in  a  p la n a r  o r b i t  w ith  c o n se c u tiv e  
c o l l i s i o n s ,  and a  fa m ily  o r ig i n a t i n g  from  a  q u ad ru p le  b i f u r c a t io n  in  
th r e e  d im ensions.
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1 . THE RESTRICTED PROBLEM 
.1 ,1  In tro d u c t io n
The r e s t r i c t e d  th re e -b o d y  problem  i s  p e rh ap s  th e  most c e le b ra te d  
problem  o f  dynam ics, and h a s  occup ied  an im p o rtan t p la c e  in  th e  
developm ent o f  dynam ical and m athem atica l te c h n iq u e s  f o r  o v e r two 
c e n tu r ie s .  Simple in  i t s  fo rm u la tio n , y e t  o f  g r e a t  com plex ity  in  
th e  s t r u c tu r e  o f  i t s  s o lu t io n s ,  th e  r e s t r i c t e d  problem  h a s  abso rbed  
th e  i n t e r e s t  o f  g r e a t  m a th em a tic ian s  such a s  E u le r , L agrange, J a c o b i,  
P o in ca re  and B irk h o ff .  The r e s t r i c t e d  problem  r e s t s  on th e  f irm  
fo u n d a tio n  o f  c l a s s i c a l  Newtonian p h y s ic s  (N ew ton 's  law s o f  m otion 
and o f g r a v i t a t i o n )  and so p r e s e n ts  an a p p e a lin g  p u r i t y  and s im p l ic i ty  
n o t o f te n  found in  o th e r  f i e l d s  o f  i n t e l l e c t u a l  endeavour.
One way o f  d e f in in g  th e  r e s t r i c t e d  th re e -b o d y  problem  would be to  
s t a r t  w ith  w hat i s  u s u a l ly  r e f e r r e d  to  a s  th e  "N-body p rob lem ", th e  
problem  o f  th e  m otion o f  N m assive p a r t i c l e s  under th e  s o le  in f lu e n c e  
o f  t h e i r  m utual g r a v i t a t i o n a l  i n t e r a c t i o n s ,  fo llo w in g  Newton*s famous 
law , which s t a t e s  t h a t  th e  fo rc e  o f  a t t r a c t i o n  betw een any two b o d ie s  
( in  th e  p o in t-m a ss  ap p ro x im atio n ) i s  p ro p o r tio n a l  to  each o f  t h e i r  
m asses and in v e r s e ly  p ro p o r t io n a l  to  th e  square  o f  th e  d is ta n c e  
between them. Thus each o f  th e  N b o d ie s  i s  a t t r a c t e d  by th e  N -l 
o th e r s ,  and e x p e r ie n c e s  an a c c e le r a t io n  p ro p o r t io n a l  to  th e  v e c to r  
sum o f  th e  N -l f o r c e s .  For a r b i t r a r y  v a lu e s  o f  N, th e  problem  i s  
ex trem ely  c o m p lic a te d , and i t  h a s  been found th a t  o n ly  f o r  N = 2 i s  
i t  p o s s ib le  to  o b ta in  a  com plete a n a l y t i c a l  s o lu t io n ;  th e  a d d i t io n
o f  one f u r t h e r  p a r t i c l e  to  th e  system  re n d e r s  th e  problem  n o n - in te g -
r a b le  and d is c o u ra g in g ly  c o m p lic a te d . (The tw o-body problem  i s  s a id  
to  be " in te g r a b le "  because  i t  p o s se s s e s  a  s u f f i c i e n t  number o f  i n t e g r a l s  
o f  th e  m otion to  a llo w  th e  s t a t e  o f  th e  system  to  be d e te rm in ed  a t  
any epoch g iv e n  o n ly  th e  v a lu e s  o f  th e  in t e g r a l s ; '  a  " n o n - in te g ra b le "  
problem  i s  one f o r  which an i n s u f f i c i e n t  number o f  i n t e g r a l s  e x i s t s  .
| to  a llow  th e  d i r e c t  d e te rm in a tio n  o f  th e  e x a c t s t a t e  o f  th e  system
\; a t  an a r b i t r a r y  ep o ch ). A c o n s id e ra b le  re d u c t io n  in  th e  co m p lex ity
\ o f  th e  " g e n e ra l"  th ree -b o d y  problem  r e s u l t s  when th e  mass o f  one o f
' th e  th re e  p a r t i c l e s  i s  ta k en  to  be so sm all t h a t  i t  h a s  no e f f e c t  on
th e  m otion o f  th e  o th e r  two. The two m assive p a r t i c l e s ,  r e f e r r e d
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to  as  th e  " p r im a r ie s " ,  th e n  behave a s  a two-body system , and t h e i r  
m otion can be d e te rm in ed ; i t  rem a in s  on ly  to  f in d  th e  m otion o f  th e  
th i r d  body o f  i n f in i t e s im a l  m ass. T h is  m o d if ic a t io n  o f  th e  th r e e -
| body problem , s t i l l  n o n - in te g r a b le ,  i s  term ed th e  " r e s t r i c t e d "
i
problem .
The most g e n e ra l form  o f  th e  r e s t r i c t e d  problem  i s  u s u a l ly  con­
s id e re d  to  be th e  " th re e -d im e n s io n a l e l l i p t i c  r e s t r i c t e d  p rob lem "; 
" th re e -d im e n s io n a l"  r e f e r s  to  th e  o r b i t  o f  th e  t h i r d  body, and 
" e l l i p t i c "  to  th e  o r b i t  o f  th e  p r im a r ie s .  I t  i s  w e ll known th a t  
th e re  a re  th r e e  c a te g o r ie s  o f  s o lu t io n s  o f  th e  two-body problem : 
e l l i p t i c ,  p a r a b o l ic  and h y p e rb o lic ,  a c c o rd in g  a s  th e  t o t a l  energy  
o f  th e  system  i s  n e g a t iv e ,  zero  o r  p o s i t i v e ,  r e s p e c t iv e ly .  In  th e  
r e s t r i c t e d  prob lem , th e  p r im a r ie s  a r e  c o n v e n tio n a lly  ta k en  to  move 
in  an e l l i p t i c  r e l a t i v e  o r b i t ;  th e  c a s e s  o f  p a r a b o l ic  and h y p e rb o lic  
motion o f  th e  p r im a r ie s  would n o t be ex p ec ted  to  r e s u l t  in  " i n t e r e s t ­
in g "  s o lu t io n s  f o r  th e  m otion o f th e  t h i r d  p a r t i c l e ,  ex ce p t p e rh ap s  
d u rin g  a  f i n i t e  tim e in t e r v a l  around th e  i n s t a n t  o f  p e r ic e n t r e  p assag e  
o f  th e  p r im a r ie s .  V i r tu a l ly  a l l  a p p l ic a t io n s  o f  th e  r e s t r i c t e d  
problem  in  c e l e s t i a l  m echanics in v o lv e  an e l l i p t i c a l  o r b i t  o f  th e  
p r im a r ie s ,  and i t  i s  o b v io u s  t h a t  p e r io d ic  s o lu t io n s  o f  th e  r e s t r i c t e d  
problem  can o n ly  o ccu r in  th e  e l l i p t i c  c a se .
There a re  two im p o rta n t s im p l i f ic a t io n s  o f  th e  th re e -d im e n s io n a l 
e l l i p t i c  r e s t r i c t e d  p rob lem . The f i r s t  o f  th e s e  r e s u l t s  when th e  
e c c e n t r ic i ty  o f  th e  e l l i p t i c  o r b i t  o f  th e  p r im a r ie s  i s  ta k en  to  be 
ze ro , and i s  r e f e r r e d  to  a s  th e  " c i r c u l a r  r e s t r i c t e d  p rob lem ".
There a re  s e v e ra l  im p o r ta n t d i f f e r e n c e s  betw een th e  c i r c u l a r  ( z e ro  
e c c e n t r ic i ty )  and e l l i p t i c  (n o n -ze ro  e c c e n t r i c i t y )  c a s e s ,  th e  most 
im p o rtan t o f  w hich i s  t h a t  th e re  e x i s t s  an in t e g r a l  o f  th e  c i r c u l a r  
problem ( th e  J a c o b i i n t e g r a l ) ,  w h ile  no in t e g r a l  e x i s t s  f o r  th e  
e l l i p t i c  problem . B ecause o f  i t s  g r e a t e r  s im p l ic i ty  and th e  sm all 
■ e c c e n t r i c i t i e s  n o rm ally  en co u n te red  in  a p p l ic a t io n s ,  th e  c i r c u l a r  
problem  h as  re c e iv e d  much more a t t e n t i o n  th a n  th e  e l l i p t i c  c a s e .
The second im p o rta n t s im p l i f i c a t io n  i s  term ed th e  " p la n a r  r e s t r i c t e d  
problem ", and a r i s e s  becau se  o f  th e  p ro p e r ty  t h a t  i f  a t  any i n s t a n t  
th e  m assle ss  t h i r d  body l i e s  in  th e  o r b i t a l  p la n e  o f  th e  p r im a r ie s ,
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w ith  i t s  v e lo c i ty  v e c to r  a ]so  in  th e  p la n e , i t s  subseq u en t m otion w il l  
be c o n fin e d  to  t h a t  p la n e . I t  i s  th e re f o r e  p o s s ib le  to  c o n s id e r  on ly  
p la n a r  m otion o f  th e  t h i r d  body in  th e  p lan e  o f  th e  p r im a r ie s  (o r  
" h o r iz o n ta l"  p la n e ) .  In  many a p p l ic a t io n s  o f  th e  r e s t r i c t e d  problem , 
th e  a c tu a l  m otion i s  a lm ost tw o -d im en sio n a l, and th e  p la n a r  a p p ro x i­
m ation  i s  th e r e f o r e  q u i te  a  good one.
The " c i r c u l a r "  and " p la n a r"  s im p l i f i c a t io n s  can be a p p l ie d  independ­
e n t ly ,  r e s u l t i n g  in  a  t o t a l  o f  fo u r  v e r s io n s  o f  th e  r e s t r i c t e d  problem : 
th e  p la n a r  c i r c u l a r  c a se , th e  th re e -d im e n s io n a l c i r c u l a r  c a s e ,  th e  
p la n a r  e l l i p t i c  ca se  and, f i n a l l y ,  th e  th re e -d im e n s io n a l e l l i p t i c  c a se . 
Of th e se  fo u r  v e r s io n s ,  th e  p la n a r  c i r c u l a r  r e s t r i c t e d  problem  i s  th e  
s im p le s t  and h a s  been most e x te n s iv e ly  ex p lo re d . A s p e c ia l  ca se  o f  
th e  c i r c u l a r  r e s t r i c t e d  problem  ( in  two o r  th r e e  d im e n s io n s ) , known 
a s  H i l l ' s  p rob lem , i s  concerned  w ith  th e  m otion o f  th e  t h i r d  body 
in  th e  v i c i n i t y  o f  one o f  th e  p r im a r ie s ,  in  th e  l i m i t  a s  th e  mass o f  
th e  p rim ary  i s  reduced  to  z e ro ; th e  s c a le  o f  le n g th  i s  a d ju s te d  in  
such a  way th a t  t h i s  does n o t d e g e n e ra te  in to  th e  r e s t r i c t e d  two-body 
problem . In  a l l  o f  th e se  d i f f e r e n t  v e r s io n s  o f  th e  r e s t r i c t e d  problem , 
th e  fundam ental p ro p e r ty  o f  n o n - in t e g r a b i l i ty  rem a in s .
The r e s t r i c t e d  th re e -b o d y  problem  h a s  i t s  o r ig i n s  in  th e  work o f  
E u le r  on th e  c l a s s i c  problem  o f  th e  m otion o f  th e  Moon u n d er th e  
g r a v i t a t i o n a l  in f lu e n c e s  o f  th e  E a rth  and Sun ( th e  lu n a r  p ro b lem ), 
and was f i r s t  fo rm u la ted  in  a  p ap e r p u b lish e d  in  1772. In  th e  same 
y e a r ,  Lagrange d isc o v e re d  p a r t i c u l a r  s o lu t io n s  (e q u i l ib r iu m  s o lu t io n s )  
v a l id  in  b o th  th e  r e s t r i c t e d  and g e n e ra l th re e -b o d y  p rob lem s. A 
m ajor advance was made in  1836 by J a c o b i,  who d is c o v e re d  th e  in t e g r a l  
o f  th e  c i r c u l a r  r e s t r i c t e d  problem  which now b e a rs  h i s  name. T h is  
i n t e g r a l  was u sed  by H il l  in  1878 in  c o n n e c tio n , once a g a in , w ith  
th e  lu n a r  p rob lem . In  1899» P o in c a re  showed t h a t  no o th e r  i n t e g r a l s  
o f  th e  r e s t r i c t e d  problem  e x is te d ,  and made many o th e r  im p o rta n t 
c o n t r ib u t io n s  to  th e  s tudy  o f  th e  problem . I t  was P o in c a re  who f i r s t  
! u sed  th e  term  " r e s t r e i n t "  ( r e s t r i c t e d )  to  s ig n i f y  t h i s  p a r t i c u l a r  
| ca se  o f  th e  th re e -b o d y  problem , and a  g r e a t  d e a l o f  modem work in  
. many a re a s  o f  th e  r e s t r i c t e d  problem  i s  based  on h i s  id e a s .
N um erical s tu d y  o f  th e  r e s t r i c t e d  problem  began w ith  Darwin a t
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th e  end o f  th e  19th  c e n tu ry , and M oulton and h i s  school a t  th e  b eg in n in g  
o f  th e  2 0 th . Because o f  th e  la b o r io u s n e s s  o f  hand c a lc u la t io n ,  t h i s  
e a r ly  work was l im i t e d  in  scope and in  acc u ra c y ; y e t  im p o rta n t advances 
were made, and many o f  th e  p r in c ip a l  c la s s e s  o f  p e r io d ic  o r b i t s  o f  th e  
p la n a r  c i r c u l a r  problem  were com puted. P ro g re s s  was a ls o  made, a t  
abo u t t h i s  tim e , in  th e  sphere  o f  r e g u la r i s a t i o n ,  a  m athem atical te c h ­
n iq u e  which rem oves th e  s i n g u l a r i t i e s  o f  th e  e q u a tio n s  o f  m otion 
(c o rre sp o n d in g  to  th e  p o s i t io n s  o f  th e  two p r im a r ie s ) .  S ev era l r e g u la r ­
i s a t i o n  m ethods have been d e v ise d , and were a p p l ie d  n o t on ly  in  th e  
a n a ly t i c a l  s tu d y  o f  th e  r e s t r i c t e d  problem , b u t a l s o  in  n u m erica l 
w ork, r e s u l t i n g  in  im proved accu racy  o f  in t e g r a t i o n  o f  o r b i t s  in v o lv in g  
c lo s e  ap p ro ach es  to  one o r  o th e r  o f  th e  p r im a r ie s ,  and a llo w in g  n um erica l 
s o lu t io n s  to  be co n tin u ed  th rough  c o l l i s i o n  w ith  one o r  o th e r  o f  th e  
p r im a r ie s .  D uring  th e  1 9 2 0 's  and 30 ' s ,  StrdJragren and h i s  co -w orkers  
a t  th e  Copenhagen O b se rv a to ry  c a r r i e d  o u t a  d e t a i l e d  n u m erica l in v e s t ­
ig a t io n  o f  th e  p la n a r  c i r c u l a r  r e s t r i c t e d  problem , m ain ly  in  th e  case  
o f  equal m asses o f  th e  p r im a r ie s  (o f te n  r e f e r r e d  to  a s  th e  "Copenhagen 
p ro b lem ").
With th e  r i s e  o f  th e  e l e c t r o n i c  com puter in  th e  1 9 5 0 's and 6 0 's ,  i t  
became p o s s ib le  to  perfo rm  f a s t ,  a c c u ra te  n u m erica l in t e g r a t i o n s  o f  th e  
e q u a tio n s  o f  m otion  o f  th e  r e s t r i c t e d  problem . P a r t i c u l a r  i n t e r e s t  in  
th e  Earth-M oon ca se  was s tim u la te d  by th e  need  to  compute s p a c e c ra f t  
t r a j e c t o r i e s  f o r  lu n a r  m iss io n s ; n u m erica l s tu d ie s  w ere a ls o  c a r r i e d  o u t 
on p e r io d ic  o r b i t s  in  th e  v i c i n i t y  o f  th e  L agrange e q u i l a t e r a l  t r i a n g le  
e q u ilib r iu m  p o in t s  L^ and L^. W ith th e  a id  o f  th e  e l e c t r o n i c  com puter 
i t  became p o s s ib le  to  ta c k le  th e  th re e -d im e n s io n a l r e s t r i c t e d  problem , 
and to  c a l c u la te  th e  s t a b i l i t y  p r o p e r t i e s  o f  p e r io d ic  o r b i t s ,  e x e rc is e s  
p re v io u s ly  beyond th e  p r a c t i c a l  l i m i t s  o f  h a n d - c a lc u la t io n .  The 
d i g i t a l  com puter h a s  nowadays become an in d is p e n s a b le  r e s e a r c h  to o l  in  
th e  s tudy  o f  th e  r e s t r i c t e d  problem ; th e  n u m erica l approach  to  th e  
problem  h a s  a lm o st become an e x p e rim en ta l s c ie n c e , i t s  r e s u l t s  b e in g  
used  to  c o n s tr u c t  and t e s t  v a r io u s  th e o r i e s  ab o u t th e  s t r u c t u r e  and 
p r o p e r t i e s  o f  th e  s o lu t io n s  ( p e r io d ic  and n o n -p e r io d ic )  o f  th e  r e s t r i c t e d  
problem .
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1*2 A p p lic a tio n s
The assu m p tio n s  o f  th e  r e s t r i c t e d  th re e -b o d y  problem  ( p o in t  m asses, 
N ewtonian g r a v i t a t i o n a l  a t t r a c t i o n ,  and no e x te rn a l  f o r c e s  a c t in g ,  such a s  
aerodynam ic d rag ) c o n fin e  i t s  sp h ere  o f  a p p l i c a b i l i t y  to  a s tro n o m ic a l 
system s c o n s i s t in g  o f  m assive b o d ie s  s e p a ra te d  by d i s ta n c e s  much g r e a te r  
th a n  t h e i r  p h y s ic a l  d im en sio n s . V arious m o d if ic a t io n s  o f  th e  r e s t r i c t e d  
problem  have been  s tu d ie d ,  ta k in g  in to  acco u n t th e  e f f e c t s  o f  t i d a l  
f o r c e s  o r  o f  a  r e s i s t i n g  medium, o r  o th e r  d e p a r tu r e s  from  p o in t-m a ss  
g r a v i t a t i o n a l  a t t r a c t i o n ,  b u t we s h a l l  r e s t r i c t  o u r a t t e n t i o n  to  th e  
"pure"  problem .
The o r ig in s  o f  th e  r e s t r i c t e d  problem  l i e  in  s tu d ie s  o f  th e  lu n a r  
problem . The m otion  o f  th e  Moon i s  a lm o st e n t i r e l y  c o n t r o l le d  by th e  
g r a v i t a t i o n a l  a t t r a c t i o n s  o f  th e  Sun and th e  E a r th ,  th e  o th e r  p la n e ts  
e x e r t in g  o n ly  a  f e e b le  in f lu e n c e J  a  sim ple c a l c u la t io n  shows t h a t  th e
Sun a t t r a c t s  th e  Moon tw ice  a s  s t r o n g ly  a s  does th e  E a r th ,  and a lth o u g h  
th e  g r a v i t a t i o n a l  fo rc e  due to  th e  Sun i s  l a r g e ly  c a n c e l le d  o u t by th e  
c e n t r i f u g a l  f o r c e  due to  th e  m otion  o f  th e  Earth-M oon system  ab o u t th e  
Sun, th e  M oon's o r b i t  around th e  E a r th  i s  s u b je c t  to  l a r g e  s o la r  
p e r tu r b a t io n s .  The r e s t r i c t e d  problem  i s  a p p l ie d  to  th e  Earth-M oon-Sun 
system  by ta k in g  th e  E a rth  and Sun to  be th e  two m assive  p r im a r ie s ,  th e  
Moon th e n  b e in g  r e p r e s e n te d  by th e  m a ss le ss  t h i r d  body. T h is  model 
n e g le c ts  a  number o f  e f f e c t s ,  such a s  lu n a r  p e r tu r b a t io n s  o f  th e  E a r t h 's  
o r b i t  around th e  Sun, and d e p a r tu r e s  from  s t r i c t  p o in t-m a ss  g r a v i t a t i o n  
caused  by t i d a l  f o r c e s .  In  th e  Earth-M oon-Sun system  th e s e  e f f e c t s  a r e  
a p p re c ia b le ,  and th e  r e s t r i c t e d  problem  ( u s u a l ly  th e  s p e c ia l  ca se  known 
a s  H i l l ' s  problem ) r e p r e s e n t s  o n ly  an app rox im ate  f i r s t  s te p  in  th e  f u l l  
lu n a r  problem .
The c l a s s i c  a p p l ic a t io n  o f  th e  r e s t r i c t e d  p roblem  -w ith in  th e  S o la r  
System i s  t h a t  o f  th e  m otion o f  a  m inor body (an  a s t e r o i d  o r  s a t e l l i t e )  
in  th e  S u n -J u p ite r  system . J u p i t e r  i s  th e  most m assive  body in  th e  
S o la r  System a p a r t  from  th e  Sun, o u tw e ig h in g  a l l  th e  o th e r  p la n e t s  p u t 
to g e th e r ,  and h a s  an im p o rta n t in f lu e n c e  on th e  m o tio n s  o f  th e  a s t e r o i d s ,  
most o f  which o r b i t  th e  Sun in  a  b e l t  betw een th e  o r b i t s  o f  Mars and 
J u p i t e r .  The a s t e r o i d s  have n e g l ig ib l e  m asses com pared w ith  J u p i t e r  o r  
th e  Sun, and th e  assu m p tio n s  o f  th e  r e s t r i c t e d  p roblem  a r e  v a l id  to  a  
v ery  hig^i a cc u racy  in  t h i s  a p p l ic a t io n .  The fam ous "Kirkwood Gaps" a re  
gaps in  th e  d i s t r i b u t i o n  o f  a s t e r o i d  mean m o tions w hich co rre sp o n d  c lo s e ly
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to  c o m m e n su ra b ilitie s  w ith  th e  mean m otion o f  J u p i t e r ;  th e re  a re  a ls o  
groups o f  a s t e r o i d s  which c l u s t e r  around c e r t a in  com m ensurable v a lu e s  o f  
th e  mean m otion , such a s  th e  T ro jan  fa m ily  a t  th e  1 :1  co m m en su rab ility .
The d isc o v e ry  o f  th e  T ro jan  a s te r o id s  c lo se  to  th e  and Lagrange 
e q u i l a t e r a l  t r i a n g l e  e q u i lib r iu m  p o in t s  h a s  s t im u la te d  d e t a i l e d  s tu d y  o f  
th e  s o lu t io n s  o f  th e  r e s t r i c t e d  problem  in  th e  v i c i n i t y  o f  th e se  two p o in t s .  
The r e s t r i c t e d  problem  h a s  a ls o  been a p p lie d  to  th e  o u te r  s a t e l l i t e s  o f  
J u p i t e r ,  w hich e x p e rie n c e  such la rg e  s o la r  p e r tu r b a t io n s  a s  to  d e p a r t  
a p p re c ia b ly  from  K e p le r ia n  m otion around th e  p la n e t .  The c i r c u l a r  r e s t r i c t e d  
problem  in  e i t h e r  two o r  th r e e  d im ensions i s  th e  main to o l  f o r  th e  s tu d y  
o f  th e  o r b i t s  o f  th e s e  b o d ie s , b u t in v e s t ig a t io n  o f  th e  h y p o th e s is  t h a t  
some o f  J u p i t e r 's  o u te r  s a t e l l i t e s  ( p a r t i c u l a r l y  th e  r e t r o g r a d e  o n es) a re  
cap tu red  a s t e r o i d s  h a s  to  s t a r t  w ith  th e  e l l i p t i c  r e s t r i c t e d  problem , 
because c a p tu re  can n o t o ccu r u nder th e  a ssu m p tio n s o f  th e  c i r c u l a r  problem .
O ther S o la r  System a p p l ic a t io n s  o f  th e  r e s t r i c t e d  problem  have been made, 
w ith  v a ry in g  d e g re e s  o f  v a l i d i t y ,  u s u a l ly  in v o lv in g  th e  Sun and a  p la n e t  a s  
th e  p r im a r ie s ,  and a n o th e r  p la n e t  o r  a  ( n a tu r a l )  s a t e l l i t e  a s  th e  t h i r d  
body o f  th e  system . W ith th e  ad v en t o f  r o c k e ts  and in t e r p la n e ta r y  sp ace ­
c r a f t ,  th e r e  h a s  been re v iv e d  i n t e r e s t  in  th e  u se  o f  th e  r e s t r i c t e d  problem  
f o r  c a l c u la t in g  space  p robe t r a j e c t o r i e s ;  ^ n e g l i g i b l e  mass o f  a  man-made 
s p a c e c ra f t  com pared w ith  th e  n a tu r a l  b o d ie s  o f  th e  S o la r  System e n su re s  
t h a t  one o f  th e  main assu m p tio n s o f  t h i s  model i s  s a t i s f i e d  to  h ig h  a c c u ra c y . 
The main i n t e r e s t  h a s  been in  th e  t r a j e c t o r i e s  o f  lu n a r  p ro b e s , w ith  th e  
E a rth  and Moon a s  th e  two m assive p r im a r ie s ,  and more r e c e n t ly  th e r e  have 
been p ro p o s a ls  to  p la c e  s p a c e c ra f t ,  o r  even in h a b i te d  space c o lo n ie s ,  a t  
th e  e q u i l a t e r a l  t r i a n g l e  e q u ilib r iu m  p o in ts  o f  th e  Earth-M oon system .
A p p lic a tio n s  o f  th e  r e s t r i c t e d  th re e -b o d y  problem  o u ts id e  th e  S o la r  
System, though r a t h e r  l im i te d ,  in c lu d e  (a )  i n v e s t ig a t io n  o f  th e  p o s s i b i l i t y  
o f  p la n e ts  in  b in a ry  s t a r  sy stem s, (b )  th e  u se  o f  z e r o - v e lo c i ty  s u r f a c e s  
and "Roche lo b e s "  in  th e  s tudy  o f  c lo s e  b in a ry  s t a r  sy stem s, and ( c )  a n a ly s i s  
o f  th e  s t a b i l i t y  o f  s t a r  c l u s t e r s  a g a in s t  d i s r u p t io n  by g r a v i t a t i o n a l  
p e r tu r b a t io n s  o f  th e  G alaxy. The r e l a t i v e l y  narrow  ra n g e  o f  norm al s t e l l a r  
m asses means t h a t  t r i p l e  s t a r  system s must be m odelled  by th e  g e n e ra l ,  
r a th e r  th an  th e  r e s t r i c t e d ,  th re e -b o d y  problem .
The r e s t r i c t e d  th re e -b o d y  problem  h a s  been s tu d ie d  n o t  o n ly  in  i t s  
a p p l ic a t io n s ,  a s  l i s t e d  above, b u t a l s o  a s  a  p u re  dynam ical problem .
Because o f  th e  s im p l ic i ty  o f  i t s  fo rm u la tio n , and b ecau se  o f  th e  l a r g e
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amount o f  e f f o r t  t h a t  h a s  been expended in  th e  a n a l y t i c a l  and n u m erica l 
in v e s t ig a t io n  o f  i t s  s o lu t io n s ,  i t  i s  a  p ro v in g  ground f o r  m a them atica l 
te ch n iq u es  and dynam ical th e o r i e s ,  many o f  which a r e  t r a n s f e r a b l e  to  
o th e r  ty p e s  o f  p rob lem .
W hile th e  r e s u l t s  p re s e n te d  in  t h i s  t h e s i s  a r e  in te n d e d  to  i l l u s t r a t e  
c e r ta in  g e n e ra l c h a r a c t e r i s t i c s  o f  th e  o v e r a l l  s t r u c t u r e  o f  sym m etric 
p e r io d ic  s o lu t io n s  o f  th e  r e s t r i c t e d  problem , and do n o t n e c e s s a r i ly  
co rrespond  to  any a c tu a l  a s tro n o m ic a l system , a  s u b s t a n t i a l  p ro p o r tio n  
p e r ta in  to  th e  S u n -J u p ite r  case  (m ass p a ram e te r^ *  » 0*00095) o f  "the problem  
and co rresp o n d  to  r e t r o g r a d e  o r b i t s  around th e  p la n e t  J u p i t e r  o f  s im i la r  
d im ensions to  th e  o r b i t s  o f  th e  n a tu r a l  r e t r o g r a d e  s a t e l l i t e s .
1 .3  E q u a tio n s  o f  M otion
In  t h i s  s e c t io n ,  a  f a i r l y  d e t a i l e d  d e r iv a t io n  o f  th e  e q u a tio n s  o f  m otion 
o f  th e  r e s t r i c t e d  th re e -b o d y  problem  i s  p re s e n te d  f o r  th e  g e n e ra l case  o f  
an e l l i p t i c a l  o r b i t  o f  th e  p r im a r ie s ,  and th re e -d im e n s io n a l m otion o f  th e  
t h i r d  body. T h is  i s  n o t in te n d e d  to  be in  any way an o r ig i n a l  p r e s e n ta t io n ,  
fo llo w in g  a s  i t  does th e  s ta n d a rd  d e r iv a t io n s  o f ,  f o r  exam ple, Kopal and 
L y t t le to n  ( 1963) and S zebehe ly  ( 1967) .  The o b je c t  i s  to  show how th e  
eq u a tio n s  a re  o b ta in e d  f o r  th e  g e n e ra l c a s e , a t  th e  same tim e in t ro d u c in g  
th e  v a r io u s  c o o rd in a te  system s and th e  n o ta t io n  u se d  th ro u g h o u t t h i s  t h e s i s .  
The e q u a tio n s  o f  m o tion , in  t h e i r  f i n a l  form , a r e  r e a d i l y  s im p l i f ie d  in  th e
case  o f  a  c i r c u l a r  o r b i t  o f  th e  p r im a r ie s ,  and f o r  p la n a r  m otion  o f  th e
th i r d  body. F i r s t l y ,  th e  d i f f e r e n t i a l  e q u a tio n s  o f  m otion o f  th e  r e s t r i c t e d  
th ree -b o d y  problem  w i l l  be d e r iv e d  ( i n  " p h y s ic a l” o r  "d im e n sio n a l"  u n i t s ) .
Since th e  m otion  o f  th e  two p r im a r ie s  i s  known, th e  e x p re s s io n  " e q u a tio n s
o f  motion o f  th e  r e s t r i c t e d  problem " r e a l l y  means th e  e q u a tio n s  o f  m otion
o f  th e  t h i r d  body o f  th e  system , t h a t  i s ,  th e  p a r t i c l e  o f  i n f i n i t e s i m a l  m ass.
L et th e  m asses o f  th e  two p r im a r ie s  be and m^* and l e t  th e  mass o f  th e
th i r d  p a r t i c l e ,  m^, be s u f f i c i e n t l y  sm all com pared w ith  b o th  and a s
( to  have a  n e g l ig ib l e  e f f e c t  on th e  o r b i t s  o f  th e  p r im a r ie s .  L et 0 be th e
‘ c e n tre  o f m ass, o r  b a ry c e n tre ,  o f  th e  p r im a r ie s  and OXYZ a  f ix e d  C a r te s ia n
c o o rd in a te  system  w ith  o r ig in  a t  0 , such t h a t  th e  X and Y ax es  l i e  in  th e
■ ►
p la n e  o f  th e  p r im a r ie s ,  th e  d i r e c t io n  OX b e in g  d e f in e d  a s  th e  d i r e c t io n  from  
0 to  th e  p o s i t i o n  o f  p e r i c e n t r e  o f  th e  p rim ary  o f  mass m^. ( i f  th e  o r b i t s  
o f  th e  p r im a r ie s  ab o u t th e  b a ry c e n tre  0 a re  c i r c u l a r ,  th e  p r e c i s e  d i r e c t io n s  
o f  axes X and Y in  th e  p la n e  a r e  a r b i t r a r i l y  d e f in e d ) .  S ince th e  p r im a r ie s
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form  a  c lo se d  tw o-body system , OXYZ i s  an i n e r t i a l  c o o rd in a te  system . 
L e t th e  p o s i t io n  v e c to r s  o f  b o d ie s  m. , m„ and m, r e f e r r e d  to  t h i s  
c o o rd in a te  system  be r e s p e c t iv e ly  R^, R^ and g ; d e f in in g  (X ,Y ,Z; to  be 
u n i t  v e c to r s  in  th e  d i r e c t i o n s  o f  th e  th r e e  i n e r t i a l  a x e s , th e  p o s i t io n
v e c to r s  can be w r i t t e n  in  component form
A.
^  = X2.X + ■  y^Y 4-  2 * 2  , ( 1 .1 )
g  =  X'X -I- 4- 2 :2  .
Since th e  p r im a r ie s  move in  th e  (X ,Y )-p lan e , we can a t  once w r i te  Z^S 0 , 
Z2=  0. The d is ta n c e  D =  |r^ -  R ^| betw een th e  p r im a r ie s  a t  any epoch ,is  
g iven  by
_ a .  ( l - e 1)
| + e c o s 0  ^1 ‘2^
where a  and e a re  r e s p e c t iv e ly  th e  sem i-m ajor a x i s  and e c c e n t r i c i t y  o f
th e  r e l a t i v e  o r b i t  o f  th e  p r im a r ie s ,  and G i s  th e  t r u e  anom aly a t  th e  
epoch. Note t h a t  f o r  ze ro  e c c e n t r i c i t y ,  D = a  ( c o n s ta n t ) .  Now by 
d e f in i t i o n  o f  th e  b a ry c e n tre ,  we have
S i  +- =  Q  •
Thus
D = (l+- «,/**) I Sil .




r =  " ^ 1  } ( 1 , 5 )
we o b ta in
(1 .6)
I t  fo llo w s  from  th e  d e f i n i t i o n  o f  th e  c o o rd in a te  system  OXYZ th a t  th e  
p o la r  an g le  o f  v e c to r  R^ w ith  r e s p e c t  to  th e  X -a x is  i s  eq u a l to  th e  t r u e  
anomaly 9 o f  th e  p r im a r ie s  ( s e e  F ig u re  1 .1 ) .  We can th e r e f o r e  w r i te
g l  -  — < * ! > ( $ cos& +-
a  ( W )
$ 2 . =  C x  COS&+ Y s i\& ) ,
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m
m
F ig u re  1 .1  : The i n e r t i a l  c o o rd in a te  system  OXYZ, The p r im a r ie s
m  ^ and m2 o r b i t  th e  b a ry c e n tre  0 in  th e  (X,Y) p la n e .
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These two e q u a tio n s  g iv e  th e  p o s i t io n s  and ^  two p r im a r ie s  in
term s o f  th e  t r u e  anom aly Q ( r e c a l l  t h a t  D i s  a  fu n c tio n  o f  0). In  p r in c i p le ,  
0 can be computed f o r  any epoch by means o f  K epler* s E q u a tio n , a lth o u g h  in  
p r a c t ic e  t h i s  i s  in c o n v e n ie n t and tim e-consum ing . I t  w i l l  be shown l a t e r  
t h a t  t h i s  d i f f i c u l t y  can be av o id ed  by in tro d u c in g  a  r o t a t i n g  c o o rd in a te  
system  and by u s in g  9 , in s te a d  o f  th e  epoch t ,  a s  th e  in d ep en d en t v a r ia b le  
in  th e  e q u a tio n s  o f  m otion .
The e q u a tio n s  o f  m otion o f  th e  t h i r d  body, o f  mass m^, can be ex p re ssed
in  v e c to r  form  a s
m3&* =  ) (1 .8)
where 5 *  = d*^R. i s  th e  a c c e le r a t io n  v e c to r  a s  m easured w ith  r e s p e c t  to  
w  d t *
i n e r t i a l  c o o rd in a te s ,  a n d J ^ jF ^  a r e  th e  f o r c e s  o f  g r a v i t a t i o n a l  a t t r a c t i o n  
a c t in g  on m  ^ due to  p r im a r ie s  m ^ ,]^  r e s p e c t iv e l y .  D e fin in g  th e  v e c to r s
(1 -9 )
& * • *  &*- >
th e  fo rc e s  F^ and a r e  g iv en  by Newton’ s law  o f  g r a v i t a t i o n a l  a t t r a c t i o n
( w r i t te n  in  v e c to r  fo rm ) :
f. = 6™l™3
* *  "  a . i
G^xr*V3
(-* )
/  A *
I  V
(1 -10)
where , and G i s  th e  N ew tonian g r a v i t a t i o n a l  c o n s ta n t .
D iv id ing  th rough  E q u a tio n  (1*8) by m^, and i n s e r t i n g  E q u a tio n s  ( 1 .1 0 ) ,  we have
A ?
J ~  *■ 9 r  • ( I ' l l )
The v e c to r  e q u a tio n  ( l « l l )  may be w r i t t e n  in  component form
X* ±  (X“ Xi) +- (X-XO  =  o
a .*  '
y  X  +  GtjM ( Y _ y f) +  ( V - Y a )
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where d o ts  deno te d i f f e r e n t i a t i o n  w ith  r e s p e c t  to  th e  tim e t ,
Aj*- =  ( x - X i f  +  ( y - Y i ) v  * •  2 * - ,
,  s-» •> (1*13)
^  =  (X -X x )r +- (Y-Y*.) +  t  ,
and (X ^ Y ,) ,  (Xj_,Y2 ) a re  th e  n o n -z e ro  com ponents o f  v e c to r s  a s  g iv en
by E q u a tio n s  ( l *7)• These a r e  th e  e q u a tio n s  o f  m otion o f  th e  th r e e -  
d im ensional e l l i p t i c  r e s t r i c t e d  p rob lem , w ith  r e s p e c t  to  i n e r t i a l  c o o rd in a te s  
and in  te rm s o f  p h y s ic a l  o r  d im en sio n a l q u a n t i t i e s  ( t h a t  i s ,  q u a n t i t i e s  
which can be s p e c if ie d  in  any s e l f - c o n s i s t e n t  system  o f  u n i t s ) .
T his form  o f  th e  e q u a t io n s  o f  m otion  i s  p e r f e c t ly  u s a b le  f o r  n u m erica l 
in t e g r a t io n s ,  bu t i t  i s  advan tag eo u s to  c a r ry  o u t c e r t a in  t r a n s fo rm a tio n s  
which c a s t  th e  e q u a tio n s  in to  a  more co n v en ien t form . F i r s t l y ,  a  new 
c o o rd in a te  system  i s  in tro d u c e d  w hich r o t a t e s  synch ro n o u sly  w ith  th e  p r im a r ie s ;  
second ly , th e  d im ensional c o o rd in a te s  a re  r e p la c e d  by a  d im e n s io n le ss  s e t  
by choosing  an a p p ro p r ia te  u n i t  o f  le n g th ;  and t h i r d l y ,  a  new ch o ice  o f  
independent v a r ia b le  i s  made. The end r e s u l t  o f  th e se  o p e ra t io n s  w i l l  be 
th a t  ( i )  th e  p r im a r ie s  a r e  a t  f ix e d  lo c a t io n s  in  th e  new c o o rd in a te  system , 
r a th e r  th an  t r a c in g  o u t e l l i p t i c a l  p a th s  ab o u t th e  b a ry c e n tre ,  ( i i )  th e  
a c tu a l  p h y s ic a l d im ensions o f  th e  th re e -b o d y  system  do n o t e n te r  in to  th e  
new e q u a tio n s , r e f l e c t i n g  th e  f a c t  t h a t  th e y  have no r e a l  dynam ical s i g n i ­
f ic a n c e ,  ( i i i )  K ep le r* s  E q u a tio n  does n o t have to  be so lv ed  in  o rd e r  to  
in te g r a te  th e  e q u a tio n s  o f  m o tio n , and ( iv )  th e  new e q u a tio n s  a r e  p a r t i c u l a r l y  
conven ien t f o r  u se  in  th e  d e te rm in a tio n  o f  p e r io d ic  o r b i t s .
L et u s  in tro d u c e  th e  C a r te s ia n  c o o rd in a te  system  w ith  o r ig in  a t  0 ,
such th a t  th e  ^ - a x i s  i s  in  th e  d i r e c t i o n  o f  th e  in s ta n ta n e o u s  p o s i t io n  o f  
p rim ary  m  ^ and th e  1 - a x is  c o in c id e s  w ith  th e  Z -a x is  o f  th e  i n e r t i a l  c o o rd in a te  
system  (se e  F ig u re  1 .2 ) .  T h is  new c o o rd in a te  system  th e re f o r e  r o t a t e s  non - 
[ u n ifo rm ly  w ith  th e  p r im a r ie s  ro^  and m^, which sim ply  o s c i l l a t e  on th e  J - a x i s  * 
a t  p e r io d ic a l ly  v a ry in g  d i s ta n c e s  R^ and R^ from  th e  o r ig i n ,  a s  g iv e n  by 
E quations, (1 •6 )  and ( l« 2 ) .  The tr a n s fo rm a tio n  betw een c o o rd in a te  system  
OXYZ and O ^ t  i s
’J s . X  Cjoj 9  Ar Y frO  
—  X t f n f r  Ar Y c •$&
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m
m
F ig u re  1 .2  : The r o t a t i n g  c o o rd in a te  system  0 J<)j}£ • • i^e & **J
ax es  r o t a t e  w ith  th e  p r im a r ie s  in  th e  (X,Y) p la n e ; 
th e  % and Z axes c o in c id e .
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and th e  v e c to r  R can he e x p re sse d  a s  
a/
■where a re  u n i t  v e c to r s  in  th e  d i r e c t io n s  o f  th e  th r e e  ax es  o f  th e
r o t a t i n g  c o o rd in a te  system . The in s ta n ta n e o u s  a n g u la r  v e lo c i ty  Cd o f  th e  
system  w ith  r e s p e c t  to  th e  i n e r t i a l  system  OXYZ i s  eq u a l to  th e  o r b i t a l




v j c -  ( 1 -17)
It
The a c c e le r a t io n  v e c to r  R o f  th e  t h i r d  body o f  th e  system  a s  m easured 
w ith  r e s p e c t  to  t h i s  r o t a t i n g  r e f e r e n c e  fram e i s  g iv en  by th e  C o r io l i s  
Theorem:
S  *■ &  — — — s j x g .  ( i . i s )
In  t h i s  e q u a tio n , u n s ta r r e d  d e r iv a t iv e s  a re  th o s e  m easured in  th e  r o t a t i n g  
system ; th e  f i r s t  term  on th e  r ig h t - h a n d  s id e  i s  th e  i n e r t i a l  a c c e le r a t io n ,  
g iven  by E q u a tio n  ( l « l l ) ,  th e  re m a in in g  te rm s b e in g  r e s p e c t iv e ly  th e  c e n t r i ­
fu g a l fo rc e  and C o r io l i s  f o r c e  te rm s , and a  te rm  r e s u l t i n g  from  th e  non - 
uniform  a n g u la r  v e lo c i ty  o f  th e  r o t a t i n g  c o o rd in a te  system . S ince  OO v a r ie s  
on ly  in  m agn itude, and n o t in  d i r e c t i o n ,  we can  w r i te
. 6
(1 .1 9 )
and E qu a tio n  (1*18) becomes
R  - R * — 5 ^ ^ ,  ( 1 . 20)
IIM.
S u b s t i tu t in g  f o r  R from  E q u a tio n  ( l « l l ) ,  we o b ta in  th e  v e c to r  e q u a tio n  
o f  m otion o f  th e  body m  ^ w ith  r e s p e c t  to  th e  r o t a t i n g  c o o rd in a te  system :
B *- ^  +  ^  s .  -  -- g ,
(1 -21)
where
Ai =• ()r+-Ri)f + w+- t i  ,
.  .  a  ( 1 - 2 2 )
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and R^, R^ a re  g iv en  by E q u a tio n  ( l - 6 ) .
The n e x t s te p  i s  to  c a r ry  o u t a  f u r th e r  t r a n s fo rm a tio n ,  from  th e  c o o rd in a te  
system  to  a  new c o o rd in a te  system  Oxyz, d e f in e d  by:
I f n  '
j - i j / D  > (1 -2 3 )
a  * • .
This new d im e n s io n le ss  c o o rd in a te  system  h a s  a s  u n i t  o f  le n g th  th e  d is ta n c e  
D between th e  p r im a r ie s ,  a s  g iv e n  by E q u a tio n  ( l* 2 ) .  Because th e  c o o rd in a te  
system  Oxyz r o t a t e s  w ith  th e  p r im a r ie s ,  and h a s  a  u n i t  o f  le n g th  which v a r ie s  
p e r io d ic a l ly  w ith  th e  p e r io d  o f  th e  p r im a r ie s ,  i t  i s  o f te n  r e f e r r e d  to  a s  th e  
" b a ry c e n tr ic  r o t a t i n g - p u l s a t i n g "  system . In  th e  c i r c u l a r  r e s t r i c t e d  problem  
th e  u n i t  o f  le n g th  D i s  a  c o n s ta n t .  N ote t h a t  th e  tra n s fo rm e d  c o o rd in a te s
o f  th e  p r im a r ie s  a re  x1 = -R1/D = -yx, y^ =  =  0 ,  and x^ -  R^/D -  1 - ji ,
y^ = = 0 ; b o th  p r im a r ie s  a re  th e r e f o r e  a t  f ix e d  lo c a t io n s  in  th e
tran sfo rm ed  system  (s e e  F ig u re  1 .3 )*
The p o s i t io n  v e c to r  JR o f  th e  t h i r d  body i s  tra n s fo rm e d  to
JC *  g / 3 > ,  (1*24)
and s in c e  th e  u n i t  v e c to r s  in  th e  d i r e c t i o n s  o f  th e  ax es  o f  th e
ro  t a t  in g -p u l s a t i n g  c o o rd in a te  system  a r e  i d e n t i c a l  to  we can w r i te
The v e c to r s  A , and A 0 a re  tran sfo rm e d  to  A/1 2
« i  *  6 i / j >  *  +  «  > ,  ,,
.  /  .  V A  A. * (1*26)
=  ( * - | 4 / a) x  +  y j  +- »  .
The f i n a l  s te p  in  th e  p ro ced u re  i s  to  in t ro d u c e  a  change o f  in d e p en d en t 
v a r ia b le  in  th e  e q u a tio n s  o f  m otion  from  th e  epoch t  to  th e  t r u e  anom aly 0 
o f  th e  p r im a r ie s ,  by means o f  th e  r e l a t i o n
i L  at 4 § .  f L  a  * (1*27)
Note t h a t  f o r  th e  c i r c u l a r  r e s t r i c t e d  p rob lem , i s  c o n s ta n t .  L e t be an
a r b i t r a r y  d im en sio n al c o o rd in a te ,  and d e f in e  th e  d im e n s io n le ss  v a r ia b le
*  *■ * / D  . (1*28)
The tim e d e r iv a t iv e  o f  C ^ is
*  =  ( & * }  =*• w ■*- .  h ' 2? )




F ig u re  1 .3  s The d im e n s io n le ss  r o t a t i n g - p u l s a t i n g  c o o rd in a te  system  
Oxyz. The p r im a r ie s  m^  and m  ^ have f ix e d  p o s i t io n s  on 
th e  x a x i s ;  th e  d is ta n c e  betw een th e  p r im a r ie s  i s  ta k en  
a s  th e  u n i t  o f  le n g th .
From E quation  ( l » 2 ) ,
,  _  De.i.V(9
V  /, i
( l^ e c o s ty  l-heccj^
where th e  prim e d e n o te s  d i f f e r e n t i a t i o n  w ith  r e s p e c t  to  9 , and so
( 1 . 30)
k  =- « D  J . (1 *31)
(1-32)
D if f e r e n t i a t i n g  once more w ith  r e s p e c t  to  t ,  we o b ta in
(f'^CT&s)) •
Now th e  a n g u la r  momentum i n t e g r a l  f o r  th e  p r im a r ie s  can be w r i t t e n
m D1" -  k  C c» n st» n t) -  (1 -3 3 )
D i f f e r e n t i a t i n g  w ith  r e s p e c t  to  t ,  and u s in g  E q u a tio n  (1 * 3 0 ), we g e t
*  “  > (1*34)
and E quation  ( l •32) becomes
■s *  "’■K5'4'^)5) •  ( 1 ' B )
We now have to  p e rfo rm  th e  tr a n s fo rm a tio n s  d e f in e d  in  E q u a tio n s  ( l» 2 3 )  and
(l* 2 7 ) to  th e  e q u a t io n s  o f  m otion  ( l * 2 l ) .  T h is  i s  done by a p p ly in g  the. 
g e n e ra l fo rm u lae  ( l « 3 l )  and ( l« 3 5 )  to  th e  com ponents o f  E q u a tio n  ( l » 2 l ) ,  
n o tin g  th a t
5 a .  .  & C " . < ■ " . ) ( ! - / » ;  ( 1 . , 6 )
A ?  t> \  l+-ecosO/ \  tf)3 /
and
<™2= * . (  ^  )  ( J L . ]  . (1-37)
t* .>1 \ l 4 - e c « s 0 /
where , o ^ =  | ^ ( .
A fte r  some r e d u c t io n ,  we o b ta in  th e  e q u a tio n s  o f  m otion o f  th e  th r e e -  
d im ensional e l l i p t i c  r e s t r i c t e d  problem  w ith  r e s p e c t  to  r o t a t i n g - p u l s a t i n g  
c o o rd in a te s  ( x , y , z ) ,  in  component form :
-  19 -
v  - (-jiss) [('-  *  - 1>)71 
a"4- 1 * '  “ ( i i s X 1' 1? ' ' • % ) • >  > 
* * *  *  *
(1.J8)
(1*39)
Prom E q u a tio n s  (1 * 2 6 ), we have
o f * ,  ( x + ^ + ^ + e 1- ,
^x1, *  +  s x +  * x »
Note t h a t  f o r  n o n -ze ro  v a lu e s  o f  th e  p rim ary  o r b i t  e c c e n t r i c i t y  e ,  th e  
r ig h t-h a n d  s id e s  o f  E q u a tio n s  (1*38) have an e x p l i c i t  dependence on th e  
t ru e  anomaly 9 ; t h i s  h a s  im p o r ta n t dynam ical co nsequences, a s  we s h a l l  see  
l a t e r .  A ll o f  th e  q u a n t i t i e s  a p p e a r in g  in  th e s e  e q u a tio n s  a r e  d im e n s io n le ss ; 
th e  two b a s ic  p a ra m e te rs  a re  p, th e  mass p a ra m e te r , and e ,  thfe e c c e n t r i c i t y  
o f  th e  r e l a t i v e  o r b i t  o f  th e  p r im a r ie s .  Prom i t s  d e f in i t i o n  in  E qu a tio n  
(1 * 5 ), we see t h a t  p  can have any v a lu e  betw een 0 and 1 ( s in c e  m  ^ and mg must 
be n o n -n e g a t iv e ) ;  p o. 0 when mg i s  z e rq  w h ile  p m. £ f o r  eq u a l m asses o f  th e  
p r im a r ie s .  U su a lly  mg i s  ta k e n  to  be th e  l e s s  m assive  o f  th e  two p r im a r ie s ,
so th a t  0 v a lu e s  g r e a t e r  th a n  p  s. i  b e in g  e s s e n t i a l l y  red u n d an t
(E q u a tio n s  ( l« 3 8 )  and (1*39) a r e  u n a l te r e d  i f  p i s  r e p la c e d  by !■*>.
However, i t  i s  som etim es more c o n v e n ie n t, f o r  th e  sake o f  c o n t in u i ty ,  to  
a llow  p  to  have any v a lu e  in  th e  ran g e  M -
The e q u a tio n s  o f  m otion o f  th e  th re e -d im e n s io n a l c i r c u l a r  r e s t r i c t e d  
problem  a re  o b ta in e d  sim ply  by s e t t i n g  e^O in  E q u a tio n s  ( l» 3 8 ) ,  w ith  th e  
r e s u l t  th a t  th e  f a c t o r  ( l  +  ecosO) ^ becomes u n i ty ,  e l im in a t in g  th e  e x p l i c i t  
appearance o f  th e  ind ep en d en t v a r ia b le  in  th e  e q u a tio n s  o f  m otion . The 
p la n a r  r e s t r i c t e d  problem  co rre sp o n d s  to  th e  ca se  B e O} th e  t h i r d  o f  
E quations  ( l» 3 8 )  re d u c e s  to  an i d e n t i t y  and th e  f i r s t  two d e f in e  th e  m otion 
in  th e  h o r iz o n ta l  p la n e .
1 .4  The S ta te  Y ec to r
The s t a t e  v e c to r ,  which we s h a l l  den o te  by js, i s  a  v e c to r  in  th e  s ix ­
d im ensional p h ase  space ( c o o r d in a te - v e lo c i ty  sp ace) o f  th e  r e s t r i c t e d  problem , 
d e s c r ib in g  th e  s t a t e  o f  th e  t h i r d  body o f  th e  system  a t  any i n s t a n t .  I t  
i s  a  co n v en ien t form  o f  n o ta t io n  w hich w i l l  be u se d  e x te n s iv e ly  th ro u g h o u t 
t h i s  t h e s i s ;  in  t h i s  s e c t io n  th e  n o ta t io n  w i l l  be in tro d u c e d  and th e  e q u a tio n s  
o f  motion ( l» 3 8 )  ex p re ssed  in  te rm s o f  js.
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The s t a t e  v e c to r  h a s  com ponents
S. e x ; s? a y ; 8, a z ;
i * 0 ( l« 4 0 )• X1; Sj- a y ; s  ^ ■ z»,
where ( x ,y ,z )  a re  th e  com ponents o f  th e  t h i r d  body w ith  r e s p e c t  to  th e  
r o ta t in g - p u l s a t in g  c o o rd in a te  system , and p rim es d en o te  d i f f e r e n t i a t i o n  
w ith  r e s p e c t  to  G, th e  t r u e  anomaly o f  th e  p r im a r ie s .  The n o ta t io n
Bq *  ( s0 1 >Eo2>803>80 4 ’ s05 , iW  , *
= U 0 ’y0 ,z 0 »x6 ’y0 ’ z0 >
w il l  be u sed  to  deno te  th e  v a lu e  o f  th e  s t a t e  v e c to r  a t  th e  i n i t i a l  epoch, 
when th e  t r u e  anomaly o f  th e  p r im a r ie s  h a s  th e  v a lu e  . The e x p re s s io n  
" i n i t i a l  c o n d i t io n s "  w i l l  be employed to  mean th e  com ponents o f  ^  • S ince  
th e  th re e  d i f f e r e n t i a l  e q u a tio n s  o f  m otion ( l« 3 8 )  a r e  o f  second o r d e r ,  a  
un ique s o lu t io n  i s  s p e c i f ie d  once th e  v a lu e s  o f  th e  s ix  i n i t i a l  c o n d i t io n s
( x o* y o’ z0f xc), ^ o 9 Z(> )have been g iv e n *
An a l t e r n a t i v e  fo rm u la tio n  o f  th e  e q u a tio n s  o f  m otion (l» 3 8 )»  in  te rm s 
o f  th e  s t a t e  v e c to r ,  i s
s '®  £  ( . 1 ; 0 )  , ( 1 .42 )
where th e  v e c to r  fu n c t io n  f  h a s  com ponents
*f| -  s \ )
\  “  si ./
( l - 4 3 )
U  =  i s 5 +  e  1 •
.fs = _ 2 s ^  +- e f t i x ,
=■ ( E f t " 0 s3 ;
1- ^  -  A ,  ,
e  (© ) -  (l+ -c.cos9)~* . ( 1 ”44)
From E q u a tio n s  ( l« 3 9 )  and ( l» 4 0 ) ,
4- S31  .
(1 -4 5 )
Thus th e  th r e e  se c o n d -o rd e r  e q u a tio n s  ( l» 3 8 )  have been re p la c e d  by s ix  f i r s t  
o rd e r  e q u a tio n s  ( l* 4 2 ) ;  th e s e  w i l l  be u sed  in  p re fe re n c e  to  th e  o r ig i n a l  
e q u a tio n s .
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1 .5  Ja c o b i I n te g r a l
L et JL b e  a  fu n c t io n  o f  th e  th r e e  c o o rd in a te s  ( x ,y ,z )  o f  th e  t h i r d  body 
o f  th e  system  (w ith  r e s p e c t  to  th e  r o t a t i n g - p u l s a t i n g  c o o rd in a te  system ) 
d e fin e d  by
=  t ( x l + 3 l + +- +  A  4- £ ^ 7 *) , (1 -4 6 )
o r ,  e q u iv a le n t ly ,  by
- “ ■ ' M b * 2 )  +  2 )  ■ ( i 'i7>
I t  can be shown by in s p e c t io n  t h a t  th e  e q u a tio n s  o f  m otion (1*38) niay be 
w r i t te n
I \ 3 - 0 -" - V  * . ( _ ! — ) 1
a  W & * sO l <bIf ec° i9/ 'd %
I \  m
IfecosO ,/
I ) 'i J 1
)
.Iftcwfi /
The t o t a l  d e r iv a t iv e  o f  42.w ith  r e s p e c t  to  © •is




by E q u a tio n s  ( l - 4 8 ) .  We th e r e f o r e  have
_ n . l ~  ( y X + 3 ' l 4 ' i ' 1 + -Z J) .  ( 1 . 50)
Now
(— )\ \ ± t c o s B )
d d  
/~ T L r S L ^ s )ck6
|-he<w £ ( l+ e c o r f i j2'
Combining E q u a tio n s  (1*50) and ( l - 5 l )  and in t e g r a t i n g ,  we o b ta in
-*2_ i / .  / ? . .  i i . i^-. -  i r  ^  ^  &
(1*51)
l+ecnj#
.  4- J < « .  (1-52)
Along a  p a r t i c u l a r  s o lu t io n  o f  th e  e q u a tio n s  o f  motion^ th e  fo llo w in g
in v a r ia n t  r e l a t i o n  must th e r e f o r e  h o ld  f o r  a l l  v a lu e s  o f  &:
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r e
_ -Q - -  -  -  I . o(5 =  { c . ( x *53)
l-t-ecyfl '  X  Cl+ecotfl)
do y
where C i s  a  c o n s ta n t  whose v a lu e  can be d e te rm in ed  from  th e  i n i t i a l  c o n d it io n s  
( th e  v a lu e s  o f  X jy ^ Z jX 'jy ’ and z* a t  9 «  9 ^ ) .  T h is  in v a r i a n t  r e l a t i o n  i s  
n o t an in t e g r a l  o f  th e  e l l i p t i c  r e s t r i c t e d  p rob lem , because  o f  th e  appearance  
o f  th e  n o n - in te g ra te d  te rm  in v o lv in g  XL. The main p r a c t i c a l  v a lu e  
o f  E quation  (1*53) i s  a s  a  check  on th e  acc u racy  o f  n u m erica l in t e g r a t i o n s  
o f th e  e q u a tio n s  o f  m otion .
In  th e  c i r c u l a r  r e s t r i c t e d  problem , how ever, e * 0 and th e  n o n - in te g ra te d  
term  v a n ish e s ,  w ith  th e  im p o rta n t r e s u l t  t h a t  E q u a tio n  ( l* 5 3 )  becomes 
an i n t e g r a l ;
2 . -0 . - ( x ^ - t - a ' 7- - =  C .  ( I . 54 )
The c o n s ta n t o f  in t e g r a t i o n ,  C, i s  known a s  th e  JACOBI CONSTANT, a f t e r  th e  
m athem atic ian  who f i r s t  d is c o v e re d  th e  i n t e g r a l .  T h is  i s  th e  o n ly  in t e g r a l  
o f  th e  c i r c u l a r  r e s t r i c t e d  problem , a s  h a s  been shown by P o in c a r£ , and 
r e p la c e s  th e  energy  and a n g u la r  momentum i n t e g r a l s  o f  th e  g e n e ra l th re e -b o d y  
problem , which a r e  no lo n g e r  v a l id  in ’ th e  r e s t r i c t e d  prob lem . The l e f t -  /
hand s id e  o f  E q u a tio n  (1*54) can be d iv id e d  in to  two te rm s , one o f  w hich,
< ISL- 4 s - , in v o lv e s  o n ly  th e  c o o rd in a te s ,  w h ile  th e  o th e r ,
( th e  sq u are  o f  th e  speed o f  th e  t h i r d  body w ith  r e s p e c t  to  r o t a t i n g  a x e s ) j  
in v o lv e s  o n ly  th e  f i r s t  d e r iv a t iv e s  o f  th e  c o o rd in a te s .  The J a c o b i c o n s ta n t  
C i s  u n iq u e ly  d e f in e d  on ly  w ith in  an a d d i t iv e  c o n s ta n t ,  a c c o rd in g  to  th e  
d e f in i t io n  o f  th e  fu n c tio n  S L  • S ince  on ly  th e  p a r t i a l  d e r iv a t iv e s  o f  -fl_ 
w ith  r e s p e c t  to  th e  c o o rd in a te s  f e a tu r e  in  th e  e q u a tio n s  o f  m otion ( l» 4 8 ) ,  
th e  a d d i t io n  o f  an  a r b i t r a r y  c o n s ta n t  i s  p e rm is s ib le  and th e  v a lu e  o f  C w i l l  
a l t e r  c o rre sp o n d in g ly . The c o n s ta n t  1 - j l )  h a s  been in s e r t e d  in to  
E quation  ( l» 4 6 )  to  a llo w  th e  more com pact e x p re s s io n  ( l» 4 7 )  to  be w r i t t e n .
T his d e f in i t i o n  o f  th e  fu n c t io n  , and c o n se q u e n tly  o f  the, J a c o b i c o n s ta n t ,  
fo llo w s  th e  recom m endation o f  S zebehely  in  h i s  book "Theory o f  O r b i ts " .
I t  i s  im p o rta n t to  n o te  t h a t  n o t a l l  a u th o rs  employ t h i s  d e f in i t i o n  and i t  
i s  o f te n  n e c e s s a ry  to  tra n s fo rm  p u b lish e d  n u m e rica l r e s u l t s  to  a ch iev e  
c o n s is te n c y . The "ro  t a t  in g -p u l s a t in g "  c o o rd in a te  system  Oxyz, a s  d e f in e d  
in  S ec tio n  1 .3 ,  and (where a p p l ic a b le )  th e  J a c o b i c o n s ta n t ,  a s  d e f in e d  in  
t h i s  s e c t io n ,  w i l l  be used  th ro u g h o u t t h i s  t h e s i s .
The form  o f  th e  Ja c o b i in t e g r a l  (E q u a tio n  ( l» 5 4 ) )  le a d s  to  th e  in t r o d u c t io n  
o f  an im p o rta n t s e t  o f  s u r f a c e s  in  c o o rd in a te  sp ace , u s u a l ly  r e f e r r e d  to  a s  
z e ro -v e lo c i ty  s u r f a c e s .  F or a  g iv e n  v a lu e  o f  th e  J a c o b i c o n s ta n t ,  say  C?*
th e  z e r o - v e lo c i ty  s u r fa c e s  com prise th o se  p o in t s  ( x ,y , z )  which s a t i s f y
/L J L ( ' X , 3 , i )  -  %7- -  C *  . ( i* 5 5 )
¥
C le a r ly , i f  th e  t h i r d  body o f  th e  system  h a s  th e  v a lu e  C o f  th e  Ja c o b i 
c o n s ta n t ,  i t s  v e lo c i ty  a t  a l l  p o in t s  on th e s e  s u r fa c e s  i s  z e ro . T h is  h a s  
im p o rtan t consequences f o r  q u a l i t a t i v e  s tu d ie s  o f  th e  m otion  o f  th e  t h i r d  
body, f o r  th e  z e r o - v e lo c i ty  s u r fa c e s  a re  e f f e c t iv e l y  b a r r i e r s  to  th e  m a ss le ss  
p a r t i c l e  th ro u g h  which i t  can n o t p a s s .  M otion i s  p o s s ib le  o n ly  w ith in  
th o se  re g io n s  o f  c o o rd in a te  sp ace , bounded by th e  z e r o - v e lo c i ty  s u r f a c e s ,  
f o r  which
x ' *  +  a ' 1  +■ =■ m - 2 1- -  c *  > o  } (1#56)
Those r e g io n s  o f  c o o rd in a te  space f o r  w hich 2.-Q-—'fc1' —C <  O
a re  r e f e r r e d  to  a s  " fo rb id d e n  r e g io n s " .  In  th e  p la n a r  c i r c u l a r  r e s t r i c t e d  
problem , th e  z e r o - v e lo c i ty  s u r fa c e s  red u ce  to  z e r o - v e lo c i ty  c u rv e s  in  th e  
(x ,y ) -p la n e ,  and th e s e  cu rv es  a re  o f te n  term ed " H ill  c u rv e s"  a f t e r  th e  
m athem atic ian  who f i r s t  made u se  o f  th e  J a c o b i in t e g r a l  in  c o n n e c tio n  w ith  
the  problem  o f  th e  s t a b i l i t y  o f  th e  Earth-M oon system .
An e x te n s iv e  d is c u s s io n  o f  z e ro -v e lo c ity  c u rv e s  and t h e i r  s ig n i f ic a n c e  i s  
g iven  in  Szebehely  (1967).
1 .6  Lagrange S o lu tio n s
We now p re s e n t  a  b r i e f  d e r iv a t io n  o f  th e  e q u i l ib r iu m  s o lu t io n s  o f  th e  
r e s t r i c t e d  problem  u s u a l ly  named a f t e r  t h e i r  d is c o v e re r ,  L agrange . An 
e q u ilib r iu m  s o lu t io n  i s  one f o r  w hich th e  c o o rd in a te s  ( x ,y , z )  o f  th e  m a ss le ss  
t h i r d  body, w ith  r e s p e c t  to  th e  b a r y c e n tr ic  r o  t a t  in g -p u l  s a t i n g  c o o rd in a te  
system , a re  c o n s ta n t ;  th e  v e lo c i ty  com ponents (x* 9y \ z f ) and a c c e le r a t io n  
components ( x " ,y " ,z " )  o f  th e  m a ss le ss  body in  t h i s  c o o rd in a te  system  must 
th e re fo re  a l l  v a n is h . The p ro ced u re  f o r  f in d in g  th e  e q u i l ib r iu m  s o lu t io n s  
i s  s t r a ig h tfo rw a rd ;  ta k in g  th e  e q u a tio n s  o f  m otion ( l» 3 8 ) ,  we s e t  
x* * y* m z 1 m 0 ,  x" » y "  »  z"  »  0 and so lv e  f o r  x ,y  and z . I f  such 
s o lu tio n s  e x i s t ,  th e y  a re  th e  c o o rd in a te s  o f  p o in t s  h a v in g  th e  p ro p e r ty  
th a t  i f  th e  m a ss le ss  body i s  a t  r e s t  a t  such a  p o in t ,  i t  e x p e r ie n c e s  no n e t  
fo rc e  and th e r e f o r e  rem ain s  in  e q u i lib r iu m  a t  t h a t  p o in t .
E q u a tio n s  (1*39) show t h a t  i f  th e  c o o rd in a te s  ( x ,y , z )  a r e  a l l  c o n s ta n t ,
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then  so a re  th e  d is ta n c e s  o j  and o f  th e  t h i r d  body from  th e  two p r im a r ie s .  
(R e c a ll t h a t  th e  c o o rd in a te  system  h a s  u n i t  o f  le n g th  D, th e  d is ta n c e  
between th e  p r im a r ie s ,  which v a r i e s  p e r io d i c a l ly  w ith  9 ; th u s ,  i f  OJ and tT> 
a re  c o n s ta n t ,  th e  d is ta n c e s  and m easured w ith  r e s p e c t  to  a  f ix e d
u n i t  o f  le n g th  a c t u a l l y  p u ls a te  in  a  p e r io d ic  f a s h io n ) .  T aking  th e  t h i r d  
o f  E q u a tio n s  (1 * 3 8 ), and s e t t i n g  z M a 0 , we o b ta in
I i  =  O .  (1 -5 7 )
Now th e  e x p re s s io n  in  sq u are  b r a c k e ts  can o n ly  v a n is h , f o r  a l l  v a lu e s  o f  0 , 
fo r  e s  0 and “*°®: ‘t h i s  i s  th e  t r i v i a l  c a se  where th e  m a ss le ss
body l i e s  i n f i n i t e l y  d i s t a n t  from  th e  p r im a r ie s  and so e x p e r ie n c e s  no 
a t t r a c t i v e  f o r c e s ,  c l e a r ly  n o t  a  t r u e  e q u il ib r iu m  s o lu t io n ;  we conclude 
th a t  any n o n - t r i v i a l  e q u i l ib r iu m  p o in t s  must l i e  in  th e  p la n e  o f  th e  p r im a r ie s  
(z  »  0 ) .
S e t t in g  x ' 
o b ta in
I-PecosB
y ' a  y "  o  0 i n  th e  f i r s t  two o f  E q u a tio n s  ( 1 * 5 8 ) ,  we
I-J~eccj0
(1 -5 8 )
(1*59)
and we seek  s o lu t io n s  (x ,y )  v a l id  f o r  a l l  v a lu e s  o f  0 . From E qu a tio n  ( l -59) 
we have e i t h e r
3 =  0  (1 -60)
o r
-  = o  . (1 -61)
The s o lu t io n s  c o rre sp o n d in g  to  y  -  0 a r e  r e f e r r e d  to  a s  th e  COLLINEAR 
EQUILIBRIUM POINTS, s in c e  th e y  a re  c o l l  in e a r  w ith  th e  two p r im a r ie s .  For 
y  s. z =, 0 ,  E q u a tio n s  ( l *59) g iv e
\
(1 -62)
and from E q u a tio n  ( l» 5 8 )  th e  c o l l i n e a r  e q u i l ib r iu m  p o in t s  have  x -c o o rd in a te s  
s a t i s f y in g
O y X * a }  _  r f r - t t f )  .  (1 ,
In  each o f  th e  th r e e  i n t e r v a l s  1^ s ( x <  7 O* i 2 ! (7 *< x < 17 *) and
E q u a tio n  ( 1 *65) becomes a  d i f f e r e n t  q u in t i c  in  x . For
0 each o f  th e s e  th r e e  q u in t i c s  h a s  one and o n ly  one r e a l  r o o t  in  th e  
co rresp o n d in g  i n t e r v a l  on th e  x - a x is ;  c o n se q u e n tly , th e r e  a re  th r e e  c o l l in e a r  
eq u ilib r iu m  p o in t s ,  u s u a l ly  d en o ted  by and ^ y  one o c c u r r in g  in  each
o f  th e  th r e e  i n t e r v a l s  1^ , 1^ and l y  t h a t  i s ,  one s i t u a t e d  betw een th e  
p r im a r ie s ,  and th e  o th e r  two on e i t h e r  s id e  o f  th e  p r im a r ie s ,  a s  shown 
sc h e m a tic a lly  in  F ig u re  1 .4* (A f u l l e r  d is c u s s io n  o f  th e  c o l l i n e a r  
e q u ilib r iu m  p o in t s  and n u m erica l m ethods o f  s o lv in g  th e  q u in t i c s  a r e  g iv en  
by Szebehely  ( 1967) ) .
The re m a in in g  e q u i l ib r iu m  s o lu t io n s  a re  th o s e  f o r  w hich E q u a tio n  ( l* 6 l )  
i s  v a l id .  E q u a tio n  ( l* 5 8 )  th e n  g iv e s
X  -  J - ,  „  o  ,
o r  Oj = <>2 ; s u b s t i t u t i n g  in to  ( l « 6 l )  we o b ta in
tf'l =  <5^ -  L  . (1 *65)
There a re  o n ly  two p o in t s  in  th e  ( x ,y ) - p la n e  f o r  which E q u a tio n  ( l» 6 5 )  i s  
v a l id :  th e s e  a r e  th e  EQUILATERAL TRIANGLE EQUILIBRIUM POINTS, d e s ig n a te d
L^ and L^, each  o f  which fo rm s an e q u i l a t e r a l  t r i a n g l e  w ith  th e  two p r im a r ie s
There i s  no s ta n d a rd  system  f o r  l a b e l l i n g  th e  f iv e  L agrange e q u ilib r iu m
p o in ts ,  ex ce p t t h a t  L, -  L2 a r e  a lw ays th e  c o l l i n e a r  p o in t s  and 1 ,L C th e
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e q u i la te r a l  t r i a n g l e  p o in t s .  In d eed , th e  c h o ic e s  o f  o r ig in  and o r i e n t a t i o n
o f  th e  r o t a t i n g  c o o rd in a te  system  o f  th e  r e s t r i c t e d  problem  v a ry  betw een
d i f f e r e n t  a u th o r s ,  d e s p i te  a t te m p ts  to  s ta n d a rd is e  th e  n o ta t io n .  The
d e s ig n a tio n s  in d ic a te d  in  F ig u re  1 .4  w i l l  be ad h ered  to  th ro u g h o u t t h i s
th e s i s .
mF ig u re  1 .4  s Schem atic diagram  o f  th e  lo c a t io n s  o f  th e  f iv e  Lagrange 
e q u ilib r iu m  p o in t s  in  th e  (x ,y )  p la n e .
2. PERIODIC ORBITS
2«1 In tro d u c t io n
The e x is te n c e  o f  p e r io d ic  o r b i t s  o f  th e  r e s t r i c t e d  th re e -b o d y  problem , 
th a t  i s ,  o r b i t s  which r e p e a t  th em se lv es  a f t e r  c e r t a in  f ix e d  p e r io d s  o f  tim e , 
w ith  r e s p e c t  to  a  s u i ta b le  c o o rd in a te  system , h a s  been e s ta b l i s h e d  m athe­
m a tic a l ly  by a  number o f  m ethods, such a s  th e  method o f  a n a l y t i c a l  c o n t in ­
u a t io n ,  th e  p ro c e s s  o f  e q u a tin g  F o u r ie r  c o e f f i c i e n t s ,  th e  a p p l ic a t io n  o f  
f ix e d  p o in t  theo rem s, and th e  method o f  power s e r i e s .  An exam ple o f  th e  
f i r s t  method i s  th e  a n a ly tic a l c o n t in u a tio n  o f  o r b i t s  o f  th e  r e s t r i c t e d  tw o- 
body problem  ( th e  problem  o f  th e  m otion o f  a  body o f  i n f in i t e s im a l  mass 
under th e  g r a v i t a t i o n a l  a t t r a c t i o n  o f  a  s in g le  m assive p rim ary ) in to  th e  
c i r c u la r  r e s t r i c t e d  th re e -b o d y  problem , th e  mass o f  th e  second p rim ary  
b e in g  in c re a s e d  from  ze ro  to  n o n -ze ro  v a lu e s .  P o in c a re * s  work in  t h i s  
a re a  le d  to  h i s  c l a s s i f i c a t i o n  o f  th e  p e r io d ic  o r b i t s  o f  th e  r e s t r i c t e d  
problem  in to  th r e e  " k in d s" ; th e  f i r s t  k in d  (p re m ie re  s o r te )  a re  th o se  g e n e ra te d  
by a n a ly t ic a l  c o n t in u a tio n  o f  c i r c u l a r  tw o-body o r b i t s  in  th e  p la n e  o f  th e  
p r im a r ie s ,  th e  second k in d  (deuxi& ne s o r te )  a r e  g e n e ra te d  from  e l l i p t i c a l  
o r b i t s  in  th e  p la n e , and th e  t h i r d  k in d  ( t r o is i^ m e  s o r te )  from  e l l i p t i c a l  
o r b i t s  in c l in e d  to  th e  p la n e  o f  th e  p r im a r ie s .  A n a ly t ic a l  and num erica l 
c o n t in u a tio n  w i l l  be r e f e r r e d  to  in  su b seq u en t c h a p te r s ,  w ith  p a r t i c u l a r  
em phasis on m ethods o f  n u m erica l c o n t in u a t io n .
The im p o rtan ce  o f  p e r io d ic  o r b i t s  in  th e  s tu d y  o f  th e  r e s t r i c t e d  problem
h a s  lo n g  been re c o g n is e d . . Because th e  r e s t r i c t e d  problem  i s  n o n - in te g ra b le ,
th e  on ly  o r b i t s  f o r  which com plete in fo rm a tio n  i s  a v a i la b le  a r e  a sy m p to tic ,
p e r io d ic  o r  a lm o s t-p e r io d ic  o r b i t s ;  f o r  n o n -p e r io d iq  m otion , th e  b eh av io u r
ov er i n t e r v a l s  o f  tim e  te n d in g  to  i n f i n i t y  i s  co m p le te ly  unknown, s in c e
n um erica l in t e g r a t i o n  can o n ly  be c a r r i e d  on f o r  a  f i n i t e  tim e . The
p r a c t i c a l  im p o rtan ce  o f  p e r io d i c i t y  i s  th e r e f o r e  t h a t  i f  th e  m otion i s  known
ov er a  f i n i t e  in t e r v a l  ( th e  p e r io d  o f  th e  o r b i t ) ,  th e n  th e  s o lu t io n  i s
a v a i la b le ,  in  p r in c i p l e  to  a r b i t r a r y  p r e c i s io n ,  from  t  *  -  G oto t  * + OO.
In  h i s  c l a s s i c  "M^thodes N o u v e lle s" , P o in c a re  (1899) advanced th e  o p in io n
t h a t  th e  s tu d y  o f  p e r io d ic  o r b i t s  was in d e ed  th e  o n ly  o p en in g  th ro u g h  which
i t  would be f e a s i b l e  to  e x p lo re  th e  th re e -b o d y  p rob lem . H is  famous c o n je c tu re ,
which h a s  s in c e  been p roved  s u b je c t  to  a p p r o p r ia te  a ssu m p tio n s , s t a t e s  t h a t
g iv en  a  p a r t i c u l a r  s o lu t io n  o f  th e  c i r c u l a r  r e s t r i c t e d  p rob lem , a  p e r io d ic
s o lu t io n  ( g e n e r a l ly  o f  v e ry  lo n g  p e r io d )  can a lw ays be found  such t h a t  th e  
d if f e r e n c e  betw een th e  s o lu t io n s  i s  a r b i t r a r i l y  sm all f o r  any d e s ir e d  tim e
i n t e r v a l .  S chw arzsch ild * s  (1898) v e r s io n  o f  t h i s  c o n je c tu re  u s e s  th e  
te rm in o lo g y  o f  phase sp ace : in  an a r b i t r a r i l y  c lo s e  neighbourhood  o f  any
p o in t  in  th e  phase  space th e r e  i s  a  p o in t  r e p r e s e n t in g  a  p e r io d ic  o r b i t ,  
in  g e n e ra l o f  v e ry  lo n g  p e r io d .  Thus, r a t h e r  th a n  b e in g  " e x o t ic "  o r  
u n ty p ic a l  k in d s  o f  s o lu t io n s ,  p e r io d ic  s o lu t io n s  a r e  in  f a c t  dense in  th e  
g lo b a l s e t  o f  s o lu t io n s  o f  th e  r e s t r i c t e d  p rob lem .
The m o tiv a tio n  f o r  s tu d y in g  p e r io d ic  o r b i t s  stem s n o t  o n ly  from  t h e i r  
" p r a c t i c a l "  and " r e p r e s e n ta t io n a l"  s ig n i f i c a n c e ,  a s  a l re a d y  m en tioned , b u t 
a ls o  from  c e r t a in  o th e r  im p o rta n t p r o p e r t i e s ,  w hich in c lu d e  th e  fo llo w in g :
( i )  p e r io d ic  o r b i t s  o f  th e  c i r c u l a r  problem  can o f te n  be o b ta in e d  by 
a n a ly t i c a l  c o n t in u a tio n  from  tw o-body o r b i t s ,  o r  from  l i n e a r i s e d  
s o lu t io n s  a t  th e  Lagrange e q u i l ib r iu m  p o in t s ,  and t h i s  a n a ly t i c a l  
c o n t in u a tio n  approach  can be f u r t h e r  a p p l ie d  to  g e n e ra te  th r e e -  
d im en sio n al p e r io d ic  o r b i t s  and  p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  
r e s t r i c t e d  problem , from  p la n a r  p e r io d ic  o r b i t s  o f  th e  c i r c u l a r  
problem ;
( i i )  p e r io d ic  o r b i t s  can be e s ta b l i s h e d  n u m e ric a l ly  in  c o n tin u o u s  s e t s  
o r  " f a m i l ie s "  w hich, f o r  a  g iv e n  v a lu e  o f  th e  mass p a ram e te r  fxf 
a re  m onoparam etric ( s e e  S e c tio n  2 .5 ) ;
( i i i )  th e  e x is te n c e  o f  " b i f u r c a t io n  o r b i t s " ,  w ith  c e r t a i n  w e ll-d e f in e d  
s t a b i l i t y  p r o p e r t i e s ,  a llo w s  e x p lo ra t io n  o f  th e  p e r io d ic  s o lu t io n s  
o f  th e  r e s t r i c t e d  problem  to  be c a r r i e d  o u t in  a  s y s te m a tic ,  
m eth o d ica l way;
( iv )  r ig o ro u s  c r i t e r i a  can be e s ta b l i s h e d  f o r  th e  l i n e a r  s t a b i l i t y  o f  
p e r io d ic  o r b i t s  ( s t a b i l i t y  w ith  r e s p e c t  to  sm a ll p e r tu r b a t io n s ) ;
(v )  - n e a r ly - p e r io d ic  phenomena a re  w id e ly  o b se rv ed  in  n a tu r e ,  and in
p a r t i c u l a r  th e  o r b i t s  o f  n e a r ly  a l l  o f  th e  v a r io u s  b o d ie s  o f  th e  
S o la r  System can be app rox im ated  by p e r io d ic  o r b i t s ,  f r e q u e n t ly  
w ith  p e r io d s  which a r e  m u tu a lly  com m ensurable.
The im portance  o f  p e r io d ic  o r b i t s  i s  n o t c o n f in e d  to  th e  s tu d y  o f  th e  
r e s t r i c t e d  th re e -b o d y  problem , and many o f  th e  p o in t s  l i s t e d  above ap p ly  
e q u a lly  to  th e  p e r io d ic  o r b i t s  o f  o th e r  n o n - in te g r a b le  dynam ical system s 
o f  two o r  th r e e  d e g re e s  o f  freedom . However, a s  th e  s u b t i t l e  o f  S zeb eh e ly 1
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book "Theory o f  O r b i ts " ,  v iz .  "The R e s t r i c te d  Problem  o f T hree B od ies" , 
in d i c a te s ,  th e  s tu d y  o f  o r b i t s  ( p a r t i c u l a r l y  p e r io d ic  o n es , f o r  th e  re a so n s  
a lre a d y  g iv e n ) and o f  th e  r e s t r i c t e d  prob lem , i s  in e x t r ic a b ly  l in k e d ,  and 
th e  a n a ly t i c a l  and n u m erica l te c h n iq u e s  developed  p r im a r i ly  f o r  th e  pu rpose  
o f  a t ta c k in g  th e  r e s t r i c t e d  problem  a re  a p p l ic a b le  to  many o th e r  dynam ical 
problem s.
The a n a l y t i c a l  and n u m erica l ap p ro ach es to  th e  d e te rm in a tio n  o f  p e r io d ic  
o r b i t s  a re  e s s e n t i a l l y  com plem entary. S ince th e  r e s t r i c t e d  problem  i s  non- 
in te g r a b le ,  a r b i t r a r y  s o lu t io n s  can o n ly  be d e te rm in ed  by n u m erica l m ethods; 
how ever, r ig o ro u s  p ro o fs  o f  e x is te n c e ,  and o th e r  p r o p e r t i e s  o f  p e r io d ic  
o r b i t s ,  can o n ly  be a ch iev ed  by a n a l y t i c a l  th e o ry . I t  i s  im p o rta n t to  
re c o g n ise  th e  fundam ental l i m i t a t i o n s  o f  th e  n u m erica l approach  to  th e  
r e s t r i c t e d  problem . N um erical i n t e g r a t i o n  o f  th e  e q u a tio n s  o f  m otion can 
on ly  g iv e  an ap p ro x im atio n  to  th e  e x a c t s o lu t io n ,  because  th e  d i f f e r e n t i a l  
e q u a tio n s  th e m se lv es  a r e  n o t in  f a c t  in t e g r a te d ;  r a t h e r ,  th e y  a r e  re p la c e d  
by f i n i t e  d i f f e r e n c e  e q u a tio n s  w ith  s o lu t io n s  which may have co m p le te ly  
d i f f e r e n t  c h a r a c t e r i s t i c s  from  th e  o r ig i n a l  d i f f e r e n t i a l  e q u a t io n s .  The 
nu m erica l approach  r e l i e s  h e a v i ly  on a n a l y t i c a l  theorem s o f  e x i s te n c e ,  
c o n t in u i ty ,  e t c .  f o r  i t s  v a l i d i t y ;  b u t in  r e t u r n ,  i t  o f f e r s  a  w ea lth  o f  
r e s u l t s  which may s t im u la te  f u r t h e r  a n a l y t i c a l  developm ent and a  g r e a t e r  
u n d e rs ta n d in g  o f  th e  s t r u c tu r e  o f  th e  s e t  o f  p e r io d ic  s o lu t io n s  u n a t t a in ­
a b le  by p u re ly  a n a l y t i c a l  m ethods.
A tte n tio n  h a s ,  in  th e  p a s t ,  fo cu sed  a lm o st e x c lu s iv e ly  on th e  p e r io d ic  
o r b i t s  o f  th e  p la n a r  c i r c u l a r  case  o f  t h e r e s t r i c t e d  problem , a lth o u g h  in  
r e c e n t  y e a rs  th e r e  h a s  been in c r e a s in g  i n t e r e s t  i n  th e  th re e -d im e n s io n a l ,  
and to  a  l e s s e r  e x te n t  th e  e l l i p t i c ,  c a s e s .  The main theme o f  t h i s  t h e s i s  
i s  th e  s t r u c tu r e  o f  p e r io d ic  s o lu t io n s  o f  th e  r e s t r i c t e d  problem  in  a l l  o f  
i t s  m a n ife s ta t io n s ,  and p a r t i c u l a r l y  th e  r e l a t i o n s h ip s  which e x i s t  betw een 
p e r io d ic  o r b i t s  o f  th e  p la n a r  and th re e -d im e n s io n a l c a s e s ,  and betw een 
p e r io d ic  o r b i t s  o f  th e  c i r c u l a r  and e l l i p t i c  c a s e s .  The app roach  ta k e n  in  
t h i s  c h a p te r  i s  th e r e f o r e  g e n e ra l in  c h a r a c te r ,  d e a l in g  w ith  such to p i c s  a s  
p e r io d i c i t y  and symmetry in  th e  c o n te x t o f  th re e -d im e n s io n a l o r b i t s  o f  th e  
c i r c u l a r  and e l l i p t i c  p rob lem s; m ention  w i l l  be made, where a p p r o p r ia te ,  
o f  th e  s im p l i f i c a t io n s  a r i s i n g  in  th e  c a se  o f  p la n a r  o r b i t s .  S e c tio n  2 .6  
d e a ls  w ith  th e  Strflm gren c l a s s i f i c a t i o n  o f  p e r io d ic  o r b i t s  in  th e  p la n a r  
c i r c u l a r  problem , and i s  th e r e f o r e  s p e c i f i c  to  t h a t  p a r t i c u l a r  c a s e ;  a s  
we s h a l l  see  in  l a t e r  c h a p te r s ,  how ever, th e  t>as L^f a^ |j5 e § r o? nomenc -^a ^u re  
can  be g e n e ra l is e d  to  a llo w  th e  c l a s s i f i c a t i o n  o t^ th re e -d im e n s io n a l p e r io d ic  
o r b i t s ,  a s  w e ll a s  o r b i t s  o f  th e  e l l i p t i c  p rob lem .
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202 D e f in i t io n  and C la s s i f i c a t i o n
The d e f in i t i o n  o f  a  p e r io d ic  o r b i t  o f  th e  r e s t r i c t e d  th re e -b o d y  problem  
given  in  th e  p re v io u s  s e c t io n  can be ex p re sse d  in  m athem atical form in  te rm s 
o f  th e  p o s i t io n  v e c t o r ^ © )  * ( x ( 0 ) ,y ( 0 ) ,z ( © ) )  o f  th e  m a ss le ss  t h i r d  body 
w ith  r e s p e c t  to  th e  b a ry c e n tr ic  r o t a t i n g - p u l s a t i n g  c o o rd in a te  system . A 
p e r io d ic  o r b i t  i s  any s o lu t io n  r (9 ) o f  th e  e q u a tio n s  o f  m otion (1*58) w hich, 
f o r  a l l  v a lu e s  o f  9 , s a t i s f i e s
t ( e + T )  *  ( 2 .1 )
where T, a  p o s i t i v e  c o n s ta n t ,  i s  th e  PERIOD o f  th e  s o lu t io n .  T h is  d e f in i t i o n  
o f  p e r io d i c i t y ,  i t  shou ld  be n o te d , means p e r io d i c i t y  w ith  r e s p e c t  to  th e  
r o t a t  in g -p u l s a t i n g  c o o rd in a te  system , and does n o t n e c e s s a r i ly  in v o lv e  
p e r io d i c i t y  w ith  r e s p e c t  to  an i n e r t i a l  fram e o f  r e f e r e n c e .  An im p o rtan t 
d i s t i n c t i o n  a r i s e s  h e re  betw een th e  c i r c u l a r  (e  *  0) and e l l i p t i c  (e  >  0) 
v e rs io n s  o f  th e  r e s t r i c t e d  p rob lem , a s  we s h a l l  see .
D i f f e r e n t ia t i o n  o f  E q u a tio n  (2 * l)  w ith  r e s p e c t  to  0 y i e ld s
S ' i B + T )  *  • (2 -2 )
E q u a tio n s  (2*1) and (2*2) can be com bined, u s in g  th e  s t a t e  v e c to r  s^  *  ( r , r j ) ,  
to  g iv e
s C & + f )  ~ S ( 8 ) ,  ( 2 . 5)
w hich, upon d i f f e r e n t i a t i o n ,  y ie ld s
s '(e + T )  -  £ ' ( e ) .  (2 .4)
Now th e  e q u a tio n s  o f  m otion o f  th e  r e s t r i c t e d  problem , in  s t a t e  v e c to r  form , 
a re  (E q u a tio n  ( l* 4 2 ) )
s '  » f  C&j &) . ( 2 .5)
From E q u a tio n s  (2 *3 )» (2*4 ) and (2»5) i t  i s  found  th a t  f o r  a  p e r io d ic  o r b i t ,
th e  fu n c tio n  f  s a t i s f i e s
£ U ^ ) } e + T )  a  (2 -6 )
The p a r t  o f  f* e x p l i c i t l y  dependent upon th e  ind ep en d en t v a r ia b le  9 i s  th e
f a c to r  E (9) = ( l  +  C cos9)”^ (E q u a tio n s  ( l» 4 3 )  and ( l* 4 4 ))*  E q u a tio n  (2*6)
shows t h a t  f  .
E (e -K T )  = £ ( 0 ) )  (2-7)
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fo r  a l l  v a lu e s  o f  9 , i s  a  n e c e ss a ry  c o n d itio n  f o r  p e r io d i c i t y  v /ith  p e r io d  T. 
For th e  c i r c u l a r  r e s t r i c t e d  problem  (e  «  0 ) ,  E (9) » 1 and E q u a tio n  (2»7) i s  
s a t i s f i e d  f o r  any v a lu e  o f  T. In  th e  e l l i p t i c  problem , how ever, e ^  0 , and ,
by E q u a tio n s  (2*7) and (l> 44)»  th e  p e r io d  T must s a t i s f y
T  -  3-hr (2*8)
f o r  some ( p o s i t i v e )  in te g e r  k . T h is  shows t h a t  in  th e  c i r c u l a r  r e s t r i c t e d  
p roblem , p e r io d ic  o r b i t s  o f  a r b i t r a r y  p e r io d  may, in  p r in c i p l e ,  e x i s t ,  w h ile  
in  th e  e l l i p t i c  r e s t r i c t e d  problem , o n ly  p e r io d ic  o r b i t s  o f  p e r io d  equ a l to
an in te g e r  m u l t ip le  o f  2 i r ( t h e  p e r io d  o f  th e  p r im a r ie s )  can e x i s t .
The tra n s fo rm a tio n  from  dim ensioned i n e r t i a l  c o o rd in a te s  (X ,Y ,Z) to  
r o t a t i n g - p u l s a t i n g  c o o rd in a te s  ( x ,y , z ) ,  d e f in e d  by E q u a tio n s  ( l - 1 4 )  and (l*2 3 )»  






where D(g ) ,  g iv e n  by E q u a tio n  ( l » 2 ) ,  i s  p e r io d ic  in  9 w ith  p e r io d  27T . The
in v e rs e  tra n s fo rm a tio n  i s
x  \  /  ocse -&& o \  ( *  \
*  j>(®) c
o /
( 2-10)
I t  i s  c l e a r  from  E q u a tio n  (2 -1 0 )  t h a t  a  p e r io d ic  s o lu t io n  x ( S ) ,y ( 9 ) , z (0 )
w ith  r e s p e c t  to  r o t a t i n g - p u l s a t i n g  c o o rd in a te s ,  w ith  p e r io d  T, w i l l  tra n s fo rm  
to  a  p e r io d ic  s o lu t io n  X (9 ), Y (Q ),Z (9) w ith  r e s p e c t  to  th e  i n e r t i a l  c o o rd in a te  
system  i f  and o n ly  i f  T = 2kir , f o r  some in te g e r  k . A ll p e r io d ic  o r b i t s  
o f  th e  e l l i p t i c  problem  a r e  th e r e f o r e  p e r io d ic  w ith  r e s p e c t  to  bo th  r o t a t i n g  
and n o n - r o ta t in g  fra m e s , w h ile  in  th e  c i r c u l a r  problem  an o r b i t  w hich i s  
p e r io d ic  in  th e  r o t a t i n g  fram e w i l l  n o t in  g e n e ra l be p e r io d ic  in  th e  i n e r t i a l  
fram e, u n le s s  th e  p e r io d  s a t i s f i e s  E quation  (2 « 8 ).
Any p e r io d ic  o r b i t  o f  th e  r e s t r i c t e d  problem  can be c l a s s i f i e d  a c c o rd in g  
to  th e  fo llo w in g  g e n e ra l scheme:
(a )  p la n a r  o r  th r e e -d im e n s io n a l ;
(b ) c i r c u l a r  o r  e l l i p t i c  problem ;
(c )  sym m etric o r  asym m etric .
The p r o p e r t i e s  ( a )  and (b ) have a lre a d y  been d is c u s s e d ; th e  symmetry
p ro p e r ty  (c )  w i l l  be d e a l t  w ith  in  S e c tio n  2 .3  . The th r e e  p r o p e r t i e s  
( a ) , ( b )  and (c )  a r e  a l l  in d e p e n d e n t, and c o n seq u en tly  th e r e  a r e  e ig h t
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c a te g o r ie s  o f  p e r io d ic  o r b i t s  w ith in  t h i s  c l a s s i f i c a t i o n  scheme. Of th e  
e ig h t  c a te g o r ie s ,  fo u r  ( th o s e  c o n s is t in g  o f  sym m etric p e r io d ic  o r b i t s )  a re  
o f  i n t e r e s t  in  t h i s  t h e s i s ,  w h ile  th e  o th e r  fo u r  c a te g o r ie s  ( c o n s i s t i n g  o f  
asym m etric p e r io d ic  o r b i t s )  w i l l  n o t be c o n s id e re d . In  p r in c i p l e ,  th e  
o r b i t s  o f  a c tu a l  a s tro n o m ic a l system s would be more a c c u ra te ly  approx im ated  
by asym m etric th a n  by sym m etric p e r io d ic  o r b i t s ;  how ever, from  th e  com putat­
io n a l p o in t  o f  v iew , i t  i s  much e a s ie r  to  d e te rm in e  sym m etric o r b i t s ,  and i t  
i s  re a s o n a b le  to  suppose t h a t  we may a r r iv e  a t  g e n e ra l c o n c lu s io n s  w ith  
re g a rd  to  o r b i t a l  s t a b i l i t y  o f  n a tu r a l  system s by in v e s t i g a t in g  sym m etric 
p e r io d ic  o r b i t s  alone.* The d e f in i t i o n  (2 * l)  o f  p e r io d i c i t y  i s  th e  most 
g e n e ra l s ta te m e n t o f  th e  p ro p e r ty ,  and a p p l ie s  to  b o th  sym m etric and 
asym m etric o r b i t s ,  a s  w e ll a s  to  bo th  p la n a r  and th re e -d im e n s io n a l o r b i t s ,  
and to  bo th  th e  c i r c u l a r  and e l l i p t i c  v e r s io n s  o f  th e  r e s t r i c t e d  problem .
We s h a l l  see  in  th e  n e x t  s e c t io n  t h a t  sym m etric p e r io d ic  o r b i t s  a r e  a  s p e c ia l  
case  w ith  th e  a d d i t io n a l  p ro p e r ty  o f  symmetry, j u s t  a s  p la n a r  o r b i t s  a re  a  
s p e c ia l  case  w here th e  m otion i s  co n fin e d  to  th e  h o r iz o n ta l  p la n e ,  and th e  
c i r c u la r  problem  i s  a  s p e c ia l  case  where th e  e c c e n t r i c i t y  o f  th e  p rim ary  
o r b i t  i s  z e ro ; each o f  th e s e  s p e c ia l  c a s e s  h a s  p a r t i c u l a r  p r o p e r t i e s  which 
do n o t app ly  in  th e  more g e n e ra l  c a s e ,  such a s  th e  J a c o b i i n t e g r a l  o f  th e  
c i r c u la r  prob lem .
An im p o rta n t and u s e f u l  p ro p e r ty  o f  p e r io d ic  o r b i t s  i s  t h a t  th e  v a r io u s  
c a te g o r ie s  d e f in e d  above a r e  n o t  d i s j o i n t ,  b u t a re  co n n ec ted  to g e th e r  
th rough  c e r t a in  o r b i t s  ( b i f u r c a t io n  o r b i t s )  w hich a r e  e f f e c t iv e l y  common to  
two (o r  p o s s ib ly  more) d i f f e r e n t  c a te g o r ie s .  In  su b seq u en t c h a p te r s  we 
s h a l l  see how f a m i l i e s  o f  p la n a r  and f a m i l i e s  o f  th re e -d im e n s io n a l p e r io d ic  
o r b i t s  connec t th ro u g h  v e r t i c a l  b i f u r c a t io n  o r b i t s ,  and how f a m i l i e s  o f  
p e r io d ic  o r b i t s  in  th e  c i r c u l a r  and e l l i p t i c  c a se s  o f  th e  r e s t r i c t e d  problem  
connect th ro u g h  com m ensurable o r b i t s .  S ince  t h i s  t h e s i s  i s  concerned  on ly , 
w ith  sym m etric p e r io d ic  o r b i t s ,  b i f u r c a t io n s  o f  f a m i l i e s  o f  sym m etric w ith  
asym m etric p e r io d ic  o r b i t s ,  and o f  f a m i l i e s  o f  d i f f e r e n t  c a te g o r ie s  o f  
asym m etric o r b i t s ,  w i l l  n o t  be c o n s id e re d . R ecen t c o n t r ib u t io n s  have  been 
made on th e s e  to p i c s  by M essage (1 9 7 0 ), Message and T ay lo r  (1 9 7 8 ), T ay lo r 
(1 9 7 9 ), and M ark e llo s  (1 9 7 7 a , 1977b, 1978).
2 .3  P e r io d ic i ty  C o n d itio n s
In  th e  p re v io u s  s e c t io n ,  th e  b a s ic  d e f in i t i o n  o f  a  p e r io d ic  o r b i t  
(E quation  (2• 1 ) )  was s t a t e d  in  te rm s o f  th e  p o s i t io n  v e c to r  £  o f  th e  m a ss le ss  
body. S ince  a  u n iq u e  s o lu t io n  o f  th e  e q u a tio n s  o f  m otion i s  s p e c i f i e d  by
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th e  i n i t i a l  v a lu e s  ( xQ>y0,z o ,x6 , ^ 6 ,z 6^ p o s i t io n  s11^  v e lo c i ty  v e c to r
com ponents, th e  problem  o f  th e  n u m erica l d e te rm in a tio n  o f  a  p e r io d ic  o r b i t
i s  e q u iv a le n t to  t h a t  o f  f in d in g  a  s e t  o f  i n i t i a l  c o n d i t io n s  s , such th a t
*^0
upon in t e g r a t i o n  o f  E q u a tio n  ( l* 4 2 )  from  0 «=■ 9^ to  9 =  9^ +  T, f o r  some 
p o s i t iv e  T, th e  s t a t e  v e c to r  s a t i s f i e s
S  (So j 0 o ) = Q '  (2 *11)
The s ix  com ponents o f  E q u a tio n  ( 2 - l l )  form a  system  o f  s ix  s im u ltan e o u s  
e q u a tio n s  in  th e  s ix  unknown i n i t i a l  c o n d i t io n s ,  and th e  p e r io d ,  a ls o  
unknown; h e n c e , t h i s  system  i s  u n d e rd e te rm in ed , w ith  one d eg ree  o f  freedom , 
and we may a p p ly  an a r b i t r a r y  c o n s t r a i n t ,  such a s  f i x i n g  th e  v a lu e  o f  one 
o f  th e  i n i t i a l  c o n d i t io n s .  A g r e a t  d e a l o f  e f f o r t  h a s  been dev o ted  to  th e  
problem  o f  s o lv in g  th e  system  (2*11) and to  ways o f  s im p l ify in g  i t .  One 
obv ious s im p l i f i c a t io n  i s  to  c o n s id e r  o n ly  p la n a r  p e r io d ic  o r b i t s ,  re d u c in g  
th e  d im e n s io n a l ity  from  3 to  2 , so t h a t  E qu a tio n  ( 2 * l l )  becomes a  f o u r th -  
o rd e r  r a th e r  th a n  a  s ix th - o r d e r  system ; in d e e d , most o f  th e  l i t e r a t u r e  o f  
p e r io d ic  o r b i t s  i s  co nce rned  w ith  p la n a r  p e r io d ic  o r b i t s ,  a lm o st e n t i r e l y  
in  th e  c i r c u l a r  r e s t r i c t e d  problem . A nother im p o rta n t s im p l i f ic a t io n  o f  
th e  problem  i s  a c h ie v e d  by making u se  o f  th e  symmetry p r o p e r t i e s  o f  s o lu t io n s  
o f  th e  r e s t r i c t e d  th re e -b o d y  problem , a s  we s h a l l  s e e .
The r e l a t i o n s h ip  betw een symmetry and p e r io d i c i t y  in  th e  g e n e ra l N-body 
problem  can be e x p re s se d  in  te rm s o f  "m irro r  c o n f ig u r a t io n s " ,  a s  d e f in e d  
by Roy and Ovenden (1 9 5 5 )• There a r e  two k in d s  o f  m ir ro r  c o n f ig u ra t io n ,  
one a s s o c ia te d  w ith  r e f l e c t i o n  in  a  p la n e , which we d en o te  ty p e  (P ) ,  and th e  
o th e r  a s s o c ia te d  w ith  r e f l e c t i o n  in  an a x i s ,  w hich we den o te  ty p e  ( a) .
These two ty p e s  o f  m ir ro r  c o n f ig u ra t io n  can be d e f in e d  a s  c o n f ig u ra t io n s  
in  th e  6N -dim ensional p h ase  space which a re  i n v a r i a n t  u n d er c e r t a i n  t r a n s ­
fo rm a tio n s . A ty p e  (P ) m ir ro r  c o n f ig u ra t io n  i s  in v a r i a n t  u n d er th e  t r a n s ­
fo rm atio n  which r e f l e c t s  th e  N p o s i t io n  v e c to r s  and N v e lo c i ty  v e c to r s  in  
an a r b i t r a r y  p la n e  in  th re e -d im e n s io n a l c o o rd in a te  space  and r e v e r s e s  th e  
s ig n s  o f  th e  v e lo c i ty  com ponents; a  ty p e  ( a ) m ir ro r  c o n f ig u ra t io n  i s  
in v a r ia n t  u nder th e  tr a n s fo rm a tio n  which r e f l e c t s  th e  p o s i t io n  and v e lo c i ty  
v e c to r s  o f  a l l  N p a r t i c l e s  in  an a r b i t r a r y  a x i s ,  and a g a in  r e v e r s e s  th e  
s ig n s  o f  th e  v e lo c i ty  com ponents. In  a  ty p e  (p ) m ir ro r  c o n f ig u ra t io n ,  
th e r e f o r e ,  a l l  o f  th e  N p a r t i c l e s  l i e  in  a  common p la n e ,  w ith  ev e ry  v e lo c i ty  
v e c to r  norm al to  th e  p la n e ;  in  a  ty p e  ( a) m ir ro r  c o n f ig u r a t io n ,  a l l  o f  th e  
b o d ie s  l i e  on a  common a x i s ,  w ith  t h e i r  v e lo c i ty  v e c to r s  a l l  p e rp e n d ic u la r  
to  th e  a x i s  ( b u t  n o t n e c e s s a r i ly  p a r a l l e l ) .  The two ty p e s  o f  m ir ro r
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c o n f ig u ra tio n  a r e  d e p ic te d  s c h e m a tic a lly  in  F ig u re s  2 .1  and 2 .2 .  Note t h a t  
on ly  th e  d i r e c t i o n s  o f  th e  v e lo c i ty  v e c to r s  a r e  c o n s tr a in e d ,  and n o t t h e i r  
m agnitudes.
I t  can be shown, by a  s im ple  argum ent, t h a t  th e  o r b i t s  o f  th e  N b o d ie s  
p r io r  to  th e  o c c u rre n c e  o f  a  ty p e  (P ) m ir ro r  c o n f ig u ra t io n  a re  th e  m irro r  
images o f  th e  o r b i t s  a f t e r  th e  epoch o f  th e  m ir ro r  c o n f ig u ra t io n ,  under 
r e f l e c t i o n  in  th e  p la n e  o f  th e  m ir ro r  c o n f ig u ra t io n ;  s im i la r ly ,  th e  o r b i t s  
b e fo re  and a f t e r  th e  o c c u rre n c e  o f  a  ty p e  (A) m ir ro r  c o n f ig u ra t io n  a re  im ages 
o f  one a n o th e r  u n d er r e f l e c t i o n  in  th e  a x is  o f  th e  m ir ro r  c o n f ig u ra t io n .
The P e r io d ic i ty  Theorem o f  Roy and Ovenden (1955) s t a t e s  t h a t  any s o lu t io n  
o f  th e  e q u a t io n s  o f  m otion o f  an N-body system  in  w hich two m ir ro r  c o n f ig ­
u r a t io n s  o ccu r a t  d i s t i n c t  epochs i s  p e r io d i c . T h is  s u f f i c i e n t  (b u t n o t 
n e c e ssa ry )  c o n d i t io n  f o r  p e r io d i c i t y  a ls o  c o n fe rs  symmetry on th e  o r b i t s  
o f  th e  N b o d ie s  because  o f  th e  "m irro r  im age" p ro p e r ty ;  th e  ty p e  o f  symmetry 
depends on w hich o f  th e  two p o s s ib le  k in d s  o f  m ir ro r  c o n f ig u ra t io n  o ccu r 
in  th e  o rb i t*  t h a t  i s ,  w hether th e y  a re  bo th  o f  ty p e  ( p ) ,  b o th  o f  ty p e  (A ), 
o r  one o f  each ty p e .
H aving d is c u s s e d  m ir ro r  c o n f ig u ra t io n s  and p e r i o d i c i t y  in  th e  c o n te x t 
o f  th e  g e n e ra l N-body prob lem , l e t  u s  now a p p ly  th e s e  c o n s id e ra t io n s  to  
th e  d e te rm in a tio n  o f  p e r io d ic  o r b i t s  o f  th e  r e  s t r i c t  ec^Fpro F i r s t  o f
a l l ,  we s t a t e  th e  c o n d i t io n s  w hich must be s a t i s f i e d  f o r  th e  o c c u rre n c e  o f  
each ty p e  o f  m ir ro r  c o n f ig u ra t io n .  From th e  s p e c i f i c a t i o n s  o f  th e  two 
p o s s ib le  ty p e s  o f  m ir ro r  c o n f ig u ra t io n  a lre a d y  g iv e n , th e s e  c o n d i t io n s  may 




A ty p e  (p )  m ir ro r  c o n f ig u ra t io n  o c c u rs  i f  and o n ly  i f  th e  
m a ss le ss  p a r t i c l e  o f  th e  system  o f  th r e e  b o d ie s  i s  in  th e  
( x ,z ) - p la n e  ( th e  p la n e  d e f in e d  by th e  l i n e  jo in in g  th e  two 
m assive p r im a r ie s  and th e  a x i s  ab o u t w hich th e  p r im a r ie s  
re v o lv e  in  t h e i r  o r b i t ) ,  w ith  i t s  in s ta n ta n e o u s  v e lo c i ty  
v e c to r  p e rp e n d ic u la r  to  t h a t  p la n e ;  in  a d d i t io n ,  i f  th e  
r e l a t i v e  o r b i t  o f  th e  p r im a r ie s  i s  e l l i p t i c ,  w ith  e c c e n t­
r i c i t y  e ^  0 , th e  p r im a r ie s  must be lo c a te d  a t  e i t h e r  
p e r i a p s i s  o r  a p o a p s is .
Type ( a) A ty p e  (A) m ir ro r  c o n f ig u ra t io n  o c c u rs  i f  and o n ly  i f  th e
m a ss le ss  p a r t i c l e  i s  on th e  x - a x is  ( th e  a x i s  o f  th e  p r im a r ie s ) ,  
w ith  i t s  in s ta n ta n e o u s  v e lo c i ty  v e c to r  p e rp e n d ic u la r  to
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Z
F ig u re  2 .1  : Schem atic r e p r e s e n ta t io n  o f  a  ty p e  (p ) m ir ro r  c o n f ig u ra t io n .
The N p a r t i c l e s  a l l  l i e  in  a  common p la n e  ( x , z ) ,  w ith  t h e i r  
v e lo c i ty  v e c to r s  norm al to  th e  p la n e .
Z
F ig u re  2 .2  : Schem atic r e p r e s e n ta t io n  o f  a  ty p e  ( a) m ir ro r  c o n f ig u ra t io n .
The N p a r t i c l e s  a l l  l i e  on a  common a x i s  ( x ) , w ith  t h e i r  
v e lo c i ty  v e c to r s  p e rp e n d ic u la r  to  th e  a x i s .
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t h a t  a x i s ;  a g a in , i f  th e  p rim ary  o r b i t  i s  n o n - c i r c u la r ,
th e  p r im a r ie s  must be lo c a te d  a t  one o r  o th e r  o f  th e  a p se s
o f  t h e i r  r e l a t i v e  o r b i t .
I t  shou ld  be n o te d  t h a t  th e  two ty p e s  o f  m ir ro r  c o n f ig u ra t io n  in  th e  r e s t r i c t e d  
th ree -b o d y  problem  d i f f e r  o n ly  in  te rm s o f  th e  p o s i t i o n  and v e lo c i ty  o f  th e  
m a ss le ss  t h i r d  body. For bo th  ty p e s  o f  m ir ro r  c o n f ig u ra t io n ,  th e  i n s t a n t ­
aneous v e lo c i ty  v e c to r s  o f  th e  p r im a r ie s  w ith  r e s p e c t  to  t h e i r  c e n tre  o f  mass 
must be p e rp e n d ic u la r  to  th e  a x is  jo in in g  them , in  o rd e r  to  s a t i s f y  th e  
p e r p e n d ic u la r i ty  re q u ire m e n t on th e  v e lo c i ty  v e c to r s  o f  a l l  th r e e  b o d ie s .
In  th e  case  o f  a  c i r c u l a r  r e l a t i v e  o r b i t  o f  th e  p r im a r ie s  ( th e  c i r c u l a r  
r e s t r i c t e d  p ro b lem ), th e  o r b i t a l  v e l o c i t i e s  o f  th e  p r im a r ie s  a r e  alw ays a t  
r i g h t  a n g le s  to  t h e i r  r a d iu s  v e c to r s ,  and so t h i s  re q u ire m e n t i s  s a t i s f i e d  
a t  a l l  epochs; in  th e  case  o f  e l l i p t i c  m otion o f  th e  p r im a r ie s ,  th e  v e l o c i t i e s  
a re  p e rp e n d ic u la r  to  th e  r a d iu s  v e c to r s  on ly  a t  th e  i n s t a n t s  when th e  
p r im a r ie s  a re  a t  p e r i a p s i s  o r  a t  a p o a p s is .
There i s  no d i s t i n c t i o n  betw een th e  two ty p e s  o f  m ir ro r  c o n f ig u ra t io n  in  
th e  p la n a r  r e s t r i c t e d  prob lem ; a  m irro r  c o n f ig u ra t io n  o c c u rs  when th e  t h i r d
body i s  lo c a te d  on th e  a x i s  o f  th e  p r im a r ie s ,  w ith  i t s  v e lo c i ty  v e c to r
d ir e c te d  a t  r i g h t  a n g le s  to  th e  a x i s  ( t h a t  i s ,  in  th e  y - d i r e c t i o n ) . In  
th e  p la n a r  ca se  o f  th e  e l l i p t i c  r e s t r i c t e d  p rob lem , th e  re q u ire m e n t t h a t  th e  
p r im a r ie s  be lo c a te d  a t  e i t h e r  p e r i a p s i s  o r  a p o a p s is  s t i l l  a p p l ie s .
The c o n d i t io n s  s t a t e d  above f o r  th e  two ty p e s  o f  m ir ro r  c o n f ig u ra t io n  
in  th e  r e s t r i c t e d  problem  can be e x p re sse d  in  te rm s o f  th e  com ponents 
( x ,y ,z ,x * ,y * ,z * ) o f  th e  s t a t e  v e c to r^ s ,  a s  fo llo w s :
Type (F ) m ir ro r  c o n f ig u ra t io n  : y  =  x ’ = z 1 -  0 ; (2*12)
Itype ( a) m irro r  c o n f ig u ra t io n  : y  -  z = x* *  0.* (2*13)
In  bo th  c a s e s ,  th e  re m a in in g  th r e e  com ponents o f  ( x ,z  and y* f o r  ty p e  ( P ) ; 
x ,y ' and z* f o r  ty p e  (A )) a re  n o t  c o n s tra in e d  by th e  m ir ro r  c o n f ig u ra t io n  
c o n d itio n s ,  and may th e r e f o r e  have a r b i t r a r y  v a lu e s .  The a d d i t io n a l  
req u irem en t t h a t  th e  p r im a r ie s  m ust be lo c a te d  a t  p e r i a p s i s  o r  a p o a p s is  in  
th e  e l l i p t i c  r e s t r i c t e d  problem  can be ex p re sse d  in  te rm s o f  th e  t r u e  
anomaly 0 o f  th e  p r im a r ie s :
(2 -14 )
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where K i s  an in te g e r .
In  th e  p la n a r  r e s t r i c t e d  problem , we have z “ ■ z '  — 0 by d e f i n i t i o n ,  and 
th e  c o n d it io n s  (2*12) and ( 2 *13) red u ce  to
a = * '  = o ,  (2 .15)
th e  rem a in in g  n o n -ze ro  com ponents x and y* o f  th e  s t a t e  v e c to r  b e in g  uncon­
s t r a in e d .
From E q u a tio n s  (2*12) and (2*13)» we can w r i te  down th e  form  o f  th e  
i n i t i a l  c o n d i t io n s  c o rre sp o n d in g  to  th e  two ty p e s  o f  m ir ro r  c o n f ig u ra t io n :
( x o , 0 , z o ,0 ,y 'o ,0 )  [TYPE ( p ) ] ;  (2 -1 6 )
a = (x  , 0 , 0 , 0 , y '  , z ' ) [TYPE ( a ) 1 .  ( 2 -1 7 )
o 0 0 J
For an e l l i p t i c  o r b i t  o f  th e  p r im a r ie s ,  a  m ir ro r  c o n f ig u ra t io n  can o n ly  
occur a t  th e  i n i t i a l  epoch i f  th e  c o rre sp o n d in g  v a lu e  o f  th e  t r u e  anomaly 
s a t i s f i e s
fi =  K „ ir , ( 2 *i8 )
where i s  an in t e g e r ,  w hich can , w ith o u t l o s s  o f  g e n e r a l i t y ,  be ta k e n  to  
be e i th e r  0 ( p e r i a p s i s )  o r  — 1 ( a p o a p s is ) .  H ie i n i t i a l  v a lu e  o f  0 
can be ta k en  to  be 0^ c  0 in  th e  c i r c u l a r  r e s t r i c t e d  p rob lem , a g a in  w ith o u t 
l o s s  o f  g e n e r a l i t y ,  by an a p p ro p r ia te  ch o ice  o f  th e  d i r e c t i o n  o f  th e  x - a x is .
By th e  P e r io d i c i t y  Theorem, an o r b i t  w ith  i n i t i a l  c o n d i t io n s  s a t i s f y i n g  
e i t h e r  E q u a tio n  (2*16) o r  E q u a tio n  (2 * 1 7 ), w itn  an a p p ro p r ia te  v a lu e  o f  0 ^ , 
w i l l  be p e r io d ic  i f  a t  some l a t e r  epoch ( th e  " f i n a l " epoch) th e  s t a t e  v e c to r  
ag a in  s a t i s f i e s  th e  c o n d i t io n s  f o r  a  m ir ro r  c o n f ig u ra t io n  (E q u a tio n  (2*12) 
o r  ( 2*13))»  th e  t r u e  anomaly 0^ o f  th e  p r im a r ie s  a t  th e  f i n a l  epoch a ls o  
s a t i s f y in g  E q u a tio n  (2*14) i f  th e  o r b i t a l  e c c e n t r i c i t y  o f  th e  p r im a r ie s  i s  
n o n -ze ro . R e fe r r in g  to  th e  f a c t  t h a t  in  th e  c i r c u l a r  p roblem  th e r e  i s  no 
c o n s t r a in t  on 0 ^  and 0^ (e x c e p t t h a t  w h ile  in  th e  e l l i p t i c  problem
0 and m ust be in te g e r  m u l t ip le s  o f  Tf , B rbucke ( 1969) c a l l s  th e  
c o n d itio n  f o r  p e r io d i c i t y  in  th e  c i r c u l a r  ca se  th e  "weak p e r io d i c i t y  
c r i t e r i o n " ,  and th a t  f o r  th e  e l l i p t i c  case  th e  " s t ro n g  p e r i o d i c i t y  c r i t e r io n " ,  
W ritin g  th e  fo rm al s o lu t io n  o f  th e  e q u a tio n s  o f  m otion ( l* 4 2 )  ( i n  s t a t e  
v e c to r  n o ta t io n )  a s
£  «  £  ( S o )  B o i B ) ,  h * 1? )
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and ta k in g  th e  i n i t i a l  c o n d i t io n s  s^  in  th e  form  ( 2 *16 ) o r  ( 2 *17) ,  th e  
"weak p e r io d i c i t y  c r i t e r i o n "  f o r  a  sym m etric p e r io d ic  o r b i t  o f  th e  c i r c u l a r  
r e s t r i c t e d  problem  can be s ta t e d  a s  e i t h e r
80 i )  =■ (2 .2 0 )
o r
( S « > ; & > } 0 | )  -  ( * , 0 , 0 , 0 ,  a S  * ' ) ( 2 -21)
depend ing  on th e  ty p e  o f  m ir ro r  c o n f ig u ra t io n  o c c u r r in g  a t  th e  f i n a l  epoch, 
w ith  Qq = 0 and 0 . The " s t ro n g  p e r i o d i c i t y  c r i t e r i o n "  f o r  a  sym m etric 
o r b i t  o f  th e  e l l i p t i c  r e s t r i c t e d  problem  c o n s i s t s  o f  th e  weak p e r io d i c i t y  
c r i t e r i o n  p lu s  th e  re q u ire m e n ts
0 o ^ O  o r  t T ,
( 2 *22)
where k  »  K -  i s  a  p o s i t i v e  in t e g e r ,
(N otes In  su b seq u en t c h a p te rs  o f  t h i s  t h e s i s ,  th e  te rm  " p e r io d i c i ty  
c o n d it io n s "  w i l l  be u sed  in  p re fe re n c e  to  " p e r io d i c i ty  c r i t e r i o n " ) .
2 .4  Symmetry C la s se s
In  th e  p re v io u s  s e c t io n ,  th e  e x is te n c e  o f  d i f f e r e n t  c l a s s e s  o f  t h r e e -  
d im ensional sym m etric p e r io d ic  o r b i t s  in  th e  g e n e ra l N-body p rob lem , 
a c c o rd in g  to  th e  ty p e s  o f  m ir ro r  c o n f ig u ra t io n  o c c u r r in g  a t  th e  " i n i t i a l "  
and " f in a l "  ep o ch s, was a l lu d e d  t o .  We s h a l l  now exam ine th e  c l a s s i f i c a t i o n  
o f  symmetry p r o p e r t i e s  on t h i s  b a s i s  in  more d e t a i l ,  c o n f in in g  o u r a t t e n t i o n  
to  th e  .p a r t i c u l a r  ca se  o f  i n t e r e s t ,  nam ely th e  r e s t r i c t e d  th re e -b o d y  problem .
By th e  P e r io d i c i t y  Theorem, an o r b i t  o f  th e  r e s t r i c t e d  problem  i s  b o th  
sym m etric and p e r io d ic  i f  i t  s a t i s f i e s  th e  c o n d i t io n s  f o r  a  m ir ro r  c o n f ig ­
u r a t io n  a t  two d i s t i n c t  epochs. There a r e  fo u r  ways in  w hich t h i s  can be 
a ch iev ed , c o rre sp o n d in g  to  th e  fo u r  co m b in a tio n s  (P ) -  ( P ) ,  (A) -  ( a ) ,
(p )  -  (A) and ( a) -  (P ) o f  ty p e s  o f  m ir ro r  c o n f ig u ra t io n  o c c u r r in g  a t  th e  
two epochs. We have a l re a d y  seen  t h a t  any o r b i t  in  w hich a  ty p e  (P ) m ir ro r  
c o n f ig u ra tio n  o c c u rs  i s  sym m etrica l w ith  r e s p e c t  to  th e  p la n e  o f  th e  m ir ro r  
c o n f ig u ra tio n  ( th e  ( x ,z ) - p l a n e ) , and th a t  s im i l a r l y  any o r b i t  in  which a
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ty p e  (A) m ir ro r  c o n f ig u ra t io n  ta k e s  p la c e  i s  sym m etrica l w ith  r e s p e c t  to  
th e  a x is  o f  th e  m ir ro r  c o n f ig u ra t io n  ( th e  x - a x i s ) .  An o r b i t  in  which bo th  
ty p e s  o f  m ir ro r  c o n f ig u ra t io n  ta k e  p la c e  m ust, t h e r e f o r e ,  p o s se s s  symmetry 
w ith  r e s p e c t  to  bo th  th e  ( x ,z ) - p la n e  and th e  x - a x is  (and  co n se q u e n tly  th e  
( x ,y ) - p la n e ,  a s  w e l l ) .  Thus, th r e e  c l a s s e s  o f  sym m etric p e r io d ic  o r b i t s  
can be d is t in g u is h e d ,  co rre sp o n d in g  to  th e  co m b in a tio n s  o f  m ir ro r  c o n f ig u r ­
a t io n s
( i )  (p )  -  (p )
(ii) (A) - (A)
(iii) (P) - (A) and (A) - (P).
(Symmetry c l a s s e s  ( i ) , ( i i )  and ( i i i )  l i s t e d  h e re  co rresp o n d  r e s p e c t iv e ly  to  
th e  c l a s s e s  ( a ) , ( b )  and (c) d e f in e d  by Goudas ( 1961) ) .  O rb i ts  o f  c l a s s  ( i )  
a re  c a l le d  "p la n e  sym m etric", and o r b i t s  o f  c l a s s  ( i i )  "ax isy m m etric" ; th e  
o r b i t s  b e lo n g in g  to  c l a s s e s  ( i )  and ( i i ) ,  w hich p o s se s s  o n ly  one ty p e  o f  
symmetry, a r e  c o l l e c t i v e l y  r e f e r r e d  to  a s  "sim ply  sym m etric". There i s  no 
e s s e n t i a l  d i f f e r e n c e  betw een o r b i t s  f o r  w hich th e  sequence o f  m irro r  
c o n f ig u ra t io n s  i s  (p )  -  ( a )  and th o se  f o r  w hich i t  i s  (a )  -  (P ) ( th e  ch o ice  
o f  " i n i t i a l "  m ir ro r  c o n f ig u ra t io n  i s  an a r b i t r a r y  o n e ) ; c o n se q u e n tly , bo th
o f  th e se  c a s e s  a r e  ta k e n  to g e th e r  in  c l a s s  ( i i i )  o f  "doubly  sym m etric"
p e r io d ic  o r b i t s .  (S in c e  t h i s  c l a s s  o f  o r b i t s  a c t u a l l y  p o s s e s s e s  th r e e  k in d s  
o f  symmetry -  symmetry w ith  r e s p e c t  to  th e  ( x ,y ) -  and ( x ,z ) - p la n e s ,  and th e  
x -a x is  -  i t  sh o u ld  s t r i c t l y  be term ed " t r i p l y  sym m etric"; b u t th e  te rm  
"doubly sym m etric" i s  th e  c o n v e n tio n a l o n e ) .
Because o f  th e  f a c t  t h a t  th e r e  i s  no d i s t i n c t i o n  betw een th e  two ty p e s  
o f  m irro r  c o n f ig u ra t io n  in  th e  p la n a r  r e s t r i c t e d  p rob lem , th e r e  i s  o n ly  one 
ty p e  o f  symmetry, nam ely symmetry w ith  r e s p e c t  to  th e  x - a x is ;  t h i s  i s  th e  
d eg en e ra te  form  o f  a l l  th r e e  k in d s  o f  th re e -d im e n s io n a l symmetry when th e  
m otion o f  th e  t h i r d  body i s  c o n fin e d  to  th e  p la n e  o f  th e  p r im a r ie s .  T h is  
g e n e ra l p ro p e r ty  o f  symmetry w ith  r e s p e c t  to  th e  x - a x is  sh o u ld  n o t be confused  
w ith  th e  s p e c ia l  symmetry, w ith  r e s p e c t  to  th e  y - a x i s ,  o f  a  c e r t a in  c l a s s  o f  
p e r io d ic  o r b i t s  o f  th e  Copenhagen problem  ( ^  J ,  t h a t  i s ,  th e  ca se  o f  
equal m asses o f  th e  p r im a r ie s )  w hich no lo n g e r  h o ld s  f o r  v a lu e s  o f  p
Prom th e  co m p u ta tio n a l p o in t  o f  v iew , sym m etric p e r io d ic  o r b i t s  have th e  
co n v en ien t p ro p e r ty  t h a t  th e y  can be d e te rm in ed  by n u m e rica l i n t e g r a t i o n  over 
o n ly  h a l f  o r  q u a r te r  o f  th e  o r b i t a l  p e r io d ,  r a t h e r  th a n  r e q u i r i n g  in t e g r a t i o n  
o v er th e  f u l l  p e r io d ,  th u s  s a v in g  a  s u b s t a n t i a l  amount o f  com puter tim e .
In  o rd e r to  show t h i s ,  l e t  u s  d en o te  by Cq and Cj r e s p e c t iv e ly  th e  m irro r
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c o n f ig u ra tio n s  o c c u r r in g  a t  O '* O^and 0 ^ 0 ^  ( th e  i n i t i a l  and f i n a l  e p o ch s) , 
d e f in in g  a  c e r t a in  p e r io d ic  o r b i t .  (N ote t h a t  i t  i s  assum ed t h a t  i s  th e  
f i r s t  m irro r  c o n f ig u ra t io n  to  be en co u n te red  a f t e r  th e  system  h a s  p assed  
th rough  c o n f ig u ra t io n  Cq ) .  For o r b i t s  o f  s im p le  symmetry (m ir ro r  c o n f ig u r ­
a t io n s  Cq and o f  th e  same ty p e ) ,  th e  m otion  fo llo w in g  c o n f ig u ra t io n  i s  
sim ply th e  m irro r  im age, in  e i t h e r  th e  ( x ,z ) - p la n e  o r  th e  x - a x i s ,  a s  approp­
r i a t e ,  o f  th e  p a r t  o f  th e  o r b i t  betw een Cq and C^* The m a ss le ss  body w i l l  
th e re fo re  r e tu r n  to  th e  o r ig in a l  c o n f ig u ra t io n  C^, co m p le tin g  one o r b i t a l  
p e r io d , a f t e r  a  f u r th e r  in t e r v a l  equ a l to  t h a t  betw een and C^, and so th e  
p e r io d  o f  th e  o r b i t  i s  g iv e n  by
T  =■ 0 . (©, ' 0 o )  [ S I M ^  SVMM&TRV] ;  ( 2 . 23)
in  o th e r  w ords, th e . in t e r v a l  0 ^ -  0 ^  betw een su c c e s s iv e  m ir ro r  c o n f ig u ra t io n s  
in  a  p e r io d ic  o r b i t  o f  sim ple  symmetry i s  e q u a l to  h a l f  th e  o r b i t a l  p e r io d .
For a  doub ly-sym m etric  o r b i t ,  th e  s i t u a t i o n  i s  slightly d i f f e r e n t .  I f  we 
assume, w ith o u t l o s s  o f  g e n e r a l i t y ,  t h a t  i s  a  ty p e  ( a) and a  ty p e  (p ) 
m irro r  c o n f ig u ra t io n ,  i t  i s  c l e a r  t h a t  th e  segment* CqC  ^ o f  th e  o r b i t  h a s  
m irro r  image in  th e  ( x ,z ) - p la n e ,  where C^, a n o th e r  m ir ro r  c o n f ig u ra t io n
o c c u rr in g  a t  a  f u r th e r  i n t e r v a l  -  O ^ a f te r  C^, i s  th e  image o f  th e  s t a r t i n g  
c o n f ig u ra tio n  in  th e  ( x ,y ) - p la n e .  S ince  and C^ d i f f e r  in  th e  s ig n  o f  
th e  z - v e lo c i ty  o f  th e  m a ss le ss  p a r t i c l e ,  th e y  a r e  n o t  i d e n t i c a l , a n d  so 
p e r io d i c i t y  i s  n o t a ch iev ed . In  f a c t  th e  o r b i t  i s  d e s c r ib e d  o v e r  one f u l l  
o r b i t a l  p e r io d  o n ly  a f t e r  a  f u r t h e r  i n t e r v a l ,  e q u a l to  th e  i n t e r v a l  from  
to  Cg, when th e  p a r t i c l e  r e tu r n s  to  th e  s t a r t i n g  c o n f ig u ra t io n  C^. In  one 
com plete d e s c r ip t io n  o f  th e  o r b i t ,  fo u r  d i f f e r e n t  m ir ro r  c o n f ig u r a t io n s  ta k e  
p la c e  a t  i n t e r v a l s  o f  one q u a r te r  o f  th e  p e r io d s  two o f  th e s e  a r e  o f  ty p e  
(p ) and th e  o th e r  two o f  ty p e  ( a ) ,  th e  members o f  each p a i r  o f  m ir ro r  c o n f ig ­
u r a t io n s  b e in g  im ages o f  one a n o th e r  u nder r e f l e c t i o n  in  th e  ( x ,y ) - p la n e  
( th e  p la n e  o f  th e  p r im a r ie s ) .  Thus th e  p e r io d  o f  a  doub ly -sym m etric  p e r io d ic  
o r b i t  i s  g iv e n  by
T = "  [D o u e ie  s y M M e r R /]  } ( 2 . 24)
and th e  i n t e r v a l  betw een m ir ro r  c o n f ig u ra t io n s  C ^ a n d  , d e f in in g  th e  o r b i t ,  
i s  equal to  a  q u a r te r  o f  th e  p e r io d .
For sym m etric p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  r e s t r i c t e d  p rob lem , th e  
in t e r v a l  ©  ^ -  ©^between s u c c e s s iv e  m ir ro r  c o n f ig u r a t io n s  m ust be eq u a l to  
an in te g e r  m u l t ip le  o f  I t  , a s  was shown in  S e c tio n  2 .2 .  E q u a tio n s  (2*23)
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and ( 2 *24) show th a t  s im ply-sym m etric  p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  problem  
have p e r io d s  o f  2kn (k  s  1 , 2 , 3 , . . . ) ,  w h ile  doub ly -sym m etric  p e r io d ic  o r b i t s  
can o n ly  have p e r io d s  equal to  4kir (k  = 1 , 2 , 3 , . . . ) .  T h is  means th a t  p e r io d ic  
o r b i t s  o f  c l a s s  ( i i i )  (doub le  symmetry) a re  l e s s  common in  th e  e l l i p t i c  
problem  th an  in  th e  c i r c u l a r  c a s e ; t h i s  w i l l  be d is c u s s e d  f u r th e r  in  
a n o th e r  c h a p te r .
S ince on ly  Msim p le ” symmetry, w ith  r e s p e c t  to  th e  x - a x is ,  i s  found in  th e  
p la n a r  r e s t r i c t e d  problem , m ir ro r  c o n f ig u ra t io n s  alw ays o ccu r a t  i n t e r v a l s  
o f  h a l f  th e  o r b i t a l  p e r io d .  In  th e  p la n a r  e l l i p t i c  c a se , th e r e  e x i s t  sym­
m e tr ic  p e r io d ic  o r b i t s  w ith  p e r io d s  o f  2kiT f o r  a l l  p o s i t i v e  in t e g r a l  v a lu e s  
o f  k .
2 .5  F a m ilie s  o f  P e r io d ic  O rb its
So f a r  in  t h i s  c h a p te r ,  we have been d is c u s s in g  th e  p r o p e r t i e s  o f  
in d iv id u a l  p e r io d ic  o r b i t s ,  w ith  r e f e r e n c e  to  b road  c l a s s i f i c a t i o n  schemes.
In  t h i s  s e c t io n ,  we s h a l l  c o n s id e r  an im p o rta n t a s p e c t  o f  th e  s t r u c tu r e  o f  
sym m etric p e r io d ic  o r b i t s ,  nam ely t h e i r  o c c u rre n c e  in  i n f i n i t e  numbers a s  
members o f  c o n tin u o u s  s e t s  in  which a  smooth t r a n s i t i o n  o f  c h a r a c t e r i s t i c  
p r o p e r t i e s  ( f o r  exam ple, i n i t i a l  c o n d i t io n s ,  p e r io d ,  s t a b i l i t y )  i s  e v id e n t 
between n e ig h b o u rin g  o r b i t s .  We s h a l l  see  t h a t  th e se  s e t s ,  o r  FAMILIES 
(o r  in  some c a s e s ,  SERIES) a r e ,  f o r  a  f ix e d  v a lu e  o f  th e  mass p a ram e te r  o f  
th e  p r im a r ie s ,  m onoparam etrics in  o th e r  w ords, a  member o f  a  g iv en  fa m ily  
o f  p e r io d ic  o r b i t s  can be u n iq u e ly  s p e c i f i e d  by th e  v a lu e  o f  a  s in g le  p a ra ­
m e te r. A lthough o n ly  sym m etric p e r io d ic  o r b i t s  w i l l  be c o n s id e re d , th e  
argum ent can e a s i l y  be g e n e ra l is e d  to  in c lu d e  asym m etric  p e r io d ic  o r b i t s .
I t  w i l l  be found  v e ry  u s e fu l  in  t h i s  s e c t io n  and e lsew h ere  to  employ a  
un ifo rm  n o ta t io n  f o r  th e  p e r io d i c i t y  c o n d i t io n s  o f  a  sym m etric p e r io d ic  
o r b i t .  E q u a tio n s  (2 « l6 )  and (2 -1 7 ) ,  g iv in g  th e  form  o f  th e  i n i t i a l  c o n d i-  
t i o n s  Sq = ( s 0 1 , s 0 2 , 80 3 , s 0 4 , 80 5 , 806) = (x 0 , yO’ V x6 >y0 ’ z6 ) f o r  a  m irro r  
c o n f ig u ra tio n  o f  ty p e  (p ) and o f  ty p e  ( a )  r e s p e c t iv e l y ,  can be w r i t t e n  in  
th e  common form
S q  =  ( S o l ,  S05 > $ o . i )  j  ( 2 *2 5 )
where th e  s u b s c r ip t  i  -  3 f o r  a  ty p e  (p )  and i  -  6 f o r  a  ty p e  (A) m irro r  
c o n f ig u ra tio n  a t  th e  i n i t i a l  epoch , and th e  z e ro  com ponents o f  S^q have been 
o m itte d . S im i la r ly ,  E q u a tio n s  (2 -1 2 ) and (2 -1 3 ) can be combined in  th e  form
si  = s ±  ~  SJ - (2 -26)
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where j  » 6 f o r  a  ty p e  (p ) and j  = 3 f o r  a  ty p e  ( a) m ir ro r  c o n f ig u ra t io n .
In  t h i s  n o ta t io n ,  th e  p e r io d i c i t y  c o n d i t io n s  (2*20) and ( 2»2 l )  f o r  a  
sym m etric p e r io d ic  o r b i t  ( i n  t h e rtweak" form ) can be ex p re ssed  a s
S<1. SoS, Sol ) B o ') BlJ O y
(S c |; Sos ; S0L )  B o )  B i ' j  ~  O ;  (2*27)
Sj ( Sol; SoS ) S o i  /  B o  } BiJ "z- O ,
L et u s  f i r s t  o f  a l l  c o n s id e r  th e  system  o f  e q u a tio n s  (2*27) a s  a p p l ie d  
to  p e r io d ic  o r b i t s  o f  th e  c i r c u l a r  r e s t r i c t e d  problem . In  t h i s  c a se , a s  
we have seen , ©  ^ can be ta k en  to  be ze ro  an d , from  th e  d is c u s s io n  o f  th e  
p re v io u s  s e c t io n ,  ©  ^ must be eq u a l to  h a l f  o r  q u a r te r  o f  th e  o r b i t a l  
p e r io d  T, a c c o rd in g  a s  th e  o r b i t  i s  s im p ly  o r  doubly  sym m etric. The 
p e r io d i c i t y  c o n d i t io n s  ( 2*27) th e r e f o r e  form  a  system  o f  th r e e  s im u ltan eo u s  
e q u a tio n s  in  fo u r  unknowns: th e  i n i t i a l  c o n d i t io n s  ( so q »s0 5 >80 i ^ ’ *
o r ,  e q u iv a le n t ly ,  th e  p e r io d  T. Now f o r  a  g iv e n  v a lu e  o f  th e  mass 
p a ram ete r jx i n  th e  c i r c u l a r  r e s t r i c t e d  p rob lem , th e  v a lu e s  o f  sq i » sq 5 
s ^  ( th e  o th e r  th r e e  i n i t i a l  c o n d i t io n s  h a v in g  th e  v a lu e  zero)^  and o f  
s p e c ify  a  u n iq u e  p e r io d ic  s o lu t io n  o f  th e  e q u a t io n s  o f  m otion ; th e s e  
fo u r  unknowns a r e  s u b je c t  to  th r e e  c o n s t r a i n t s  (E q u a tio n s  ( 2* 2 7 ) ) ,  and 
th e r e f o r e  have one d eg ree  o f  freedom . S ince  a l l  fo u r  o f  th e s e  q u a n t i t i e s  
may v a ry  in  a  co n tin u o u s  fa s h io n  (by  th e  c o n t in u i ty  p ro p e r ty  o f  th e  
s o lu t io n s  o f  th e  d i f f e r e n t i a l  e q u a t io n s  o f  m o tio n ) , we conclude  th a t  
s o lu t io n s  o f  th e  p e r io d i c i t y  c o n d i t io n s  o c c u r  in  m onoparam etric  s e t s .
P e r io d ic  o r b i t s  o f  th e  e l l i p t i c  r e s t r i c t e d  problem  must s a t i s f y  th e
" s tro n g "  p e r io d i c i t y  c o n d i t io n s ,  and so th e  v a lu e s  o f  ©^  and ©  ^ in  E q u a tio n s
(2*27) a r e  s u b je c t  to  th e  c o n s t r a i n t s  ( 2»22) .  By th e  c o n t in u i ty  p ro p e r ty
o f  s o lu t io n s  o f  th e  d i f f e r e n t i a l  e q u a t io n s  o f  m o tion , and th e r e f o r e  o f
s o lu t io n s  o f  E q u a tio n s  ( 2 - 2 7 ) ,  i t  i s  c l e a r  t h a t  p e r io d ic  o r b i t s  o f  th e
e l l i p t i c  p roblem  r e p re s e n te d  by n e ig h b o u rin g  p o in t s  in  th e  p h ase  space
m ust have th e  same v a lu e s  o f  ©_ and ©,• In  o th e r  w ords, s in c e  th e  p e r io d
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o f  a  p e r io d ic  o r b i t  in  th e  e l l i p t i c  problem  can  o n ly  have th e  d i s c r e t e  
v a lu e s  2kTC (k  = 1 , 2 , 3 , . . . )  and can n o t v a ry  in  a  co n tin u o u s  fa s h io n  a s  
i n  th e  c i r c u l a r  problem , once th e  v a lu e s  o f  j i  and e have been s p e c i f ie d  
th e  n o n -ze ro  i n i t i a l  c o n d i t io n s  ( sQ i»so 5 , s o i^  ar e  d e te rm in ed  by
E q u a tio n s  (2*27) .  B i i s  means t h a t  f o r  g iv e n  v a lu e s  o f  th e  p a ra m e te rs  
p  and e ,  p e r io d ic  o r b i t s  o c c u r a s  d i s c r e t e  e n t i t i e s  and n o t  in  co n tin u o u s  
f a m i l i e s ,  a s  in  th e  c i r c u l a r  prob lem . However, i f  o n ly  th e  mass p a ram e te r  
jx i s  k e p t f ix e d  and th e  e c c e n t r i c i t y  e  o f  th e  o r b i t  o f  th e  p r im a r ie s  i s
allow ed  to  v a ry , we see  t h a t  f a m i l i e s  o f  p e r io d ic  o r b i t s  can be s a id  to  
e x i s t  in  th e  e l l i p t i c  p rob lem , p a ra m e tr is e d  by th e  e c c e n t r i c i t y  o f  th e  
p r im a r ie s .  The fo re g o in g  d is c u s s io n  shows t h a t  i f  we ta k e  th e  r e s t r i c t e d  
th re e -b o d y  problem  in  th e  g e n e ra l s e n s e , r a t h e r  th a n  in  a  p a r t i c u l a r  
a p p l ic a t io n  co rre sp o n d in g  to  g iv e n  v a lu e s  o f  th e  p a ra m e te rs  and e ,  th e  
s t r u c tu r e  o f  sym m etric p e r io d ic  s o lu t io n s  i s  c h a r a c t e r i s t i c a l l y  b ip a ra m e tr ic .  
In  th e  c i r c u l a r  r e s t r i c t e d  p rob lem , th e  two p a ra m e te rs  c o n t r o l l i n g  th e  
s t r u c tu r e  a re  jx and T, and in  th e  e l l i p t i c  problem  th e y  a r e  jx and e .
No s p e c i f i c  m ention h a s  been made so f a r  in  t h i s  s e c t io n  o f  p la n a r  
p e r io d ic  o r b i t s .  I f  th e  p e r io d i c i t y  c o n d i t io n s  (2*27)  a r e  a p p l ie d  to  
p la n a r  o r b i t s ,  we a u to m a tic a l ly  have s ^  e  0 and s .^ 85 0 . Thus, one o f  
th e  th r e e  p e r io d i c i t y  c o n d i t io n s  d is a p p e a r s ,  w h ile  one o f  th e  unknowns 
( sq^) assum es a  f ix e d  ( z e ro )  v a lu e ;  th e r e  i s  no n e t  e f f e c t  on th e  number 
o f  d eg rees  o f  freedom  o f  th e  system  o f  e q u a t io n s .  The c o n c lu s io n s  
p re se n te d  above a r e  th e r e f o r e  e q u a l ly  v a l id  i n  th e  p la n a r  and th r e e -  
d im ensional v e r s io n s  o f  th e  r e s t r i c t e d  p rob lem , a s  migfrt be ex p e c te d , 
s in c e  th e  p la n a r  r e s t r i c t e d  problem  i s  sim ply  a  s p e c ia l  ca se  o f  th e  more 
g e n e ra l th re e -d im e n s io n a l r e s t r i c t e d  problem .
2 .6  Strdm gren C la s s i f i c a t i o n
In  th e  1 9 2 0 's  and 1 9 3 0 's  a  v e ry  th o rough  in v e s t ig a t io n  o f  th e  p e r io d ic  
o r b i t s  o f  th e  p la n a r  c i r c u l a r  r e s t r i c t e d  p rob lem , m ain ly  in  th e  s o - c a l le d  
Copenhagen ca se  (p  * £ ) ,  was c a r r i e d  o u t by S trdm gren and h i s  co -w orkers 
a t  th e  Copenhagen O b se rv a to ry . S trdm gren (1933) in tro d u c e d  a  c l a s s i f i c a t i o n  
o f  th e  main f a m i l i e s  o f  p e r io d ic  o r b i t s  o f  P o in c a r e 's  f i r s t  g e n e ra t io n  
("p rem ie re  g e n re " ) ,  c o n s is t in g  f o r  th e  m ost p a r t  o f  s im p le -p e r io d ic  (o n e - 
r e v o lu t io n )  o r b i t s .  T h is  c l a s s i f i c a t i o n  i s  w id e ly  u sed  in  th e  l i t e r a t u r e  
o f  p e r io d ic  o r b i t s ,  and w i l l  be em ployed f r e q u e n t ly  in  t h i s  t h e s i s ;  i t  
i s  th e re fo re  w orthw h ile  in c lu d in g  a  b r i e f  d is c u s s io n  o f  th e  scheme f o r  
r e fe re n c e  p u rp o se s .
The-Strdm gren c l a s s i f i c a t i o n  i s  b ased  on two sim p le  c h a r a c t e r i s t i c s  o f  
th e  g e n e ra tin g  o r b i t s  from  which th e  v a r io u s  f a m i l i e s  o f  p e r io d ic  o r b i t s  
can be o b ta in e d . The g e n e ra t in g  o r b i t s  a re  e i t h e r  in f i n i t e s i m a l  o r b i t s  
ab o u t one o f  th e  p r im a r ie s  o r  one o f  th e  f i v e  e q u i l ib r iu m  p o in t s ,  o r  tw o- 
body o r b i t s  a round  bo th  o f  th e  p r im a r ie s ,  and can be e i t h e r  d i r e c t  (h a v in g  
th e  same sense  o f  r o t a t i o n  a s  th e  o r b i t  o f  th e  p r im a r ie s )  o r  r e t r o g r a d e  
(h av in g  th e  o p p o s ite  sense  o f  r o t a t i o n  to  t h a t  o f  th e  p r im a r ie s ) .  For a
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ty p ic a l  o r b i t  o f  one o f  S trd m g re n 's  f a m i l i e s ,  th e  d e f in i t i o n s  o f  th e  two 
c h a r a c t e r i s t i c s  " c e n tre  o f  o r b i t a l  m otion" and " se n se  o f  r o t a t i o n "  a re  
n o t alw ays c l e a r - c u t ,  and ap p ly  r ig o r o u s ly  o n ly  to  th e  g e n e ra t in g  o r b i t s  
th e m se lv es ; th u s  S trdm gren*s sim ple c l a s s i f i c a t i o n  does n o t t r u l y  r e f l e c t  
th e  com p lex ity  o f  th e  s t r u c t u r e  o f  p e r io d ic  o r b i t s  o f  th e  p la n a r  c i r c u l a r  
problem , b u t i s ,  n e v e r th e le s s  a  u s e f u l  scheme w hich can be s u c c e s s fu l ly  
a p p l ie d  (w ith  s l i g h t  m o d if ic a t io n s )  i n  c a s e s  o th e r  th a n  th e  Copenhagen 
(p  =  A) case  o f  th e  r e s t r i c t e d  problem .
With th e  n o ta t io n  o f  F ig u re  1 .4  f o r  th e  L agrange e q u i l ib r iu m  p o in ts  
(S e c tio n  1 . 6 ) ,  th e  most im p o rta n t S trdm gren c l a s s e s  a r e  a s  fo llo w s :
(a ) r e t r o g r a d e  p e r io d ic  o r b i t s  around  ( d i r e c t  o r b i t s  n o n -e x is te n t)
(b ) r e t r o g r a d e  p e r io d ic  o r b i t s  a round  L ( d i r e c t  o r b i t s  n o n -e x is te n t)
(c ) r e t r o g r a d e  p e r io d ic  o r b i t s  a round  ( d i r e c t  o r b i t s  n o n -e x is te n t)
(d ) p e r io d ic  o r b i t s  around  ( n o n - e x is te n t  f o r  fx «  £)
( • ) p e r io d ic  o r b i t s  around  ( n o n - e x is te n t  f o r  *  £ )
( f ) r e t r o g r a d e  p e r io d ic  o r b i t s  a round  rag
(g ) d i r e c t  p e r io d ic  o r b i t s  a round  m^
(h ) r e t r o g r a d e  p e r io d ic  o r b i t s  a round  m^
( i ) d i r e c t  p e r io d ic  o r b i t s  a round  m^
GO p e r io d ic  o r b i t s  around  b o th  p r im a r ie s  : s y n o d ic a l ly  d i r e c t
(1 ) p e r io d ic  o r b i t s  around  b o th  p r im a r ie s  : s y n o d ic a l ly  r e t r o g r a d e ,
s i d e r e a l l y  d i r e c t
(■) p e r io d ic  o r b i t s  a round  b o th .p r im a r ie s  : r e t r o g r a d e  w ith  r e s p e c t  to
b o th  r o t a t i n g  and f ix e d  a x es
A ll o f th e s e  c l a s s e s ,  w ith  th e  e x c e p tio n  o f  d and e ,  c o n s i s t  o f  p e r io d ic  
o r b i t s  sym m etrica l w ith  r e s p e c t  to  th e  x - a x is .  The d i s t i n c t i o n  betw een 
c la s s e s  k , l  and  m a r i s e s  from  th e  f a c t  t h a t  th e  sen se  o f  r o t a t i o n  o f  th e  
m a ss le ss  p a r t i c l e  i s  n o t  n e c e s s a r i ly  th e  same w ith  r e s p e c t  to  th e  f ix e d  
( o r  " s id e r e a l " )  c o o rd in a te  system  OXYZ and th e  r o t a t i n g  ( o r  " sy n o d ic a l" )  
c o o rd in a te  system  Oxyz. I f  th e  mean motion, o f  th e  p r im a r ie s  ab o u t th e  
b a ry c e n tre ,  w ith  r e s p e c t  to  th e  f ix e d  a x e s , i s  d en o ted  by n q , and t h a t  o f  
th e  t h i r d  body in  i t s  tw o-body g e n e ra t in g  o r b i t  a round  th e  two p r im a r ie s  
i s  deno ted  by n , th e n  c l a s s e s  k , l  and  m c o rre sp o n d  to  th e  c a s e s  n ^ n Q ,
0 <  n <  n Q and n <  0 , r e s p e c t iv e l y .
Because o f  th e  in v a r ia n c e  o f  th e  e q u a t io n s  o f  m otion o f  th e  p la n a r  
r e s t r i c t e d  problem  u n d er th e  exchange 1 combined w ith  a  180°
r o t a t i o n  o f  th e  x and y  c o o rd in a te  ax es  ab o u t th e  o r ig in  0 , s e v e ra l  o f  th e  
Strdm gren c l a s s e s  o f  p e r io d ic  o r b i t s  a r e  n o t in d e p en d en t, b u t have a  p a i r ­
w ise co rresp o n d en ce  u n d er t h i s  tr a n s fo rm a tio n .  I t  i s  e a s i l y  seen th a t  
f a m i l ie s  a  and b , d and e ,  f  and h , and g  and i ,  a re  e s s e n t i a l l y  i d e n t i c a l  
a p a r t  from a  180° r o t a t i o n  o f  th e  c o o rd in a te  system , i f  th e  mass p a ram ete r 
ja i s  c o n s id e re d  to  ta k e  a l l  p o s s ib le  v a lu e s  betw een 0 and 1 . I t  i s
p o s s ib le  to  d i s t i n g u i s h  betw een f a m i l i e s  a  and b , f  and h ,  and g and i  i f
ji i s  ta k en  to  be l e s s  th a n  J ,  so t h a t  m^ can be chosen  a s  th e
l e s s  m assive o f  th e  two p r im a r ie s ;  f a m i l i e s  d and e ,  how ever, a r e  alw ays
e q u iv a le n t ,  becau se  a s  a  r e s u l t  o f  th e  symmetry p ro p e r ty  o f  th e  r e s t r i c t e d  
problem , asym m etric  p e r io d ic  o r b i t s  o ccu r in  m irro r  image p a i r s
w ith  r e s p e c t  to  th e  x - a x is .
Among th e  tw e lv e  " n a tu r a l"  c l a s s e s  o f  p e r io d ic  o r b i t s  l i s t e d  above, o u r 
a t t e n t i o n  in  l a t e r  c h a p te r s  w i l l  be fo c u se d  p a r t i c u l a r l y  on th e  " r e tro g ra d e  
s a t e l l i t e  o r b i t s "  o f  fa m ily  f ,  and to  a  l e s s e r  e x te n t  on th e  " d i r e c t  s a t e l l i t e  
o r b i t s "  o f  fa m ily  g . (The p rim ary  m^ i s  u s u a l ly  tak en  to  be th e  l e s s  
m assive o f  th e  two, a s  rem arked  e a r l i e r ,  and f o r  sm all v a lu e s  o f  th e  mass 
'p a ra m e te r  u ,  th e  o r b i t s  o f  fa m ily  f  c o rre sp o n d  to  p e r io d ic  s a t e l l i t e  o r b i t s  
around a  p la n e t ;  th e  more m assive p rim ary  m^  th e n  r e p r e s e n ts  th e  Sun).
Fam ily f ,  e s p e c i a l l y  in  th e  S u n -J u p i te r  case  (jx -  0*00095) o f  th e  r e s t r i c t e d  
problem , i s  o f  i n t e r e s t  f o r  a  number o f  re a s o n s :  f o r  exam ple, i t  h a s  been 
found ( e .g .  H&ion, 1965b ; M a rk e llo s , 1974b; B en es t, 1976,1977) t h a t  th e  o r b i t s  
o f  fa m ily  f  rem a in  s t a b l e  a t  l a r g e  d is ta n c e s  from  th e  p rim ary  m^, u n l ik e  
th e  o r b i t s  o f  c l a s s  g , and t h i s  may be  r e l a t e d  to  th e  o b s e rv a tio n  t h a t  J u p i t e r 1 
ou te rm ost g roup o f  s a t e l l i t e s ,  w hich e x p e r ie n c e  v e ry  la r g e  s o la r  p e r t u r ­
b a t io n s ,  a l l  have r e t r o g r a d e  m otion , w h ile  a l l  o f  th e  d i r e c t  s a t e l l i t e s  have 
much sm a lle r  o r b i t s  ( e . g .  H u n te r, 1967) .
The s tu d y  o f  th e  p e r io d ic  o r b i t s  o f  th e  Copenhagen c a te g o ry  begun by 
Strdm gren and h i s  sch o o l was co n tin u e d  by H£non ( 1965a , b ) ,  r e s u l t i n g  in  th e  
d isc o v e ry  o f  s e v e ra l  new c la s s e s  o f  p e r io d ic  o r b i t s .  Hlnon ( 1969) a l s o  
ex p lo re d  th e  p e r io d ic  o r b i t s  o f  H i l l ' s  p roblem  (jx -  0 ) ,  which b e a r  a  c lo s e  
resem blance  to  c e r t a in  c l a s s e s  o f  p e r io d ic  o r b i t s  o f  th e  r e s t r i c t e d  problem  
f o r  sm all v a lu e s  o f  jxf and  in v e s t ig a te d  th e  s t a b i l i t y  p r o p e r t i e s  o f  p e r io d ic  
o r b i t s  o f  th e  main f a m i l i e s  o f  th e  r e s t r i c t e d  problem  f o r  a l l  v a lu e s  o f  th e  
mass p aram ete r (H6non and  G uyot, 1970; Hdnon, 1973a, 1974).
5. STABILITY, SELF-RESONANCE AND BIFURCATION
3.1 In tro d u c t io n
In  t h i s  c h a p te r ,  some p r o p e r t i e s  o f  p e r io d ic  o r b i t s ,  bo th  in d iv id u a l ly  
and c o l l e c t i v e l y ,  w i l l  be d is c u s s e d .  The d is c u s s io n  c e n t r e s  around  th e  
q u e s tio n  o f  th e  v a r i a t io n  in  a  g iv e n  p e r io d ic  o r b i t  r e s u l t i n g  from a  sm all 
change in  i t s  i n i t i a l  c o n d i t io n s ;  a s  ve s h a l l  s e e ,  t h i s  i s  c lo s e ly  connec ted  
w ith  th e  u s u a l d e f in i t i o n  o f  s t a b i l i t y  ( in  th e  l i n e a r  sen se )  in  dynam ics 
and in  m a them atics, and a ls o  h a s  an im p o rta n t b e a r in g  on th e  s t r u c tu r e  o f  
p e r io d ic  o r b i t s ,  th rough  th e  phenomenon o f  b i f u r c a t io n .
The main o b je c t iv e  o f  r e s e a r c h  in to  th e  r e s t r i c t e d  problem  i s  n o t  o n ly  
to  map o u t th e  g lo b a l s e t  o f  s o lu t io n s ,  b u t a l s o  to  d e te rm in e  t h e i r  s t a b i l i t y  
p r o p e r t i e s ,  and th e  im portance  o f  s t a b i l i t y  in  th e  o v e r a l l  s t r u c t u r e  o f  
p e r io d ic  o r b i t s  i s  u n d e r l in e d  by th e  p r e d ic t io n s  o f  l i n e a r i s e d  a n a l y t i c a l  
th e o ry , confirm ed  by e x te n s iv e  n u m e rica l i n v e s t i g a t io n s ,  o f  th e  o cc u rre n c e  
o f  b i f u r c a t io n s  f o r  p a r t i c u l a r  v a lu e s  .o f  th e  l i n e a r  s t a b i l i t y  in d ic e s  ( s e e  
S e c tio n  3*5)*
The concep t o f  s t a b i l i t y  w ith  r e s p e c t  to  sm all d is tu rb a n c e s ,  o r  
p e r tu r b a t io n s ,  i s  a  n a tu r a l  one . A dynam ical system  i s  s a id  to  be in  a  
s ta b le  c o n f ig u ra t io n  i f ,  upon b e in g  s u b je c te d  to  a  sm all e x te r n a l  d is tu rb a n c e ,  
i t  te n d s  to  r e tu r n  to  th e  o r ig i n a l  c o n f ig u r a t io n ;  an u n s ta b le  c o n f ig u ra t io n ,  
on th e  o th e r  h and , i s  one in  w hich a  sm all d is tu rb a n c e  le a d s  to  g r e a t e r  and 
g r e a te r  d e p a r tu re s  from  th e  o r ig i n a l  c o n f ig u r a t io n .  T h is  d e f i n i t i o n  i s  
most e a s i l y  th o u g h t o f  in  te rm s o f  s t a t i c  c o n f ig u r a t io n s ,  o r  s t a t e s  o f  
e q u ilib r iu m ; f o r  exam ple, a  d i s c  l y i n g  f l a t  on a  t a b le  ( s t a b l e  e q u i l ib r iu m )  
o r  s ta n d in g  u p r ig h t  on i t s  edge ( u n s ta b le  e q u i l ib r iu m ) .  More g e n e r a l ly ,  
we can d e f in e  s t a b i l i t y  w ith  r e s p e c t  to  sm all p e r tu r b a t io n s  f o r  dynam ical 
system s c o n s ta n t ly  in  m otion ; we th e n  have to  m easure th e  d e p a r tu re  from  
a  r e fe re n c e  o r b i t  ( o r  s o lu t io n ) ,  r a t h e r  th a n  a  f ix e d  c o n f ig u r a t io n ,  r e s u l t i n g  
from  an im posed p e r tu r b a t io n  a t  some epoch . In  p r a c t i c e ,  t h i s  can o n ly  ' 
be done f o r  a  p e r io d ic  o r b i t ,  from  which th e  d e p a r tu r e  o f  a  p e r tu rb e d  o r b i t  
o v e r a r b i t r a r y  tim e i n t e r v a l s  can be d e te rm in e d  by c o n s id e r in g  th e  d e p a r tu re  
o v e r a  f i n i t e  i n t e r v a l  ( th e  o r b i t a l  p e r io d ) .
In  S e c tio n  3*2, th e  v a r i a t io n a l  e q u a t io n s  a r e  o b ta in e d :  th e s e  d e s c r ib e ,
to  f i r s t  o r d e r ,  th e  e f f e c t  o f  a  sm all p e r tu r b a t io n  on a  g iv e n  s o lu t io n  o f  
th e  e q u a tio n s  o f  m otion . The f i r s t - o r d e r  v a r i a t i o n a l  e q u a tio n s  a r e  a p p l ie d
to  th e  q u e s tio n  o f  l i n e a r  s t a b i l i t y  in  S e c tio n  3*4* S e c tio n  3*3 d e a ls  w ith  
v a r ia t io n s  w ith  r e s p e c t  to  th e  p a ra m e te rs  and e o f  th e  r e s t r i c t e d  problem , 
which a lth o u g h  n o t connec ted  w ith  th e  d is c u s s io n  o f  s t a b i l i t y ,  a r e  im p o rtan t 
in  th e  d e te rm in a tio n  o f  f a m i l i e s  ( o r  s e r i e s )  o f  p e r io d ic  o r b i t s  in  which 
one o r  bo th  o f  th e s e  p a ra m e te rs  v a ry ; t h i s  w i l l  be ta k en  up in  C hapter 4* 
S ec tio n  3*5 g iv e s  an o u t l in e  o f  th e  phenomenon o f  b i f u r c a t io n ,  in  g e n e ra l 
te rm s , w ith  r e f e r e n c e  to  b i f u r c a t io n s  o f  p la n a r  p e r io d ic  o r b i t s  w ith  th r e e -  
d im ensional p e r io d ic  o r b i t s  ( " v e r t i c a l ” b i f u r c a t io n s ) .  T h is  ty p e  o f  
b i f u r c a t io n  i s  d is c u s s e d  in  some d e t a i l  f o r  th e  ca se  o f  sym m etric o r b i t s  
in  S ec tio n  3«6.
Throughout t h i s  c h a p te r ,  i t  i s  im p o rtan t to  remember t h a t  a  l i n e a r  
s t a b i l i t y  a n a ly s i s  o f  a  n o n lin e a r  system  n e g le c ts j^ o f  second and h ig h e r  o rd e r s  
in  th e  T ay lo r s e r i e s  ex p an sio n , on th e  assum ption  th a t  th e s e  a re  sm all 
compared w ith  th e  f i r s t - o r d e r  te rm s . T h is  assum ption  can be examined e i t h e r  
by a c tu a l ly  c a l c u la t in g  th e  h ig h e r - o r d e r  c o n t r ib u t io n s  o r  by com paring th e  
l i n e a r  th e o ry  w ith  th e  r e s u l t s  o f  n u m erica l in t e g r a t i o n s .  For exam ple, th e  
p r e d ic t io n  o f  th e  o c c u rre n c e  o f  a  b i f u r c a t io n  f o r  c e r t a in  v a lu e s  o f  th e  
l i n e a r  s t a b i l i t y  p a ra m e te rs  can be t e s t e d  by a t te m p t in g  to  f in d  n u m e ric a lly  
a  p e r io d ic  o r b i t  b e lo n g in g  to  th e  b i f u r c a t in g  fa m ily , and in d eed  th e r e  i s  
ample ev idence  (su ch  a s  t h a t  o f f e r e d  in  t h i s  t h e s i s )  th a t  th e  l i n e a r  a p p ro x i­
m ation i s  v a l id .  However, i t  i s  known ( e .g ,  Bray and Goudas, 1967) t h a t  
p e r io d ic  o r b i t s  found  to  be l i n e a r l y  s ta b l e  may in  f a c t  be u n s ta b le  because  
o f  t h i r d -  o r  h i ^ i e r - o r d e r  te rm s in  th e  i n i t i a l  p e r tu r b a t io n .  R e fe re n c e s  
to  s t a b i l i t y  o f  p e r io d ic  o r b i t s  in  t h i s  t h e s i s  sh o u ld  alw ays be ta k en  to  
mean l i n e a r  s t a b i l i t y ,
3 ,2  V a r ia t io n a l  E q u a tio n s
The e q u a tio n s  o f  m otion o f  th e  r e s t r i c t e d  problem  can be w r i t t e n ,  a s  we 
saw in  S e c tio n  1 . 4 ,  in  th e  s t a t e - v e c t o r  form  (E q u a tio n  ( l * 4 2 ) )
§ '  -  f  >• (3,1)
w ith  form al s o lu t io n  (E q u a tio n  (2 -1 9 )
jS C s » ; G > ; 0 )  . ( 3 - 2 )
Suppose t h a t  th e  s o lu t io n  c o rre sp o n d in g  to  i n i t i a l  c o n d i t io n s  ^  =
( V ’ s02’ V S04’ V 806) at °  " °0 ’ “  given by Equation (3*2), i s  known;
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t h i s  w i l l  be r e f e r r e d  to  a s  th e  " u n p e rtu rb e d "  s o lu t io n ,  o r  o r b i t .  L e t u s  
c o n s id e r  an o r b i t  in  th e  neighbourhood  o f  th e  known o r b i t ,  w ith  i n i t i a l  
c o n d i t io n s  ( a t  9 * 9^) g iv en  by
jSo*  = £ > + % >  , (S ’ 3)
w here th e  p e r tu r b a t io n  h a s  com ponents = ( J s ^ , ^8q^ i ^ sq^» ^sq^» ^sQg)
w hich a re  a l l  assum ed to  be sm a ll. The p e r tu rb e d  o r b i t  i s  g iv e n  by
s *  =  (5*4)
The r i ^ i t - h a n d  s id e  o f  E q u a tio n  (3*4) can be expanded in  T ay lo r s e r i e s
ab o u t th e  u n p e r tu rb e d  s o lu t io n ;  i f  i s  s u f f i c i e n t l y  sm a ll, te rm s in
th e  expansion  o f  second and h ig h e r  o rd e r  in  th e  com ponents o f  Ss  may be‘"■'O
n e g le c te d ,  and to  f i r s t  o rd e r  we have
£* -  ^  C&) &o }&) S&> ) (3*5)
w here th e  Ja c o b ia n  m a tr ix  V i s  g iv e n  by
V ~ [yulfact  (3-6)
and
V * m ( b j *  . ( 3 . 7)
The p a r t i a l  d e r iv a t iv e s  v ^  a r e  to  be e v a lu a te d  on th e  u n p e rtu rb e d  o r b i t  a t  
t r u e  anom aly 9 . D e fin in g  th e  " v a r ia t io n "  v e c to r
%  = £ *  ~  £  i ( 5 -a )
we h av e , by E q u a tio n  (3*5)
Js = V  <Jy0 ,
(3-9)
D if f e r e n t i a t i n g  E q u a tio n  (3*9)  w ith  r e s p e c t  to  th e  in d ep en d en t v a r ia b le  
9 , we o b ta in
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<5V *  V 3 s 0 ) ( 3 -10)
th e  e lem en ts o f  V1 ax e , by E q u a tio n s  ( 3 * l )  and (5*2) ,
fc 3 s k
U j
fa




. thwhere f  i s  th e  i  component o f  th e  v e c to r  fu n c tio n  £  (g iv en  by E q u a tio n s  
(1*43)) and
« = 5£t (yk«l;2,-...C,).
+ ‘k "2sk (3 -1 2 )
In  m a tr ix  form , E q u a tio n s  ( 3 * l l )  can be w r i t t e n
v '  = f V (3 -1 3 )
where
(3 -1 4 )
U sing  E q u a tio n s  (3*9)  and (3*13) > E q u a tio n  (3*10) becomes
S s , '  -  F (5s, . ( 3 .15 )
The v e c to r  e q u a tio n s  (3*15) a re  known a s  th e  VARIATIONAL EQUATIONS o f  th e  
u n p e rtu rb e d  o r b i t ,  and have s o lu t io n s  g iv en  by E q u a tio n s  (3*9)*
The m a tr ix  F i s  e a s i l y  c a lc u la te d  from E q u a tio n s  (1*43) and ( l«44)» 
and i s  g iven  by
f  =
f ° 0 o 1
o o
o o o c \ 0
o o o o 0 1
-(W o 2 - o
\k{ "fs3 -2 . o o
“fb l h s o o c
( 3 -1 6 )
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+ * , -  t  !_«-*-  a ?  ^  e  S






e [ a  + - f
<r,J
r H
1 , &J J '
(3*17)
Isj -  3ESls3 ;
-fu  -  £ 4 3 ;
-ftz ~ -f*3 >
■fw -  - '  -t- e [ A 4 ' ^ ? i  +■ ]  .
The fu n c tio n s  A ^ ^ jS g jS ^ )  and E (0) a r e  g iv en  by E q u a tio n s  ( l* 4 4 ) .  The
m a tr ix  F i s  a  fu n c t io n  o f  th e  c o o rd in a te s  ( s n ,s _ ,8 _ )  «= ( x ,y ,z )  and o f  th e1 d 5
independen t v a r ia b le  9 , and i s  e v a lu a te d  on th e  u n p e r tu rb e d  o r b i t .
I t  i s  c l e a r  from  E q u a tio n  (3*13) t h a t  each  o f  th e  s ix  column v e c to r s  o f  
th e  m a tr ix  V i s  a  s o lu t io n  o f  th e  v a r i a t i o n a l  e q u a tio n s  (3*15)* At th e  
i n i t i a l  epoch (0  m 9^) th e  e lem en ts  o f  V a r e  g iv e n  by
Vy (go) 0 o ) 9e ) -  'j S „  ( i ,ij- i , v - t ) ;
V ^ ' e - a .
where o . . i s  th e  K ronecker d e l t a ,  and so
( 3-18)
V  ( s « 3 9 0 > ®o) "" ) (3*19)
where 1^ i s  th e  6x6 u n i t  m a tr ix .  The column v e c to r s  o f  V a r e  i n i t i a l l y  
l i n e a r ly  in d e p e n d e n t, and th e r e f o r e  com prise a  fundam en tal s e t  o f  l i n e a r l y  
independen t s o lu t io n s  o f  th e  v a r i a t i o n a l  e q u a tio n s . The m a tr ix  V i s  
th e re fo r e  a  fundam ental m a tr ix ,  known a s  th e  " v a r ia t io n a l  m a tr ix " ,  o r  a s  
th e  " p r in c ip a l  fundam ental m a tr ix "  (b ecau se  i t  c o rre sp o n d s  to  th e  p a r t i c u l a r  
s e t  o f  i n i t i a l  c o n d i t io n s  (3*1 9 )) i s  c h a r a c t e r i s t i c  o f  a  g iv e n  s o lu t io n  
o f  th e  e q u a tio n s  o f  m otion . The system  (3*13) o f  t h i r t y - s i x  s im u ltan e o u s
f i r s t - o r d e r  o rd in a ry  d i f f e r e n t i a l  e q u a tio n s  can be n u m e ric a lly  in te g r a te d  
in  c o n ju n c tio n  w ith  th e  e q u a tio n s  o f  m otion (3 * l)*  The v a r i a t i o n a l  m a tr ix  
V o f  a  p e r io d ic  o r b i t  i s  o f  c e n t r a l  im portance in  th e  d e te rm in a tio n  o f  i t s  
s t a b i l i t y  p r o p e r t i e s ,a s  we s h a l l  see  in  S e c tio n  3»4» and i s  a l s o  r e q u ire d  
in  d i f f e r e n t i a l  c o r r e c to r  and p r e d ic to r  schemes f o r  e s t a b l i s h in g  f a m i l ie s  
o f  p e r io d ic  o r b i t s ;  t h i s  l a t t e r  a p p l ic a t io n  w i l l  be d e a l t  w ith  in  C hapter 4*
In  th e  fo re g o in g  d is c u s s io n ,  no assum ptions w ere made ab o u t th e  p e r io d i c i t y  
o r  o th e rw ise  o f  th e  u n p e r tu rb e d  o r b i t ,  and th e  r e s u l t s  a re  a p p l ic a b le  to  
g e n e ra l n o n -p e r io d ic  m otion . The ca se  o f  p e r io d ic  m otion w i l l  be examined 
f u r th e r  in  S e c tio n  3»4» co n n ec tio n  w ith  th e  s t a b i l i t y  o f  p e r io d ic  o r b i t s .
3 .3  V a r ia t io n s  W ith R esp ec t to  th e  P a ram e te rs
The v a r i a t io n a l  e q u a tio n s  (3*15) d is c u s se d  iri th e  p re v io u s  s e c tio n , w ith  
s o lu t io n s  (3*9)» in v o lv e  th e  v a r i a t i o n  5s, in  an o r b i t  r e s u l t i n g  from  a  
sm all change S s^  in  th e  i n i t i a l  c o n d i t io n s  jg. .^ In  t h i s  s e c t io n ,  we 
c o n s id e r  v a r i a t i o n s  in  an o r b i t  r e s u l t i n g  from sm all changes in  th e  v a lu e s  
o f  th e  mass p a ra m e te r  jjl and o r b i t a l  e c c e n t r i c i t y  e o f  th e  p r im a r ie s ,  th e  
i n i t i a l  c o n d i t io n s  b e in g  k e p t f ix e d .  The v a r i a t io n s  w ith  r e s p e c t  to  th e se  
two p a ra m e te rs  a r e  im p o rta n t in  th e  a n a ly t i c a l  and nu m erica l c o n t in u a t io n  
o f  p e r io d ic  o r b i t s ,  and w i l l  be u sed  in  subsequen t c h a p te rs  in  d i f f e r e n t i a l  
p r e d ic to r / c o r r e c to r  m ethods f o r  th e  nu m erica l d e te rm in a tio n  o f  p e r io d ic  
o r b i t s  b e lo n g in g  to  f a m i l i e s ,  o r  s e r i e s ,  a lo n g  w hich one o r  b o th  o f  th e  
p a ram ete rs  jJL,e v a r i e s  in  a  c o n tin u o u s  f a s h io n .
We beg in  by w r i t in g  E q u a tio n  ( l« 4 2 )  ( th e  e q u a tio n s  o f  m otion in  s t a t e  
v e c to r  form ) more f u l l y  to  show th e  e x p l i c i t  dependence o f  f u n c t io n  f  upon
th e  p a ram e te rs  jx and e ,  a s  g iv e n  by th e  E q u a tio n s  ( l» 4 3 )  and ( l* 4 4 ) :
=  I  ( * )  • (3*20)
T h is  h as  th e  fo rm al s o lu t io n
£  =■ 0 o ;  & ) / * )  k ) ,  (3*21)
a g a in  w ith  e x p l i c i t  dependence upon ja and e .
L et u s  c o n s id e r  th e  e f f e c t  o f  a  sm all in c rem en t Sjii in  th e  mass p a ram ete r
upon an o r b i t  g iv e n  by E q u a tio n  (3 » 2 l) ,  w ith  i n i t i a l  c o n d i t io n s  s~ a t  9 *©« •
• 0
The " v a r ie d ” o r b i t  i s  g iv e n  by
§ *  = £  ( S o ;  ©0 } 0 ; / * + $ *  3 e .) ; ( 5-22)
and assum ing S j i  to  be s u f f i c i e n t l y  sm a ll, expansion  abou t th e  o r ig in a l  
o r b i t  to  f i r s t  o rd e r  in  Sji g iv e s
S *  = s  ( S p )  +  f y  J j i
(3 -2 3 )
The v a r ia t io n  in  th e  o r b i t  i s
/V a/ (3-24)
where th e  v e c to r  v  s ta n d s  f o r  d.g/dji, e v a lu a te d  on th e  o r ig in a l  o r b i t .  
rThe co rre sp o n d in g  e q u a tio n  f o r  th e  v a r i a t io n  r e s u l t i n g  from  an in c rem en t 
S e  in  th e  p rim ary  e c c e n t r i c i t y  i s
(3 -2 5 )
where ^  = d s /d e ,  a g a in  e v a lu a te d  on th e  o r ig i n a l  o r b i t .  The com ponents




eke,I T  *  i f * * )
( 3- 26)
U sing E q u a tio n s  (3 * l)  and (3 * 2 ) , th e  t o t a l  d e r iv a t iv e s  o f  v . and v  w ith
16
r e s p e c t  to  0 a r e
V* Z - i -ag d /-
V
VJ




A ' 2 £f. ,
(3-27)
The q u a n t i t i e s  " S f . / ^ s .  ( i , j  = 1 , 2 , . . . 6 )  in  E q u a tio n s  (3*27) axe th e
^ 0
elem en ts f . .  o f  th e  m a tr ix  F , g iv en  by E q u a tio n  (3 * 1 6 ). I f  th e  te rm s
'b i^ /'b jx  and 3 f ^ / 9 e  ( i  -  1 , 2 , . . . 6 ) ,  a r i s i n g  from th e  e x p l i c i t  dependence
o f  £  upon th e  p a ra m e te rs , a r e  den o ted  by th e  e lem en ts  f . and f  ( i  = 1 , 2 , .
A©  ^ ^
o f  column v e c to r s  f  and f  , th e n  E q u a tio n s  (3*27) can be w r i t t e n  in  th e
f1
m a tr ix  form
X r  = *■ I *  >
y / = £* > (5 -2 8 )
which d i f f e r  from  th e  v a r i a t io n a l  e q u a tio n s  ( 3 *15 ) o n ly  in  th e  te rm s f  and 
f . *




g iv en by
L  =
r Y - 0




*  ° .
(3 -2 9 )
V = -  E ^
•fg , ~  A £  Sa_Co$$  ^
-?&& =  - A E xS j O * 0 .
i 3 J
(3 -3 0 )
I t  i s  c l e a r  t h a t  f  and f  a r e  f u n c t io n s  o n ly  o f  th e  c o o rd in a te s*SQ
( s ^ ,S 2>s^) =• ( x , y , z ) ,  th e  in d e p en d en t v a r ia b le  9 , and th e  p a ra m e te rs  ji and e .
The v e c to r s  v  and y  can be computed by n u m erica l i n t e g r a t i o n  o f  E q u a tio n s
~ e
(3 * 2 8 ), in  c o n ju n c tio n  w ith  th e  e q u a tio n  f o r  th e  v a r i a t i o n a l  m a tr ix  V, and 
th e  e q u a tio n s  o f  m otion . S ince th e  i n i t i a l  c o n d i t io n s  s ^  a r e  in d ep en d en t 
o f  u  and e , th e  i n i t i a l  v a lu e s  o f  v  and ve a ret jx **
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3 .4  S t a b i l i t y
shown in  S e c tio n  3*2 th a t  th e  v a r i a t i o n  in  an o r b i t  (n o t  n e c e s s a r i ly  
due to  a  sm all change in  th e  i n i t i a l  c o n d i t io n s  i s ,  to  f i r s t  
J§ 0 (E q u a tio n  (3 * 9 ))
-  V [ h > ] B (3*32)
where th e  v a r i a t i o n a l  m a tr ix  V i s  g iv en  by (E q u a tio n  (3 * 1 3 ))
V 1 ~  ? V ,  (3 -3 3 )
and th e  m a tr ix  F depends o n ly  on th e  c o o rd in a te s  r  ■ ( x ,y ,z )  and th e  
independen t v a r ia b le  0 (and  th e  p a ra m e te rs  jx and e ) .  I f  we ta k e  th e  
u n p e rtu rb e d  o r b i t  to  be a  p e r io d ic  o r b i t  o f  p e r io d  T, s a t i s f y i n g  E q u a tio n  
(2*3) (n o t n e c e s s a r i ly  sym m etric ), th e n  we have th e  im p o rta n t p ro p e r ty  th a t  
th e  m a trix  F i s  a l s o  p e r io d ic ,  w ith  p e r io d  T ( r e c a l l  t h a t  in  th e  e l l i p t i c  
problem , T *  2ktr f o r  some in te g e r  k ) .
The p e r io d i c i t y  p ro p e r ty  o f  th e  m a tr ix  F f o r  a  p e r io d ic  o r b i t  im p lie s  
th a t  V(sq »®q ; 0 +  T) i s  a  s o lu t io n  o f  E q u a tio n  (3*33)* But a s  we saw in
S ec tio n  3*2, th e  v a r i a t i o n a l  m a tr ix  i s  a  fundam ental m a tr ix  o f  th e
v a r ia t io n a l  e q u a t io n s ;  we may th e r e f o r e  w r i te
V m(  & o) 0 O) B + t )  ~  V (&>) Bo)Bf) M  j  (3*34)
where M i s  a  n o n -s in g u la r  c o n s ta n t  m a tr ix  f o r  a  g iv e n  p e r io d ic  o r b i t .
S e t t in g  © -  0q in  E q u a tio n  ( 3 - 34) ,  we o b ta in
M  =■ V ( S o } 6 o )  B o ± T )  . (3 -3 5 )
The m a trix  M, eq u a l to  th e  v a r i a t i o n a l  m a tr ix  computed o v e r one o r b i t a l
p e r io d  (from  0 = 0^ to  0 ® 0^ +  T ), i s  term ed th e  MONODROMY MATRIX o f  th e
fundam ental m a tr ix  V (W in tn e r, 1946) .
I t  was 
p e r io d ic )  
o rd e r  in
(3 -3 1 )
R epeated  a p p l ic a t io n  o f  E qu a tio n  (3*34) shows th a t
V  (& > ; B o ) 6  4- ) =• V (jgo) Bo) } ( 3 - 36)
and so , by E q u a tio n  (3 * 3 2 ), th e  d e p a r tu re  o f  th e  v a r ie d  o r b i t  from  th e
u n p e rtu rb e d  p e r io d ic  o r b i t  a f t e r  m o r b i t a l  p e r io d s  ( 0 — 0 4  mT) i s
0
(3 -3 7 )
The m a tr ix  M i s  c h a r a c t e r i s t i c  o f  a  p a r t i c u l a r  p e r io d ic  o r b i t ,  and i s  
indep en d en t o f  th e  c h o ic e  o f  i n i t i a l  c o n d it io n s  s^ o r  th e  co rre sp o n d in g  
v a lu e  o f  th e  in d e p en d en t v a r ia b le  0^ ;  th e  same m a tr ix  i s  a lw ays o b ta in e d  
by in t e g r a t i n g  E q u a tio n  (3*33) o v e r one o r b i t a l  p e r io d ,  s t a r t i n g  from  an 
a r b i t r a r y  p o in t  on th e  o r b i t .  In  th e  s e q u e l, i t  w i l l  be found co n v en ien t 
to  employ th e  n o ta t io n
V Coc) =. V [§o )6o)9o^oCj } (3*38)
in  which th e  i n i t i a l  c o n d i t io n s  s a t  0 *  0 a r e  u n d e rs to o d  to  be th o se
?0 0
o f  an a r b i t r a r y  p o in t  on th e  p e r io d ic  o r b i t  o f  i n t e r e s t .
E qu a tio n  (3*37) shows t h a t  th e  monodromy m a tr ix  M -  V(T) g o verns th e  
b eh av io u r o f  th e  v a r ie d  o r b i t  o v e r a r b i t r a r y  i n t e r v a l s  o f  tim e . I t  i s  c l e a r  
t h a t  i f  any one o f  th e  e ig e n v a lu e s  X  ^ ( i  * 1 , 2 , . . . 6 ) o f  M i s  g r e a t e r  th a n  
u n i ty  in  a b s o lu te  v a lu e ,  th e  v e c to r  J s ^  w i l l  in c re a s e  in  m agnitude (w ith  
r e s p e c t  to  some a p p ro p r ia te  norm) a s  ra in c re a s e s .  The c r i t e r i o n  f o r  l i n e a r  
s t a b i l i t y  o f  th e  p e r io d ic  o r b i t  i s  th e r e f o r e
j ^  I ••• k )  ,
(3 -3 9 )
I t  can be shown t h a t  one o f  th e  p r o p e r t i e s  o f  th e  monodronjy m a tr ix  M 
i s  t h a t  i t s  e ig e n v a lu e s  o ccu r in  r e c ip r o c a l  p a i r s  ( s e e ,  e .g .  P a r s ,  1965; 
K a t s i a r i s ,  1973 )•
A ^  - I / A ,
x 5  =, i / x t
= i / a3
(3*40)
Thus, th e  s t a b i l i t y  c r i t e r i o n  (3*39) can o n ly  be s a t i s f i e d  i f  a l l  o f  th e
e ig e n v a lu e s  l i e  on th e  u n i t  c i r c l e  in  th e  complex p la n e ; i f  any p a i r  o f  
e ig e n v a lu e s  does n o t l i e  on th e  u n i t  c i r c l e ,  th e  o r b i t  i s  l i n e a r l y  u n s ta b le .
In  th e  c i r c u l a r  r e s t r i c t e d  problem , one p a i r  o f  e ig e n v a lu e s  o f  th e  
monodromy m a tr ix  h a s  th e  v a lu e  u n i ty  ( s e e ,  e .g .  Bray and Goudas, 1967* S e c t, 
T h is  p ro p e r ty  fo llo w s  from  th e  e x is te n c e  o f  th e  J a c o b i i n t e g r a l ,  and from 
th e  f a c t  t h a t  th e  e q u a tio n s  o f  m otion o f  th e  c i r c u l a r  problem  a re  autonomous 
(do n o t e x p l i c i t l y  c o n ta in  th e  in d ep en d en t v a r i a b le  0 ) .  The s t a b i l i t y  o f  
a  p e r io d ic  o r b i t  o f  th e  c i r c u l a r  problem  th e r e f o r e  depends upon th e  v a lu e s  
o f  th e  rem a in in g  two p a i r s  o f  e ig e n v a lu e s .  The e q u a tio n s  o f  m otion o f  th e  
e l l i p t i c  r e s t r i c t e d  problem  a re  non-autonom ous, w ith  th e  r e s u l t  t h a t  th e  
Ja c o b i i n t e g r a l  does n o t e x i s t ,  and in  g e n e ra l th e r e  i s  no lo n g e r  a  p a i r  o f  
u n i t  e ig e n v a lu e s .
An a l t e r n a t i v e ,  and g e n e ra l ly  more c o n v e n ie n t, way o f  e x p re s s in g  th e  
s t a b i l i t y  c r i t e r i o n  (3*39) u s e s  th e  th r e e  " s t a b i l i t y  in d ic e s "  and
in s te a d  o f  th e  th r e e  p a i r s  o f  e ig e n v a lu e s  o f  th e  monodromy m a tr ix . The 
s t a b i l i t y  in d ic e s  a r e  d e f in e d  ( fo llo w in g  K a t s i a r i s ,  1975) by
k-i — — =  “  l / ' M
= - I k + i s)  = - 0 , +  i / » 0
and th e  c r i t e r i o n  f o r  th e  s t a b i l i t y  o f  a  p e r io d ic  o r b i t  can be s ta t e d  ass
(3 -4 2 )
Because o f  th e  p ro p e r ty  (3*40) o f  th e  e ig e n v a lu e s ,  th e  s t a b i l i t y  in d ic e s  
can be c a lc u la te d  d i r e c t l y  from  th e  c o e f f i c i e n t s  o f  th e  s ix th - o r d e r  
c h a r a c t e r i s t i c  e q u a tio n  o f  th e  monodrony m a tr ix ,
olct (M -  XXfc) =  0  ^ (3 -4 3 )
w ith o u t th e  n e c e s s i ty  o f  com puting th e  e ig e n v a lu e s  th em se lv es  ( s e e ,  e .g .  
K a t s i a r i s ,  1973)* The c o e f f i c i e n t s  o f  th e  c h a r a c t e r i s t i c  e q u a tio n  may be 
o b ta in e d  by c a l c u l a t i n g  th e  t r a c e s  o f  su c c e s s iv e  pow ers o f  th e  monodromy 
m a tr ix , and s in c e  th e  r o o t s  A,  ^ ( i  = 1 , 2 , , . . 6 )  o f  E q u a tio n  (3*43) form
k, , ka ; k3 all REAL;
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r e c ip r o c a l  p a i r s ,  o n ly  Tr(M), Tr(M ) and Tr(M ) need  be e v a lu a te d . In th e  
c i r c u l a r  r e s t r i c t e d  problem  th e  s t a b i l i t y  index  c o rre sp o n d in g  to  th e  p a i r  o f  
u n i t  e ig e n v a lu e s  ( and X^, say) h a s  th e  v a lu e  = -2 ;  th e  cu b ic  e q u a tio n  
in  th e  k ' s  th e n  re d u c e s  to  a  q u a d ra t ic  whose c o e f f i c i e n t s  can be found from 
Tt(m) and Tr(M^) o n ly . The s t a b i l i t y  o f  a  p e r io d ic  o r b i t  in  th e  c i r c u l a r  
problem  depends on th e  v a lu e s  o f  th e  two re m a in in g  s t a b i l i t y  in d ic e s  k^ and 
k^ (o r  p and q , in  th e  n o ta t io n  o f  Bray and Goudas, 1967) ,  th e  r o o ts  o f  th e  
q u a d r a t ic .
The s t a b i l i t y  p r o p e r t i e s  o f  a  p la n a r  p e r io d ic  o r b i t  can be d e term ined  
by th e  g e n e ra l method d e s c r ib e d  above, in  te rm s o f  th e  s t a b i l i t y  in d ic e s  p 
and q ( in  th e  c i r c u l a r  problem ) o r  ^3 ( ^  eH i p t i c  p rob lem ),
b u t a s  we s h a l l  s e e , i t  i s  p o s s ib le  to  t r e a t  th e  p la n a r  ca se  o f  th e  r e s t r i c t e d  
problem  in  a  way w hich e x p lo i t s  th e  s p e c ia l  p r o p e r t i e s  o f  a  p la n a r  o r b i t ,  
and p a r t i c u l a r l y  o f  i t s  monodrorqy m a tr ix , and a llo w s  th e  s t a b i l i t y  o f  th e  
o r b i t  w ith  r e s p e c t  to  p e r tu r b a t io n s  in  th e  p la n e  o f  th e  p r im a r ie s ,  and 
p e rp e n d ic u la r  to  th e  p la n e , to  be exam ined s e p a r a te ly .  The s t a b i l i t y  
in d ic e s  c a lc u la te d  in  t h i s  way w i l l  be u sed  e x te n s iv e ly  in  th e  subsequen t 
c h a p te rs  o f  t h i s  t h e s i s ,  and in  p a r t i c u l a r ,  th e  " v e r t i c a l "  s t a b i l i t y  in d e x , 
m easuring  th e  s t a b i l i t y  o f  a  p e r io d ic  o r b i t  w ith  r e s p e c t  to  p e r tu r b a t io n s  
a c t in g  o u t o f  th e  p la n e  o f  th e  p r im a r ie s ,  w i l l  be employed in  c o n n ec tio n  
w ith  b i f u r c a t io n s  o f  p la n a r  w ith  th re e -d im e n s io n a l p e r io d ic  o r b i t s .  I t  i s  
th e r e f o r e  w orthw h ile  to  examine th e  s p e c ia l  case  o f  p la n a r  o r b i t s  in  more 
d e t a i l .
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In  t h i s  fo rm , V can be s e p a ra te d  in to  two su b m a tr io e s , V, (4x4) and V ^(2x2), 
th e  fo rm er, c o m p ris in g  th e  s ix te e n  n o n -ze ro  e lem en ts  o f  row s 1 ,2 ,4  and 5» 
co rre sp o n d in g  to  h o r iz o n ta l  v a r i a t io n s  (due to  p e r tu r b a t io n s  a c t in g  in  th e  
p la n e  o f  th e  p r im a r ie s ) ,  and th e  l a t t e r ,  co m p ris in g  th e  e lem en ts  
and V££, c o rre sp o n d in g  to  v e r t i c a l  v a r i a t i o n s  (due to  p e r tu r b a t io n s  a c t in g  p e r ­
p e n d ic u la r ly  to  th e  p la n e  o f  th e  p r im a r ie s ) .  E q u a tio n  (3*13) can be
r e w r i t t e n  in  te rm s o f  th e  two decoup led  su b m a tr ic e s  and Vv , to  g iv e
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and F^ and Fv  a r e  th e  two decoup led  su b m a tr ic e s  o f  m a tr ix  F g iv en  by
F l =
f o  O  I o  
o  o  O I
■flfl -tn 0 Z
Vta JVl ~ Z  O




o (3 -3 0 )
The i n i t i a l  v a lu e s  o f  th e  h o r iz o n ta l  and v e r t i c a l  v a r i a t i o n a l  m a tr ic e s  
a re  g iven  by
K  ( ° )  -  i f  
K  (o )  = l x , (3 -5 1 )
where 1^ and a r e  r e s p e c t iv e ly  th e  4x4 and 2x2 u n i t  m a tr ic e s ,
The two s t a b i l i t y  in d ic e s  k^ and c o rre sp o n d in g  to  th e  h o r iz o n ta l  p a r t  
o f  th e  v a r i a t io n a l  m a tr ix  a r e  s o lu t io n s  o f  th e  q u a d r a t ic  e q u a tio n
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^  _  otk 4- (0 -1 ) = o  )
(3*52)
where
(3 -5 3 )
c* = -  Tr [Hk]  )
0 -  -  T (~ M ) ,
and i s  th e  h o r iz o n ta l  p a r t  o f  th e  monodromy m a tr ix  M:
M k -  l/k ( T )  (5 -5 4 )
(s e e  B roucke, 1969; n o te  th e  s ig n  d i f f e r e n c e  in  th e  d e f in i t i o n  o f  th e  
s t a b i l i t y  in d ic e s  k^ and k ^ ) .  For p la n a r  o r b i t s  o f  th e  c i r c u l a r  r e s t r i c t e d  
problem , th e  two u n i t  e ig e n v a lu e s  o f  th e  f u l l  v a r i a t io n a l  m a tr ix  V ap p ea r 
in  th e  h o r iz o n ta l  subm atrix  V^, and so one o f  th e  r o o ts  o f  E qu a tio n  (3*52) 
must be equal to  -2 .  The rem a in in g  r o o t  i s
k = 2 -  Tr [ r i k]  . (5 -5 5 )
The h o r iz o n ta l  s t a b i l i t y  o f  a  p la n a r  p e r io d ic  o r b i t  o f  th e  c i r c u l a r  problem  
i s  th e re fo re  c h a r a c te r i s e d  by one s t a b i l i t y  in d ex  and in  th e  e l l i p t i c  
problem  by two s t a b i l i t y  in d ic e s .  An a l t e r n a t i v e  d e f in i t i o n  o f  th e  s t a b i l i t y  
index  k i s  g iv en  by 'W hittaker (1904) in  te rm s o f  "normal d isp la c e m e n ts"  
from  a  p e r io d ic  o r b i t .  I t  i s  more u s u a l ,  how ever, to  employ th e  index
a =. — i - k  =  ' ; T r [ M k] -  ( .  ( 3 . 56)
T h is  d e f in i t i o n  o f  th e  h o r iz o n ta l  s t a b i l i t y  in d e x  i s  e q u iv a le n t  to  th a t  
g iven  by H£non ( 1965b ) ,  in  te rm s o f  th e  " s u r fa c e  o f  s e c t io n "  m ethod. The
c r i t e r i o n  f o r  h o r iz o n ta l  s t a b i l i t y ,  in  te rm s o f  th e  in d ex  a ,  i s
I . (3*57)
U n til  r e l a t i v e l y  r e c e n t ly ,  th e  d is c u s s io n  o f  s t a b i l i t y  o f  p e r io d ic  
o r b i t s  o f  th e  p la n a r  c i r c u l a r  r e s t r i c t e d  problem  concerned  o n ly  what we 
c a l l  h o r iz o n ta l  s t a b i l i t y ,  t h a t  i s ,  s t a b i l i t y  w ith  r e s p e c t  to  p e r tu r b a t io n s  
a c t in g  in  th e  p la n e  o f  m otion . H^non ( l9 7 3 a »*>) h a s  p o in te d  o u t t h a t  in
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r e a l  s i t u a t io n s  where th e  p la n a r  r e s t r i c t e d  problem  i s  a  s a t i s f a c to r y  m odel, 
i t  i s  n e c e ssa ry  to  ta k e  acco u n t o f  th e  e f f e c t  o f  p e r tu r b a t io n s  a c t in g  o u t 
o f  th e  p la n e  o f  th e  p r im a r ie s ,  and o v e r a l l  s t a b i l i t y  o f  a  p la n a r  p e r io d ic  
o r b i t  i s  o b ta in e d  on ly  when th e  o r b i t  i s  bo th  h o r i z o n ta l l y  and v e r t i c a l l y  
s ta b l e .  L e t u s  th e r e f o r e  c o n s id e r  now th e  q u e s tio n  o f  v e r t i c a l  s t a b i l i t y .
D enoting th e  e lem en ts  o f  M , th e  v e r t i c a l  p a r t  o f  th e  monodron\y m a tr ix
M y  =  V v  ^  (3*58)
t>y
k/ ,,<V dv i (5.59)
( i n  th e  n o ta t io n  o f  Henon, op . c i t . ) ,  th e  c h a r a c t e r i s t i c  e q u a tio n  o f  M i s
( 3-60)
The r o o ts  X^» Xg o f  t h i s  q u a d r a t ic  form  a  r e c ip r o c a l  p a i r  and so th e  
c o n s ta n t te rm  i s  equal to  u n i ty  ( t h i s  i s  a  p a r t i c u l a r  ca se  o f  th e  g e n e ra l 
Mv o lu m e -p re se rv in g 11 p ro p e r ty  o f  th e  v a r i a t i o n a l  m a tr ix ,  d e t V -  1 ; se e , 
e .g .  S ieg e l and M oser, 1971» p . 1 4 2 ). The c r i t e r i o n  f o r  v e r t i c a l  s t a b i l i t y
) can th e r e f o r e  be e x p re s s e d , fo llo w in g  Zagouras and 
M arkello s ( 1977)» a s
(3 -6 1 )
where
Sv =■ -Jp . ( 3*62)
(The s t a b i l i t y  p a ram e te r sv  sho u ld  n o t  be con fu sed  w ith  th e  com ponents s^ ,
S n i. . .  8s- o f  th e  s t a t e  v e c to r  s ) .2y o ~
The v e r t i c a l  s t a b i l i t y  c r i t e r i o n  (3 * 6 l)  i s  a p p l ic a b le  to  p la n a r  p e r io d ic  
o r b i t s  o f  e i t h e r  th e  c i r c u l a r  o r  e l l i p t i c  c a s e s  o f  th e  r e s t r i c t e d  problem , 
and to  bo th  sym m etric and asym m etric  o r b i t s .  S ince we a re  concerned  o n ly  
w ith  th e  sym m etric o r b i t s ,  w hich have th e  s p e c ia l  p ro p e r ty
(3 -6 3 )
(H£non, 1 9 7 3 b )» th e  v e r t i c a l  s t a b i l i t y  c r i t e r i o n  can be w r i t t e n  a s
K |  <  I . (3 -6 4 )
In  th e  s e q u e l,  th e  e lem en ts  a  ,b  , c  and d o f  m a tr ix  M w i l l  be r e f e r r e dv ’ v ’ v  V  V
to  a s  th e  " v e r t i c a l  s t a b i l i t y  in d ic e s " ;  th e  e x p re s s io n  " v e r t i c a l  s t a b i l i t y  
in d e x " , in  th e  s in g u la r ,  w i l l  n o rm ally  mean th e  in d ex  av *
3*5 B ifu rc a t io n
The phenomenon o f  b i f u r c a t io n  i s  c h a r a c t e r i s t i c  o f  n o n lin e a r  sy stem s, 
and can be d e f in e d  a s  th e  o c c u rre n c e  o f  a  q u a l i t a t i v e  change in  th e  to p o lo g ic a l  
a s p e c t o f  th e  phase  t r a j e c t o r i e s  r e p r e s e n t in g  th e  s o lu t io n s  o f  th e  
d i f f e r e n t i a l  e q u a tio n s  a t  a  c r i t i c a l  o r  " b i f u r c a t io n "  v a lu e  o f  some p a ram ete r 
( s e e ,  e .g .  C hap ter 7 o f  M inorsky, 1962) .  In  th e  r e s t r i c t e d  th re e -b o d y  
problem , b i f u r c a t io n  in  t h i s  g e n e ra l sen se  o c c u rs  w ith  th e  mass p aram ete r jx 
o f  th e  p r im a r ie s  a s  th e  " b i f u r c a t io n  p a ra m e te r” . In  t h i s  s e c t io n ,  how ever, 
we s h a l l  d ea l w ith  b i f u r c a t io n s  o f  f a m i l i e s  o f  p e r io d ic  o r b i t s ,  f o r  f ix e d  
v a lu e s  o f  jx, a s s o c ia te d  w ith  c r i t i c a l  v a lu e s  o f  th e  l i n e a r  s t a b i l i t y  in d ic e s .
A g e n e ra l d is c u s s io n  o f  t h i s  phenomenon i s  g iv e n  in  t h i s  s e c t io n ,  w ith  
re fe re n c e  to  th e  p a r t i c u l a r  exam ple o f  i n t e r e s t  in  t h i s  t h e s i s ,  nam ely th e  
b i f u r c a t io n  o f  f a m i l i e s  o f  p la n a r  w ith  th re e -d im e n s io n a l p e r io d ic  o r b i t s  
( " v e r t i c a l "  b i f u r c a t io n ) .  T h is  l a t t e r  to p ic  w i l l  be e x p lo re d  in  g r e a te r  
d e t a i l ,  in  th e  case  o f  sym m etric p e r io d ic  o r b i t s ,  in  S e c tio n  3*6.
Me b eg in  o u r d is c u s s io n  by c o n s id e r in g  s o lu t io n s  o f  th e  r e s t r i c t e d  t h r e e -  
body problem  in  th e  ne ighbourhood  o f  a  p e r io d ic  s o lu t io n  o f  th e  most g e n e ra l 
ty p e  ( th re e -d im e n s io n a l ,  c i r c u l a r  o r  e l l i p t i c  c a s e , n o t n e c e s s a r i ly  sym m etric). 
In  S ec tio n  3*4* th e  im p o r ta n t r e s u l t  was e s ta b l i s h e d  th a t  a f t e r  m p e r io d s  
o f  an u n p e rtu rb e d  p e r io d ic  o r b i t ,  th e  v a r i a t i o n  r e s u l t i n g  from  a  sm all 
p e r tu rb a t io n  $ S q in  th e  i n i t i a l  c o n d i t io n s  i s ,  to  f i r s t  o r d e r ,  g iv en  by
where M, th e  monodromy m a tr ix  o f  th e  v a r i a t i o n a l  m a tr ix  V, i s  g iv en  by 
E quation  (3*35)« S ince  th e  u n p e r tu rb e d  o r b i t ,  w ith  b a s ic  p e r io d  T, a ls o  
h a s  p e r io d  mT, we see  t h a t  in  th e  l i n e a r  a p p ro x im a tio n , th e  p e r tu rb e d  o r b i t  
w i l l  a ls o  be p e r io d ic ,  w ith  p e r io d  mT, i f  and on ly  i f
• (E quation  (3*37))
( 3*65)
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<?§m — ) (3*66)
o r ,  by E qu a tio n  (3*65)»
( M * '  I f e )  =  S '  ( j . 6 7 )
E quation  (3*67) shows th a t  th e r e  e x i s t s ,  in  th e  neighbourhood  o f  th e  
u n p e rtu rb e d  p e r io d ic  o r b i t ,  a  p e r io d ic  o r b i t  o f  p e r io d  mT, w ith  i n i t i a l  
c o n d itio n s  = £q + $£q , i f  and o n ly  i f  th e re  e x i s t s  an e ig e n v e c to r  $Sq
o f  M01 c o rre sp o n d in g  to  a  u n i t  e ig e n v a lu e . The two o r b i t s  w i l l  n o t be 
d i s t i n c t ,  how ever, i f  Ss,^ i s  an e ig e n v e c to r  co rre sp o n d in g  to  one o f  th e  p a i r  
o f  u n i t  e ig e n v a lu e s  o f  M w hich alw ays e x i s t  in  th e  c i r c u l a r  ca se  o f  th e  
r e s t r i c t e d  prob lem , n e i th e r  o f  which r e s u l t s  in  a  b i f u r c a t io n .  One o f  
th e se  u n i t  e ig e n v a lu e s  a r i s e s ,  a s  h a s  a lre a d y  been rem arked , from th e  f a c t  
t h a t  th e  system  i s  autonom ous, and th e  c o rre sp o n d in g  e ig e n v e c to r  sim ply 
in tro d u c e s  a  "phase  s h i f t "  a lo n g  th e  o r ig i n a l  o r b i t ;  th e  o th e r  u n i t  e ig e n v a lu e  
a r i s e s  from th e  e x is te n c e  o f  th e  J a c o b i in t e g r a l  ( e .g .  Bray and Goudas, 1967; 
see a ls o  M ark e llo s , 19 7 4 a). Those p e r io d ic  o r b i t s  o f  th e  c i r c u l a r  r e s t r i c t e d  
problem  f o r  w hich M01 h a s  a  u n i t  e ig e n v a lu e  d i s t i n c t  from  th e  p a i r  j u s t  
m entioned , and a l l  p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  r e s t r i c t e d  problem  f o r  
which th e  monodromy m a tr ix  s a t i s f i e s  E q u a tio n  (3*67)> a re  r e f e r r e d  to  a s  
" b ifu r c a t io n  o r b i t s " ,  b ecause  o f  th e  f a c t  t h a t  i t  i s  p o s s ib le  to  c o n tin u e  
such an o r b i t  in  more th a n  one d i r e c t i o n ,  r e s u l t i n g  in  a  b i f u r c a t io n  o r  
"b ranch ing" o f  f a m i l i e s  o f  p e r io d ic  o r b i t s .  The e ig e n v a lu e s  o f  th e  mono­
dromy m a tr ix  M o ccu r in  r e c ip r o c a l  p a i r s ,  and so u n i t  e ig e n v a lu e s  o f  M™, 
i f  such e x i s t ,  a l s o  ap p ea r in  p a i r s .  C onsequen tly , a  b i f u r c a t io n  o r b i t  
can alw ays be c o n tin u e d  in  two p e r io d i c i t y - p r e s e r v in g  d i r e c t io n s  d i f f e r e n t  
from  th a t  c o rre sp o n d in g  to  c o n t in u a t io n  a lo n g  th e  b a s ic  fa m ily  to  which i t  
b e lo n g s.
The b i f u r c a t io n  c o n d it io n  (3*67) i s  s a t i s f i e d  i f  M h a s  a  p a i r  o f  e ig e n v a lu e s  
\  and \  , sa y , in  a  r e c ip r o c a l  r e l a t i o n s h ip ,  w hich a r e  r a ^  r o o ts  o fd. O
u n i ty :
» >-t Itrin/rw
A a , =  At  =  e  } (3*68)
where n i s  any in te g e r  such th a t  0 < n ^ m .  By E quation  (3*4 l)»  th e
c o rre sp o n d in g  s t a b i l i t y  in d e x , k say , i s  g iv e n  by8l
= -  (X<c+Xt) = -2 c a s (^ m .) .
L et u s  now c o n s id e r  th e  p a r t i c u l a r  case  o f  p la n a r  b i f u r c a t io n  o r b i t s .
As we have seen , th e  v a r i a t io n a l  m a tr ix  V o f  a  p la n a r  p e r io d ic  o r b i t  can 
be s p l i t  in to  h o r iz o n ta l  and v e r t i c a l  su b m a tr ic e s ; p la n a r  o r b i t s  th e re fo re  
e x h ib i t  two ty p e s  o f  b i f u r c a t io n ,  c o rre sp o n d in g  to  th e  decoup led  h o r iz o n ta l  
and v e r t i c a l  p a r t s  o f  th e  v a r i a t i o n a l  e q u a tio n . H o r iz o n ta l b i f u r c a t io n ,  
a s  th e  term  im p lie s ,  ta k e s  p la c e  in  th e  p la n e  o f  th e  p r im a r ie s ,  th e  b i f u r ­
c a t in g  f a m i l i e s  c o n s is t in g  o n ly  o f  p la n a r  p e r io d ic  o r b i t s .  T h is  phenomenon 
h a s  been in v e s t ig a te d  by M ark e llo s  ( l9 7 4 a ,b ,  1975)> in  co n n ec tio n  w ith  
th e  " h o r iz o n ta l  b ran ch es"  o f  fa m ily  f  in  th e  S u n -Ju p ite r  case  o f  th e  
r e s t r i c t e d  problem . V e r t ic a l  b i f u r c a t io n ,  in v o lv in g  v e r t i c a l  v a r i a t io n s  
o f  a  p la n a r  p e r io d ic  o r b i t ,  i s  th e  b i f u r c a t io n  o f  a  fa m ily  o f  p la n a r  
p e r io d ic  o r b i t s  w ith  a  fa m ily  (o r  f a m i l i e s )  o f  th re e -d im e n s io n a l p e r io d ic  
o r b i t s  ( s e e ,  e .g .  M ark e llo s  and K a z a n ts is ,  1977)* T h is  l a t t e r  ty p e  o f  
b i f u r c a t io n  i s  c l e a r ly  o f  g r e a t  im portance  in  th e  o v e r a l l  s t r u c tu r e  o f  
p e r io d ic  o r b i t s ,  and i t  i s  on t h i s  ty p e  t h a t  we s h a l l  c o n c e n tra te  in  th e  
rem ainder o f  t h i s  s e c t io n .
The v e r t i c a l  p a r t  o f  th e  v a r i a t i o n a l  e q u a tio n s  (3*15) can be w r i t t e n  a s
'&.A
f a )  } (3 -7 0 )
where 5 s ^  and <Js^ a re  th e  " v e r t i c a l "  com ponents <5z and Jz* o f  th e  
v a r i a t io n  v e c to r  and th e  m a tr ix  Fv i s  g iv en  by E q u a tio n  (3*50)- 
The s o lu t io n  o f  E q u a tio n  (3*70) i s
S s h '  \ * 3 o b  I  '  (3 -7 1 )
where 5s~-, and <5s.-,- a r e  th e  v e r t i c a l  com ponents 5z_ and <5z* o f  th e  03 Oo U U
i n i t i a l  p e r tu r b a t io n  <5j§q » "the re m a in in g  com ponents o f  w hich a r e  ta k e n  
to  be z e ro .
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Because o f - th e  d ec o u p lin g  o f  th e  h o r iz o n ta l  and v e r t i c a l  v a r i a t io n a l  
e q u a tio n s , th e  v e r t i c a l  p e r tu r b a t io n s  <^ sq j  ^ S06 n °^  cause  a
h o r iz o n ta l  v a r i a t io n  from th e  u n p e rtu rb e d  p e r io d ic  o r b i t .
A pplying th e  g e n e ra l argum ent o u t l in e d  above to  th e  ca se  o f  v e r t i c a l  
b i f u r c a t io n ,  th e  c o n d it io n  t h a t  a  p la n a r  p e r io d ic  o r b i t  i s  a  v e r t i c a l  
b i f u r c a t io n  o r b i t  i s
(3 -7 2 )
■where Mv i s  th e  monodromy m a tr ix  o f  V^(©), and m i s  a p o s i t i v e  in t e g e r ;
th e  p e r tu rb e d  o r b i t  i s  th e n  a  th re e -d im e n s io n a l p e r io d ic  o r b i t  (w ith
sm all d e p a r tu re s  from  th e  h o r iz o n ta l  p la n e , to  p e rm it th e  u se  o f
l i n e a r i s e d  e q u a tio n s )  o f  p e r io d  mT, w here T i s  th e  p e r io d  o f  th e
u n p e rtu rb e d  p la n a r  o r b i t .  A n o n - t r i v i a l  s o lu t io n  ( and ^ so6
n o t bo th  z e ro ) o f  E q u a tio n  (3*7.2) e x i s t s  i f  and o n ly  i f  th e  two e ig e n -
thv a lu e s  and X 2 3X6 111 r o o t s  o f  u n i ty .  The c o n d itio n  f o r
v e r t i c a l  b i f u r c a t io n  i s  th e r e f o r e
where i s  g iven  by E q u a tio n  (3 * 6 2 ). A p la n a r  p e r io d ic  o r b i t  
s a t i s f y in g  E q u a tio n  (3*73) v i l l  be r e f e r r e d  to  a s  " v e r t i c a l  s e l f - r e s o n a n t" .  
C le a r ly , a l l  v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  a re  v e r t i c a l l y  s ta b l e ;  th o se  
o r b i t s  f o r  which = + 1 (m = n = l )  and s ® — 1 (m = 2, n — l ) ,  
c o rre sp o n d in g  to  th e  b o u n d a rie s  betw een th e  v e r t i c a l l y  s ta b le  and u n s ta b le  
segm ents o f  a  fa m ily  o f  p la n a r  o r b i t s ,  w i l l  be r e f e r r e d  to  a s  " v e r t i c a l -  
c r i t i c a l " .
For a  sym m etric p la n a r  p e r io d ic  o r b i t  we have sv — a ^ , and th e  v e r t i c a l  
s e lf - re s o n a n c e  c o n d it io n  i s
a v = *
'  m  '  (3 -7 4 )
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3 .6  V e r t ic a l  B ifu r c a t io n s  o f  Symmetric P e r io d ic  O rb its
The d is c u s s io n  in  th e  p re v io u s  s e c t io n  co n ce rn in g  th e  b i f u r c a t io n  o f  
p e r io d ic  o r b i t s  d id  n o t in v o lv e  any assu m p tio n s abou t symmetry p r o p e r t i e s .  
In t h i s  s e c t io n  we s h a l l  c o n s id e r  th e  phenomenon o f  v e r t i c a l  b i f u r c a t io n  
o f  sym metric o r b i t s  in  more d e t a i l ,  r e f e r r i n g  p a r t i c u l a r l y  to  th e  
r e la t io n s h ip s  betw een th e  v e r t i c a l  s t a b i l i t y  in d ic e s  o f  a  v e r t i c a l  b i f u r ­
c a t io n  o r b i t ,  and th e  symmetry p r o p e r t i e s  o f  th e  th re e -d im e n s io n a l 
p e r io d ic  o r b i t s  g e n e ra te d  from  th e  b i f u r c a t io n .  The c e n t r a l  id e a  in  
t h i s  d is c u s s io n  i s  th e  u se  o f  th e  v a r i a t io n a l  m a tr ix  e v a lu a te d  a t  th e  
h a l f - p e r io d  (9  * 9^ -f T /2) o f  th e  p la n a r  p e r io d ic  o r b i t ,  r a th e r  than  a t  
th e  f u l l  p e r io d  (9  « 9^ +  T, t h a t  i s ,  th e  monodromy m a tr ix ) ,  combined 
w ith  th e  a p p l ic a t io n  o f  th e  P e r io d i c i t y  Theorem; t h i s  approach  i s  based  
on th e  work o f  Henon (1973b) M ark e llo s  (1980 ).
We beg in  by c o n s id e r in g  a  sym m etric p e r io d ic  o r b i t  o f  th e  p la n a r  
r e s t r i c t e d  problem  ( c i r c u l a r  o r  e l l i p t i c  c a s e ) ,  o f  p e r io d  T; i f  th e  
prim ary  o r b i t  i s  e l l i p t i c  th e n  T = 2ktf f o r  some p o s i t i v e  in te g e r  k .
L et th e  two d i s t i n c t  m ir ro r  c o n f ig u ra t io n s  o f  t h i s  o r b i t ,  t h a t  i s ,  
su c c e ss iv e  p e rp e n d ic u la r  c ro s s in g s  o f  th e  x - a x is ,  o c c u r r in g  a t  9 *  9^ 
and 9 = 9^ + T /2 , be deno ted  Cq and r e s p e c t iv e ly .  By E q u a tio n  (2*15)» 
th e  i n i t i a l  c o n d i t io n s  a t  9 = 9^ s a t i s f y
Sc = (Sbi)0>0,°>  Scs> o ) .  (3-75)
L et u s  now c o n s id e r  th e  o r b i t  r e s u l t i n g  from sm all v e r t i c a l  p e r tu r b a t io n s  
5 Sq  ^ and ^ sq6 t h i s  p la n a r  p e r io d ic  o r b i t .  The i n i t i a l  c o n d it io n s  
o f  th e  p e r tu rb e d  o r b i t  a r e
£ ?  *  ( s 0 i;  0 ; 5 o 5 ; & o t )  . ( 3 . 76)
In  term s o f  th e  h o r iz o n ta l  com ponents ( s ^ , s ^ , s ^ )  o f  th e  s t a t e  v e c to r ,  
th e  p e r tu rb e d  o r b i t  i s  id e n t i c a l  to  th e  u n p e rtu rb e d  one , w h ile  to  f i r s t  
o rd e r  in  th e  p e r tu r b a t io n s ,  th e  v e r t i c a l  com ponents o f  th e  s t a t e  v e c to r  
a r e  g iven  by E q u a tio n s  (3 * 7 l)  and (3 * 4 8 ):
V 33 . ^ k \ / & b 3 \
Yfa3 J\SSo(o J ( 3*77)
We seek  to  e s t a b l i s h  p e r io d i c i t y  c o n d i t io n s  f o r  th e  p e r tu rb e d  o r b i t  
in  te rm s o f  th e  P e r io d i c i t y  Theorem, a s  in  S e c tio n  2 .3 .  From E q u a tio n s  
( 3 *76 ) ,  (2*16) and (2 * 1 7 ), th e  i n i t i a l  c o n d i t io n s  o f  th e  p e r tu rb e d  o r b i t  
co rresp o n d  to  a  m irro r  c o n f ig u ra t io n  i f  and o n ly  i f
o r
<£sofe -  o  03(* Crt) 9
S s 03 - O  ( V ( A ) ) .
(3 -7 8 )
(3 -7 9 )
The p e r tu rb e d  o r b i t  r e s u l t i n g  from  i n i t i a l  p e r tu r b a t io n s  ( ^ 8q^» 
s a t i s f y i n g  e i t h e r  o f  th e se  c o n d i t io n s  w i l l  be p e r io d ic  i f ,  a t  some l a t e r  
epoch 9 » 9^ say , a n o th e r  m ir ro r  c o n f ig u ra t io n  i s  o b ta in e d . In  th e  
e l l i p t i c  r e s t r i c t e d  problem , 9^ must a ls o  s a t i s f y  E q u a tio n  (2 * 2 2 ).
S ince th e  h o r iz o n ta l  p a r t  o f  th e  m otion i s  ( to  f i r s t  o rd e r )  u n a f fe c te d ,  
i t  i s  c l e a r  t h a t  a  m irro r  c o n f ig u ra t io n  can o n ly  ta k e  p la c e  a t  th o se  epochs 
co rre sp o n d in g  to  th e  o c c u rre n c e  o f  a  m ir ro r  c o n f ig u ra t io n  in  th e  u n p e r­
tu rb e d  p la n a r  p e r io d ic  o r b i t ,  t h a t  i s ,  f o r  v a lu e s  o f  9 g iv e n  by
0  =  8 0  +  N  ( ? )  > ( 3 . 80 )
where N i s  some p o s i t i v e  in t e g e r .  (N ote t h a t  th e  c o n d i t io n  (3*80) a u to ­
m a tic a l ly  s a t i s f i e s  E q u a tio n  (2 * 2 2 )) . The f u r th e r  re q u ire m e n t w hich 
must be s a t i s f i e d  in v o lv e s  th e  v e r t i c a l  m otion : by E q u a tio n s  (2*20) and
(2 * 2 1 ), we m ust have e i t h e r
~  0  ( % *  ( f ) )  > (3 -8 1 )
o r
& 3 = 0  (Tjpe(A)).
(3 -8 2 )
Combining E q u a tio n s  (3*77) -  (3 * 8 2 ), we see  t h a t  th e  p e r i o d i c i t y  c o n d it io n s  
o f  th e  p e r tu rb e d  o r b i t  can be w r i t t e n  in  th e  form
<&i -  K it ( N T / 2 ) * o1«  O ,  (3 -8 3 )
where i  = 3 f ° r  a  ty p e  (P) and i  = 6 f o r  a  ty p e  (A) m ir ro r  c o n f ig u ra t io n
a t  th e  i n i t i a l  epoch, w h ile  j  *  6 f o r  a  ty p e  (P) and j  = 3 f o r  a  type  (A) 
m ir ro r  c o n f ig u ra t io n  a t  th e  f in e d  epoch (a s  in  S e c tio n  2 .5 ) ;  ^ so i  
th e re f o r e  th e  n o n -ze ro  i n i t i a l  p e r tu r b a t io n  in  each ca se  ( -  0 i s
th e  t r i v i a l  s o lu t io n  c o rre sp o n d in g  to  th e  u n p e rtu rb e d  o r b i t ) .  E quation
( 5 *85 ) shows t h a t  th e re  e x i s t s  a  th re e -d im e n s io n a l sym m etric p e r io d ic  
o r b i t  b i f u r c a t in g  from th e  p la n a r  p e r io d ic  o r b i t  i f  and on ly  i f  one o f  
th e  fo u r  e lem en ts  ( v ^ t v ^ t v ^ rv ^ )  o f  Vv (NT/2) v a n is h e s ,  f o r  some 
p o s i t i v e  in t e g e r  N. The fo u r  p o s s ib le  c a se s  o f  v e r t i c a l  b i f u r c a t io n  a re  
l i s t e d  in  T ab le  J . l .
T able 5.1
Case
ltype o f  M irro r  C o n f ig u ra tio n  a t :  
I n i t i a l  Epoch(0Q) F in a l  Elpoch(0^)
Symmetry
C la ss i j P e r io d
1 P P P lan e  sym m etric 3 6 NT
2 A A ax isym m etric 6 3 NT
3 A d o u b ly - 6 6 2NT
4 P A J sym m etric 3 3 2NT
The t a b le  shows, f o r  exam ple, t h a t  a  fam ily  o f  p la n e  sym m etric th r e e -  
d im ensional p e r io d ic  o r b i t s  b i f u r c a te  from  a  p la n a r  p e r io d ic  o r b i t  f o r  
w hich v ^ ^ N T /^ )  = 0 f o r  some N. The f i n a l  column o f  th e  t a b le  g iv e s  th e  
p e r io d  o f  th e  th re e -d im e n s io n a l o r b i t s  in  th e  neighbourhood  o f  th e  b i f u r ­
c a t io n ,  a s  g iv en  by E q u a tio n s  (2*23) and (2 * 2 4 ), w ith  0^ s  Oq+NT/2 
(E q u a tio n  (3 * 8 0 )) .
As we saw in  S e c tio n  3*4* th e  m a tr ix  Vv (©) h a s  u n i t  d e te rm in a n t f o r  a l l
v a lu e s  o f  0 :
^33 t^»(o V2(o ~  * (3*84)
The te rm s v ^ v ^  and v ^ v ^  ° f  t h i s  e q u a tio n  canno t b o th  v a n is h , and so 
zero  e lem en ts  o f  Vv can o n ly  e x i s t  e i t h e r  s in g ly ,  o r  a s  one o f  th e  d ia g o n a l 
p a i r s  (v 22»v 6g) o r  ^V36,V63^# T able 3»1 shows th a t  in  consequence o f  t h i s  
f a c t ,  a  v e r t i c a l  b i f u r c a t io n  o r b i t  can on ly  g iv e  r i s e  e i t h e r  to  a  s in g le  
fa m ily  o f  th re e -d im e n s io n a l o r b i t s ,  c o rre sp o n d in g  to  one and o n ly  one o f  
Cases 1 -  4 o f  th e  t a b l e ,  o r  e l s e  to  two f a m i l ie s  o f  th re e -d im e n s io n a l 
o r b i t s ,  c o rre sp o n d in g  to  C ases 1 and 2 o r to  Cases 3 and 4 ( t h a t  i s ,  
one fa m ily  o f  p la n e  sym m etric and one o f  ax isym m etric
o r b i t s ,  o r  two f a m i l ie s  o f  doub ly-sym m etric  o r b i t s ) .
We r e c a l l  th e  d e f in i t i o n  o f  th e  v e r t i c a l  s t a b i l i t y  in d ic e s  (E q u a tio n s  
(3 -5S ) and (3 * 5 9 ) ) i
(3 -8 5 )
(T )  *
L et th e  e lem en ts  o f  th e  v e r t i c a l  v a r i a t i o n a l  m a tr ix  e v a lu a te d  a t  th e  
h a l f - p e r io d  ( 0 = 0 ^ +  T /2 ) o f  th e  p la n a r  p e r io d ic  o r b i t  be deno ted
( T / 2 )  -  ( c l  t )  ■
I t  i s  e a s i l y  shown, u s in g  th e  symmetry p ro p e r ty  o f  th e  p la n a r  o r b i t ,  
t h a t  th e  e lem en ts  o f  Vv  a t  th e  f u l l  p e r io d  a re  r e l a t e d  to  th o s e  a t  th e  
h a l f - p e r io d  by
CL, L , \  /  2 -8 y D i/
( e .g .  H lnon, 1973b)* The im p o rta n t p ro p e r ty  a^  = dy  o f  a  sym m etric o r b i t  
h a s  a lre a d y  been m entioned in  th e  p re v io u s  s e c t io n .  U sing  E q u a tio n  (3*54) 
(a s  a p p lie d  to  th e  v e r t i c a l  p a r t  V' o f  th e  v a r i a t i o n a l  m a tr ix  V ), th e  
v e r t i c a l  v a r i a t i o n a l  m a tr ix  computed a t  9  ~ ©q + NT/2 can be ex p re ssed  
in  te rm s o f  i t s  v a lu e  a t  th e  h a l f - p e r io d  and a t  th e  f u l l  p e r io d .  The 
r e s u l t i n g  e x p re s s io n  f o r  Vv (NT/2) depends on w hether N i s  odd (N -  2 r + l )  
o r  even (N = 2 r ) :
N -  2r 4- 1
N -  2r
Vv (NT/Z) = ( r / l  + rT ) = Vv (T k ) [ ^ (T )]r (3-88)
(r  ~ • • •) y
V , ( n t / 2 ) «■ IV CrT) = [ K  (T)]r  (3.89)
( r -  0 ,1 ,1 ,. . .)  .
L et u s  f i r s t  o f  a l l  suppose th a t  one o f  th e  e lem en ts  o f  V ( t / 2) v a n ish e s
( t h a t  i s ,  t a k in g  N -  2r + 1 w ith  r  -  0 ) .  By E quation  (3 * 8 2 ), Cases 1 - 4  
o f  Table 3*1 co rresp o n d  r e s p e c t iv e ly  to
C ^ = 0  j By  = 0  ; I V  =  0  ) A y - O  . ( 3 . 90)
Now from E q u a tio n s  (3*84) and (3*87)» th e  v e r t i c a l  s t a b i l i t y  index  av 
i s  g iven  by
&y ^  =  2l 6 / C v  +  I . ( 3*91)
In each o f  th e  c a s e s  (3*90)» |a  | = 1 : th e  p la n a r  o r b i t  i s  v e r t i c a l -  
c r i t i c a l .  In  th e  f i r s t  two c a se s  (C — 0 and B =  O). a  h a s  th e
'  V  V V
v a lu e  - f l .  T h is  c o rre sp o n d s  to  th e  v a lu e s  m = 1 , n -  1 in  E quation  
( 3*74) $ and w i l l  be r e f e r r e d  to  a s  a  "sim p le  b i f u r c a t io n " .  The q u a n t i t i e s  
Bv and Cv a r e  in d e p en d en t, and in  g e n e ra l ,  when one o f  th e s e  p a ram e te rs  
i s  z e ro , th e  o th e r  w i l l  be n o n -z e ro ; th u s ,  a  v e r t i c a l - c r i t i c a l  p la n a r  
p e r io d ic  o r b i t  w ith  av = -frl g e n e ra l ly  g iv e s  r i s e  to  j u s t  one fa m ily  o f  
s im ply-sym m etric  th re e -d im e n s io n a l p e r io d ic  o r b i t s ,  th e  symmetry c la s s  
depending on w hich o f  Bv o r  Cy v a n ish e s  (ax isy m m etric  o r  p la n e  sym m etric, 
r e s p e c t iv e ly ) .  T ab le  3-1 shows th a t  in  th e  neighbourhood o f  th e  
b i f u r c a t io n ,  th e  p e r io d  o f  th e  th re e -d im e n s io n a l o r b i t s  i s  ( to  f i r s t  o rd e r )  
equal to  T, th e  p e r io d  o f  th e  p la n a r  o r b i t ;  in  th e  e l l i p t i c  problem  
th e  e n t i r e  fa m ily  o f  th re e -d im e n s io n a l o r b i t s  h a s  p e r io d  e x a c t ly  equal 
to  T.
In  th e  second two c a se s  o f  (3*90)» A = 0 and -  0 , E q u a tio n  (3 * 9 l)  
shows th a t  a v = -1 ,  c o rre sp o n d in g  to  th e  v a lu e s  ra = 2, n -  1 in  E quation  
( 3*74) s t h i s  i s  r e f e r r e d  to  a s  a  "double b i f u r c a t io n " .  The th r e e -  
d im ensional p e r io d ic  o r b i t s  in  th e  neighbourhood  o f  th e  b i f u r c a t io n  
have double th e  p e r io d  o f  th e  p la n a r  o r b i t ,  and so a ls o  doub le  th e  m u l t i ­
p l i c i t y  ( th e  m u l t i p l i c i t y  o f  an o r b i t  b e in g  d e f in e d  a s  h a l f  th e  number 
o f  c ro s s in g s  o f  th e  ( x ,z ) - p la n e  o c c u r r in g  in  one p e r io d ) .  S ince Av 
and Dv a re  in d e p en d en t, th e r e  i s  in  g e n e ra l o n ly  one b i f u r c a t in g  fa m ily  
o f  doubly-sym m etric  p e r io d ic  o r b i t s  o r ig i n a t i n g  from  a  v e r t i c a l - c r i t i c a l
o r b i t  w ith  a  = -1 .  I f  D -  0 , th e n  th e  o r b i t s  n e a r  th e  b i f u r c a t io n  v v 7
have t h e i r  ty p e  (a )  m irro r  c o n f ig u ra t io n  c lo s e  to  th e  c o n f ig u ra t io n  Cq 
o f  th e  p la n a r  o r b i t ;  i f  Av  -  0 , then  th e  ty p e  (a )  m ir ro r  c o n f ig u ra tio n  
i s  c lo se  to  th e  c o n f ig u ra t io n  o f  th e  p la n a r  o r b i t .  The geom etry o f  
b i f u r c a t io n  from  a  v e r t i c a l - c r i t i c a l  o r b i t ,  in  each  o f  th e  fo u r  p o s s ib le  
c a se s  l i s t e d  above, i s  d e p ic te d  s c h e m a tic a lly  in  F ig u re  3*1*
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L et u s  now suppose t h a t  a l l  o f  th e  e lem en ts  A ,B , C and D o fv* v v v
V (T /2 ) a re  n o n -z e ro , b u t t h a t  one o f  th e  e lem en ts  o f  V (NT/2) v a n ish e s ,
f o r  some N ^ l .  E quation  (3 * 9 l)  shows th a t  a^  canno t be equ a l to
u n i ty :  we a re  no lo n g e r  d e a l in g  w ith  v e r t i c a l - c r i t i c a l  o r b i t s ,  b u t
w ith  th e  more g e n e ra l v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  f o r  w hich av i s
g iven  by E q u a tio n  (3 *70 ), w ith  m 7 2 . I t  i s  e a s i l y  shown by in d u c tio n
th a t  th e  v e r t i c a l  v a r i a t io n a l  m a tr ix  V computed a t  0 = 0 .  + NT/2v 0
(N — 0 , 1 , 2 , 3 » . . . )  s a t i s f i e s  th e  fo llo w in g  two e q u a tio n s :
/ cCr  &v  8 r  &v \  f  \
V , ( T / H t T )  .  f U j  ( '* « * ) .  (5. , 2)
where oI  and A a re  fu n c t io n s  o f  A , B , C and D ;r  \ t  v  v  v  v
If? 2S? (c?o\
V * ( ' T )  ■ / ,  )  ‘  ^  ( M 5 )
where y  and o a re  fu n c t io n s  o f  A , B , C and D . We may th e re fo rev r  r  v  v  v  v
s t a t e  th e  fo llo w in g :
I f  th e  e lem en ts  A , B , C and D o f  V (T /2 ) a re  a l l  n o n -z e ro ,V V V V V
th en  f o r  a l l  v a lu e s  o f  N ^ l ,  Vv (NT/2) h a s  e i t h e r  no ze ro  e lem en ts , 
o r  e x a c t ly  two ze ro  e lem en ts  on th e  same d ia g o n a l.
T his fo llo w s  from  E quation  (3 * 8 4 ), to g e th e r  w ith  E q u a tio n  (3*93) f o r  
odd v a lu e s  o f  N ( -  2 r + 1 , r  -  1 , 2 , 3 » . . . ) >  311(1 E q u a tio n  (3*94) f o r  even 
v a lu e s  o f  N (= 2 r ,  r  = 1 , 2 , 3 | . . . ) »  th e  im p o rta n t p o in t  b e in g  th e  ap p e a r­
ance o f  th e  common f a c t o r s  (°< c j  f S r ) ,  in  th e  d ia g o n a l p a i r s
o f  e lem en ts ; s in c e  A . B , C and D a re  assumed to  be a l l  n o n -z e ro ,» v* V* ‘ V v 1
an elem ent o f  Vv (NT/2) can o n ly  v a n ish  i f  one o f  th e  fu n c t io n s
X  o r  S  i s  z e ro .0 r  r
We th e r e f o r e  have th e  im p o rta n t r e s u l t  t h a t  f a m i l i e s  o f  th re e -d im e n s io n a l 
p e r io d ic  o r b i t s  b i f u r c a t in g  from  a  v e r t i c a l  s e l f - r e s o n a n t  p e r io d ic  o r b i t  
f o r  which N > 1  ( t h a t  i s ,  e x c lu d in g  v e r t i c a l - c r i t i c a l  o r b i t s )  alw ays 
occu r in  p a i r s ,  and a s  we have a l re a d y  seen , b o th  f a m i l i e s  m ust c o n s is t  
e i th e r  o f  s im ply-sym m etric  o r  o f  doub ly -sym m etric  o r b i t s .
U sing E q u a tio n s  (3*34 ), (3*85) and (3*87)» to g e th e r  w ith  E q u a tio n s  
( 3*92) and ( 3 *93)» p a i r s  o f  s im u ltan e o u s  re c u r re n c e  r e l a t i o n s  can e a s i l y
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be e s ta b l i s h e d  f o r  th e  fu n c t io n s  cx . $  , y  and <£ ;r  v r  * r  r
c < r  -  < V * r - |  -f- ( c \ / - | ) 0 r _ |
£ r  = a ^ ^ r_| +• (<V + 0  °<-r—i (5*94)
-t- (ft/ — l)<$V-|
S ?  = & / ^V -| ! f c —\
(3*95)
S ince ja^j ^ 1 ,  th e  f ' s  can be e l im in a te d  from  E q u a tio n s  (3*94)> and 
th e  S’1 s from  E q u a tio n s  (3*95)» g iv in g
o C r - H  "  2 a / 0 < r  + *  * r - l  *  O ,
^ r + l  — 2 a / / c  / c —| ^  ^  •
(3 -9 6 )
The g e n e ra l s o lu t io n s  o f  th e s e  two i d e n t i c a l  se c o n d -o rd e r  re c u r re n c e  
r e l a t i o n s  a re
o<r  = A e lr* +
y c  =  C e i r * 4- * e r  ir* , (5 -9 7 )
where
Cos 4  = (3 -9 8 )
and A,B,C,D a r e  c o n s ta n ts  to  be d e te rm in ed  from  th e  i n i t i a l  c o n d it io n s
< * 0 = 1 ;  «*| =*■ 2 a / -  I ;
Jo  ~  I ; ~ a /  •
(3 -9 9 )
( 3*100)
C a lc u la tio n  o f  th e  fo u r  c o n s ta n ts  y ie ld s
S irv fr-H )^  ~~ Sio r 4
c<r  -
f a  =  CoS
(3 -101 )
( 3-102)
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and th e  a s s o c ia te d  s o lu t io n s  f o r  A , o  a r er  r  r
Si<\ (V-h) 4 Sip
s 'ac}. (3 -103)
r  s io tf. (3 -104 )
L et u s  c o n s id e r  th e  c o n d i t io n s  f o r  th e  o ccu rren c e  o f  a  p a i r  o f  ze ro  
e lem en ts  o f  th e  m a tr ix  Vv (N T /2), f o r  odd v a lu e s  o f  N = 2 r  + 1 ( r  = 1 , 2 , 3 > . . « )  
I t  i s  c l e a r  from  E qu a tio n  (3*92) t h a t  t h i s  i s  th e  ca se  i f  e i t h e r  
o r  £  ^ v a n is h e s ,  f o r  some r > 0 .  By E q u a tio n  (3 * 1 0 l) ,  th e  fu n c t io n  oC^ 
i s  equal to  z e ro  i f  and o n ly  i f
s if\(o-H ) (|> — sir\ ( 3*105)
and
^  O j  (3 -106 )
w hich i s  s a t i s f i e d  f o r
where k i s  an a r b i t r a r y  in t e g e r ,  such th a t  (2k  4 l ] ^ 2 r  4 I )  i s  n o t an 
in t e g e r .  S u b s t i tu t io n  o f  th e  s o lu t io n s  (3*107) in to  E q u a tio n  (3*98) 
g iv e s
O v  =  CoS TT
V 2 r + l  I  (3 -108 )
w ith  v a l id  s o lu t io n s  f o r  0 ^ k < r :  t h i s  y ie ld s  th e  com plete s e t  o f  r
r o o ts  o f  oCT , w hich i s  a  po lynom ial in  av o f  deg ree  r .  (A d u p l ic a te  
s e t  o f  r  s o lu t io n s  i s  o b ta in e d  f o r  r < k ^ 2 r ) .  The z e ro e s  o f  th e  
fu n c tio n  a r e  g iv en  by
sir* ( o + O  +  =  -  s u  c 4 ^
(3 -1 0 9 )
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such th a t
Slr\ 4 ^ 0 ;
( 3-110)
w ith  s o lu t io n s
i _ QJc-rr
* '  ; (?-m )
where k i s  once ag a in  an a r b i t r a r y  in t e g e r .  The co rre sp o n d in g  v a lu e s  
o f  th e  v e r t i c a l  s t a b i l i t y  in d e x  a re
^  ^ ( S h )  ( j -112>
w ith  v a l id  s o lu t io n s  f o r  0 < k ^ r ,  g iv in g  th e  com plete  s e t  o f  r  r o o ts  o f
f i r
We now c o n s id e r  th e  c o n d it io n s  f o r  th e  o c c u rre n c e  o f  a  b i f u r c a t io n  
f o r  even v a lu e s  o f  N = 2 r ( r  = 1 , 2 , 3 , . . . ) »  t h a t  i s ,  f o r  th e  appearance  
o f  a  p a i r  o f  ze ro  e lem en ts  o f  Vv ( rT ) .  T h is  r e q u i r e s  t h a t  e i t h e r  y  
o r  <5” v a n is h e s ,  f o r  some r ^ l .  The f i r s t  c o n d itio n  ( -  0) can ,
by E quation  (3*102)^be w r i t t e n
C c s r 4 = 0 ,  (3-113)
w ith  s o lu t io n s
where k i s  an a r b i t r a r y  in t e g e r  and we ta k e  0<£' k < r ,  g iv in g  th e  com plete 
s e t  o f  r  r o o t s  o f  th e  polynom ial y  , The c o rre sp o n d in g  v a lu e s  o f  th e  
v e r t i c a l  s t a b i l i t y  index  a re
a /  -  c o s ( 2 k ± i ) i r .
Or I ' (3-115)
From E q u a tio n  ( 3*104)» th e  c o n d itio n  th a t  cf v a n ish e s  i sr
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c£> -  k t r / r ; ( 3*116)
such th a t  k / r  i s  n o t  an in te g e r ;  th u s
O v  =  c o S ( ^ ’)  • (3 * H 7 )
The com plete s e t  o f  r o o t s  o f  th e  polynom ial <5^* o f  d eg ree  r - 1  in  a^ ,
i s  g iven  by 0 < k < r .
L et u s  now r e l a t e  th e s e  r e s u l t s  to  th e  v e r t i c a l  b i f u r c a t io n  c o n d itio n  
(3*74) g iven  in  th e  p re v io u s  s e c t io n ,  nam ely
a * ,  ~  oos (3 -118 )
where m and n a re  ta k en  to  be m u tu a lly  prim e in t e g e r s  w ith  0<n^Tm.
The case  n = ra (a v -  + l)  i s  a t  once exc luded  from  t h i s  d is c u s s io n ,  s in c e  
t h i s  i s  th e  ca se  o f  a  v e r t i c a l - c r i t i c a l  o r b i t ,  which h a s  a l re a d y  been 
d e a l t  w ith . From E q u a tio n s  (3*108), (3* 1 1 2 ), (3*115) and ( 3*H7) »  th e  
c o n d itio n  f o r  th e  o c c u rre n c e  o f  a  b i f u r c a t io n  a s s o c ia te d  w ith  th e  v a n ish in g  
o f  one o f  th e  fu n c t io n s  c*r , Q y  and <T^  (and  th e r e f o r e  o f  one o f  
th e  p a i r s  o f  e lem en ts  ( v ^ v ^ ) ,  ma t r i x  V ,^) can be
ex p ressed  in  th e  form  (3 * 1 1 8 ), w ith  th e  v a lu e s  o f  th e  in t e g e r s  m and n
in  each case  a s  g iv en  by th e  fo llo w in g  t a b le .
Table 3 .2
F unction m n
ot r 2 (2 r  + 1 ) 2k + 1
2 r + 1 k
i f  r
4 r 2k + 1
2r k
The f i n a l  e n t ry  o f  T ab le 3*2, c o rre sp o n d in g  to  <T s  q , e s s e n t i a l l y
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red u n d an t, s in c e  a l l  th e  p o s s ib le  co m b in a tio n s  o f  v a lu e s  o f  m and o f  n 
can be c o n s tru c te d  from th e  e n t r i e s  c o rre sp o n d in g  to  th e  c a se s  ** 0 
and <5^  = 0 . T h is  redundancy  o f  s o lu t io n s  r e f l e c t s  th e  f a c t  th a t  a  
doubly-sym m etric  p e r io d ic  o r b i t  can -be re g a rd e d  a s  sim ply -sym m etric  i f  
one o f  i t s  sym m etries i s  ig n o re d ; th e  b i f u r c a t io n  o f  doubly-sym m etric  
o r b i t s  c o rre sp o n d in g  to  v ^ (N T /2 )  s  = ^o r  some N ? 1
o r  ^  equal to  z e r o ) ,  a u to m a tic a l ly  g iv e s  v^^(N *T/2) = v63(N -T /2) = 0 , 
where N' = 2N i s  even ( t h a t  i s ,  $  = 0 ) .  The o c c u rre n c e  o f  a  b i f u r c a t io n  
o f  g en u in e ly  sim ply -sym m etric  o r b i t s  i s  a s s o c ia te d  w ith  th e  v a n ish in g  
o f  th e  fu n c tio n  f o r  some r ^ l .
The p o s s ib le  v a lu e s  o f  th e  in t e g e r  m in  E q u a tio n  (3*113) in  each  case  
o f  T able 3*2 (w ith  r  -  1 , 2 , 3 > . . . )  a re
^  I
<Tc -  o  ;
which to g e th e r  acco u n t f o r  a l l  i n t e g e r  v a lu e s  g r e a t e r  th a n  2; th e  v a lu e s  
m = 1 and m = 2 app ly  to  v e r t i c a l - c r i t i c a l  o r b i t s .  I t  i s  e v id e n t t h a t  
an even v a lu e  o f  m co rre sp o n d s  to  th e  case  o f  doub ly -sym m etric  th r e e -  
d im ensional b i f u r c a t in g  o r b i t s  = 0 ) ,  w h ile  311 odd v a lu e  o f  m
co rresp o n d s to  a  b i f u r c a t io n  w ith  a  fa m ily  o f  s im ply -sym m etric  o r b i t s  
( v ^  = v ^  “  0)» The fo llo w in g  c o n c lu s io n  may th e r e f o r e  be s ta t e d :
A v e r t i c a l  s e l f - r e s o n a n t  o r b i t ,  w ith  v e r t i c a l  s t a b i l i t y  index  a^  
g iven  by E qu a tio n  (3*118), g iv e s  r i s e  to  one fa m ily  o f  ax isym m etric  
and one o f  p la n e  sym m etric th re e -d im e n s io n a l o r b i t s  i f  m i s  odd, 
and to  two f a m i l ie s  o f  doub ly -sym m etric  o r b i t s  i f  m i s  even .
N um erical exam ples o f  th e  d i f f e r e n t  ty p e s  o f  v e r t i c a l  b i f u r c a t io n  
p re d ic te d  by th e  f i r s t - o r d e r  th e o ry  a re  g iven  in  C h ap te r 5*
Cf\ ^ (o) 10; Ilf; • . .
fO — 3 ;  5 )  "7; • » •
rh =  tf-j 8 j 12.; • • •
(3 -119 )
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4 . NUMERICAL TECHNIQUES 
4 .1  In tro d u c t io n
In  C hap ters  1 and 2 , em phasis was p la c e d  on th e  f a c t  t h a t  th e  r e s t r i c t e d  
th re e -b o d y  problem  i s  n o n - in te g ra b le ,  in  th e  sense  t h a t  th e r e  i s  an 
in s u f f i c i e n t  number o f  i n t e g r a l s  o f  th e  m otion to  a llo w  a  g e n e ra l 
s o lu t io n  to  be ex p ressed  s o le ly  in  te rm s o f  th e  v a lu e s  o f  th e  i n t e g r a l s ,  
determ ined  from  th e  i n i t i a l  c o n d i t io n s .  In  p r a c t i c e ,  th e r e f o r e ,  we 
must r e s o r t  to  n um erica l methods o f  in t e g r a t i o n  in  o rd e r  to  o b ta in  a  
s o lu t io n  w ith  a r b i t r a r y  i n i t i a l  c o n d i t io n s .  N um erical i n t e g r a t i o n ,  
nowadays perform ed w ith  th e  a id  o f  a  d i g i t a l  com puter, e s s e n t i a l l y  
in v o lv e s  r e p la c in g  th e  e x a c t d i f f e r e n t i a l  e q u a t io n s  o f  m o tion , o f  
v a r i a t io n ,  e t c .  by f i n i t e  d i f f e r e n c e  e q u a tio n s  ap p ro x im a tin g  th e  e x a c t 
e q u a tio n s  to  an accu racy  which i s  u s u a l ly  c o n t ro l le d  a t  each s te p  o f  
th e  i n t e g r a t i o n .  The o v e r a l l  a cc u racy  o f  th e  n u m erica l s o lu t io n  
cannot n o rm ally  be checked d i r e c t l y  (e x c e p t in  th e  ca se  o f  known a n a ly t ic a l  
s o lu t io n s ,  such a s  th e  Lagrange e q u ilib r iu m  s o lu t i o n s ) ,  a lth o u g h  in d i r e c t  
t e s t s  can be c a r r i e d  o u t ,  th e  commonest method b e in g  to  m on ito r a t  
v a r io u s  p o in t s  in  th e  in te g r a t i o n  th e  v a lu e  o f  th e  q u a n t i ty  C in  th e  
Ja c o b i in v a r i a n t  r e l a t i o n  (E q u a tio n  ( l »47) )>  which i s  in v a r i a n t  a lo n g  
an e x a c t s o lu t io n  o f  th e  e l l i p t i c  r e s t r i c t e d  p rob lem , and th e  f i r s t  
(and o n ly ) i n t e g r a l  o f  th e  c i r c u l a r  problem . I t  i s  im p o rta n t to  n o te  
th a t  s a t i s f a c t i o n  o f  t h i s  l a t t e r  a cc u racy  t e s t  i s  a  n e c e s s a ry  b u t n o t 
s u f f i c i e n t  c o n d itio n  f o r  o v e ra l l  acc u racy  o f  th e  s o lu t io n .
In  th e  e s s e n t i a l l y  t h e o r e t i c a l  s u b je c t .o f  th e  r e s t r i c t e d  th re e -b o d y  
problem , th e  developm ent o f  com puter program s i s  an a lo g o u s  to  th e  
d esig n  o f  new equipm ent in  an ex p e rim en ta l f i e l d  o f  r e s e a r c h ,  and i s  
w orthy o f  a t t e n t i o n  in  i t s  own r i g h t ;  s u b s t a n t i a l  p a r t  o f  th e  p re s e n t  
work was in d eed  concerned  w ith  program  developm ent and re f in e m e n t .
T his c h a p te r  i s  concerned  w ith  a  number o f  co m p u ta tio n a l te c h n iq u e s  
and a lg o ri th m s  which can be u sed  in  th e  d e te rm in a tio n  o f  f a m i l i e s  o f  
symmerric p e r io d ic  o r b i t s ,  and in  c a l c u la t in g  o r b i t a l  s t a b i l i t y .  The 
n um erical in t e g r a t i o n  i t s e l f  w i l l  n o t  be d is c u s s e d  in  d e t a i l .  The 
n um erical r e s u l t s  p re s e n te d  in  t h i s  t h e s i s  w ere o b ta in e d  u s in g  th e  
methods d e s c r ib e d  in  t h i s  c h a p te r ,  in  c o n ju n c tio n  w ith  th e  EPISODE 
num erical in t e g r a t i o n  package developed  by Hindm arsh and Byrne (1975)» 
based  on a  v a r i a b le - s t e p ,  v a r ia b le - o r d e r  Adams m ethod, and ad ap ted  to
d ea l s p e c i f i c a l l y  w ith  th e  i n t e g r a t i o n  o f  o r b i t s  by Dr. Paul R osenberg 
o f  th e  U n iv e rs ity  o f  Glasgow Computing S e rv ic e .
In common w ith  th e  m a jo r ity  o f  n u m erica l in t e g r a t i o n  f a c i l i t i e s ,  
th e  EPISODE package i s  d es ig n ed  to  in t e g r a t e  system s o f  s im u ltan eo u s 
f i r s t - o r d e r  o rd in a ry  d i f f e r e n t i a l  e q u a tio n s  o f  th e  form
O U , . " ' 0  ;  ( 4 - 1 )
where 9 i s  th e  independen t v a r i a b le ,  and S, i s  an n -d im en s io n a l v e c to r
o f th e  q u a n t i t i e s  to  be in t e g r a te d .  The e q u a tio n s  o f  m otion in  term s
o f  th e  s t a t e  v e c to r ,  and th e  e q u a tio n s  o f  v a r i a t i o n ,  can a l l  be combined
in  t h i s  form . The f i r s t  s ix  com ponents o f  th e  v e c to r  S, were tak en
to  be th e  components o f  th e  s t a t e  v e c to r  s ,  and o th e r  com ponents were
used  f o r  th e  e lem en ts  o f  th e  v a r i a t i o n a l  m a tr ix  V, th e  com ponents o f
v e c to r s  v  and v, , and th e  J a c o b i i n v a r i a n t  C. th e  to te d  number o f  e
e lem en ts  b e in g  n = 6 + }6 + 6 + 6 + 1 -  55*
In  th e  c i r c u l a r  r e s t r i c t e d  prob lem , and in  th e  in t e g r a t i o n  o f  p la n a r  
o r b i t s ,  th e  system  o f  d i f f e r e n t i a l  e q u a tio n s  i s  s im p l i f ie d ,  and n can 
be reduced  from t h i s  maximum v a lu e . The v a r io u s  program s w r i t t e n  fo r  
th e  d e te rm in a tio n  o f  f a m i l i e s  o f  p e r io d ic  o r b i t s  c a l le d  th e  EPISODE 
in te g r a t io n  package to  g e n e ra te  a  n u m e rica l s o lu t io n  o f  E q u a tio n s  (4*1) 
in  th e  form
S i  = S i  ( S .  ;  6 p )  ,  (4 .2 )
where Sq s  (^ q1 f ^02* ’ * * ^On^ S8^ v a lu e s  o f  th e  components
o f  £ ,  and Qq , 9^. a r e  r e s p e c t iv e ly  th e  i n i t i a l  and f i n a l  v a lu e s  o f  th e  
in d ependen t v a r ia b le  in  th e  d i f f e r e n t i a l  e q u a t io n s .  The v a lu e  o f  a  
p a ram e te r  d e s ig n a te d  "EPS", w hich c o n t r o l le d  th e  lo c a l  t r u n c a t io n  
e r r o r  in  th e  f i r s t  th re e  com ponents o f  S, ( t h a t  i s ,  th e  c o o rd in a te s  o f  
th e  m a ss le ss  p a r t i c l e  w ith  r e s p e c t  to  th e  r o t a t i n g - p u l s a t i n g  c o o rd in a te  
sy stem ), was a s s ig n e d  a t  th e  o u t s e t ,  th e  m ost commonly-used v a lu e  b e in g  
10 A ll c a lc u la t io n s  were c a r r i e d  o u t in  F o r tr a n  double p r e c is io n
a r i th m e t ic ,  y ie ld in g  an a cc u racy  o f  ap p ro x im a te ly  16 decim al p la c e s .
Many o f  th e  n u m erica l p ro c e d u re s  d e s c r ib e d  in  t h i s  c h a p te r  a r e  n o t 
on ly  e f f i c i e n t  f o r  th e  d e te rm in a tio n  o f  e n t i r e  f a m i l i e s  o f  sym m etric 
th ree -d im en sio n ed  p e r io d ic  o r b i t s ,  b u t can e a s i l y  be m o d ified  to  be
a p p l ic a b le  in  th e  ca se  o f  asym m etric p e r io d ic  o r b i t s  o f  th e  p la n a r  
r e s t r i c t e d  p rob lem , which p r e s e n t  th e  same d eg ree  o f  co m plex ity  in  
so f a r  a s  n u m erica l d e te rm in a tio n  i s  con ce rn ed . As we s h a l l  see  in  
a  subsequen t c h a p te r ,  th e  a lg o ri th m s  can a ls o  be m od ified  to  a llo w  
th e  n u m erica l d e te rm in a tio n  o f  s e r i e s  ( a s  opposed to  f a m i l i e s )  o f  
p e r io d ic  o r b i t s :  t h a t  i s ,  m onoparam etric s e t s  o f  p e r io d ic  s o lu t io n s  
o f  th e  r e s t r i c t e d  problem  in  which th e  mass p a ra m e te r , r a t h e r  th a n  
b e in g  k ep t f ix e d ,  i s  a llo w ed  to  v a ry , and some c h a r a c t e r i s t i c  o f  th e  
o r b i t s  i s  k e p t c o n s ta n t  in s te a d .  In  p a r t i c u l a r ,  we s h a l l  d is c u s s  in  
C hapter 7 th e  d e te rm in a tio n  o f  s e r i e s  o f  v e r t i c a l  b i f u r c a t io n  o r b i t s ,  
h a v in g  a  f ix e d  v a lu e  o f  th e  v e r t i c a l  s t a b i l i t y  in d ex  a^ .
4*2 C a lc u la t io n  o f  th e  V a r ia t io n a l  M atrix
I t  was shown in  C hapter 2 th a t  a  sym m etric p e r io d ic  o r b i t  can be 
computed by i n t e g r a t i n g  o v e r  on ly  a  h a l f  o r  a  q u a r te r  o f  th e  o r b i t a l  
p e r io d , a c c o rd in g  a s  th e  symmetry i s  sim ple o r  d o u b le , r e s p e c t iv e ly .
As we s h a l l  see  in  t h i s  s e c t io n ,  o r b i t a l  symmetry can a ls o  be employed 
in  c a l c u la t in g  th e  v a r i a t i o n a l  m a tr ix  V a f t e r  one o r b i t a l  p e r io d  ( in  
o th e r  w ords, th e  monodromy m a tr ix  M), from  i t s  v a lu e  a t  th e  h a l f ­
p e r io d  o r  q u a r te r - p e r io d ,  a s  a p p r o p r ia te ,  w ith o u t th e  need  to  i n t e g r a te  
o v er th e  whole o r b i t .  T h is  w ell-know n p ro p e r ty  o f  th e  v a r i a t io n a l  
m a tr ix  r e s u l t s  in  a  50% o r  even 75% sa v in g  in  th e  com puter tim e 
re q u ir e d  to  d e te rm in e  a  sym m etric p e r io d ic  o r b i t  and i t s  s t a b i l i t y  
p r o p e r t i e s  ( s e e ,  e .g .  Bray and Goudas, 1967; K a t s i a r i s ,  1972; Zagouras 
and M ark e llo s , 1977)*
The tra n s fo rm a tio n s  d is c u s s e d  in  S e c tio n  2 .3 ,  a s s o c ia te d  w ith  th e  
two p o s s ib le  ty p e s  o f  m irro r  c o n f ig u ra t io n ,  can be r e p re s e n te d  by th e  
d iag o n a l m a tr ic e s
P -  ctto-3 (4.
ft =  o lk j [ | ,  - | ,  - I ;  - I ;  I , I }  ,
o p e ra t in g  on th e  s t a t e  v e c to r  s^ The m a tr ix  P h a s  th e  e f f e c t  o f  
r e f l e c t i n g  th e  p o s i t io n  and v e lo c i ty  v e c to r s  o f  th e  m a ss le ss  p a r t i c l e
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in  th e  ( x ,z ) - p la n e ,  and chang ing  th e  s ig n s  o f  th e  v e lo c i ty  com ponents; 
th e  m a trix  A r e f l e c t s  in  th e  x - a x is ,  and r e v e r s e s  th e  v e lo c i ty .  A 
ty p e  (p ) m ir ro r  c o n f ig u ra tio n  co rre sp o n d s  to  in v a r ia n c e  u nder th e  t r a n s ­
fo rm a tio n  r e p re s e n te d  by m a tr ix  P, t h a t  i s
s -  ?Z)  (4*4)
w hich g iv e s  E quation  (2 * 1 6 ), w h ile  in  a  ty p e  (A) m irro r  c o n f ig u ra tio n  
th e  s t a t e  v e c to r  must s a t i s f y
5 = (4-5)
g iv in g  E qu a tio n  (2»17 ). The two m appings r e p re s e n te d  by m a tr ic e s  P 
and A tra n s fo rm  th e  v a r i a t i o n a l  m a tr ix  V to
“ ' f V f  (4-«
and
i v -  a v a ,
(4-7)
r e s p e c t iv e ly .  Because o f  th e  symmetry p r o p e r t i e s  o f  th e  e q u a tio n s  o f  
m otion o f  th e  r e s t r i c t e d  p rob lem , th e  tra n s fo rm e d  v a r i a t i o n a l  m a tr ic e s  
U and W s t i l l  s a t i s f y  E q u a tio n  (3 * 1 5 ), w ith  th e  in d ep en d en t v a r ia b le  
6 re p la c e d  by 29^- 9 . Thus, f o r  a  p e r io d ic  o r b i t  w hich h a s  a  ty p e  (P) 
m irro r  c o n f ig u ra tio n  a t  9 -  9^ ( t h a t  i s ,  PSq s  Sq )> th e  m a tr ic e s  U 
and V a r e  r e l a t e d  by
U ( « t )  = (4-8)
w here th e  sh o rth an d  n o ta t io n  V ( ^ ; 9 q ;9 q+ /'| ')  s  V ( ^ )  i s  once a g a in  
employed f o r  conven ience. E q u a tio n  (4*6) th en  g iv e s
= p v ( * ) p . (4>9)
Now E quation  (3 * 5 4 ), w ith  9 -  -T /2 , can be w r i t t e n  a s
V ( T )  -  V - ' ( - T / 2 ) V ( r / l ) ' ;  ( 4 . 10)
u s in g  E qu a tio n  (4 * 9 ) w ith  ^  -  T /2 , and th e  p ro p e r ty  P~^ = p , we
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o b ta in
V ( t )  =  p / ' 1 ( t / 2 ) p v ' ( r / i ) .
(4 -1 1 )
For a  p e r io d ic  o r b i t  which h a s  a  ty p e  ( a) m ir ro r  c o n f ig u ra t io n  a t  9 “  9^ , 
th e  analogous e x p re s s io n  to  E q u a tio n  (4*9) i s
ft I'M A, (4 -1 2 )
and s in c e  A A, we have
y ( r ) -  A i / - ' C r / ^ f t V / ( r / 2 ) .  (4.13)
E q u a tio n s  ( 4 * l l )  and (4*13) can be u sed  to  d e te rm in e  th e  monodromy 
m a tr ix  M -  V(t ) from V (T /2 ), c a lc u la te d  o v e r h a l f  o f  an o r b i t ,  f o r  
p e r io d ic  o r b i t s  o f  sim ple symmetry (p la n e  sym m etric and ax isy m m etric , 
r e s p e c t iv e ly ) .  For doub ly -sym m etric  p e r io d ic  o r b i t s ,  e i t h e r  E quation  
(4*9  ) o r  E q u a tio n  (4*12) a p p l ie s ,  depend ing  on w hether th e  i n i t i a l  
m irro r  c o n f ig u ra tio n  i s  o f  ty p e  (p ) o r  (A) r e s p e c t iv e ly .  In  a d d i t io n ,  
because  th e  h a l f - p e r io d  c o n f ig u ra t io n  in  a  doubly-sym m etric  o r b i t  i s  
id e n t i c a l  to  th e  i n i t i a l  c o n f ig u r a t io n ,  a p a r t  from  a  r e f l e c t i o n  in  th e  
h o r iz o n ta l  p la n e , th e  v a r i a t io n a l  m a tr ix  s a t i s f i e s
VC-t-t'T/i) =- B l / ( l j B K f / 2 )  , (4.14)
where D -  d ia g  ^ 1 , 1 , - 1 , 1 ,1 , - l ]  i s  th e  m a tr ix  r e p r e s e n t in g  r e f l e c t i o n  
in  th e  ( x ,y ) - p la n e .  E q u a tio n  (4 -1 4 ) ,  w ith  -  -T /4 , g iv e s
vCr/4) =  W i- r l^ v C r l z ) ,  (4.15)
and th e  v a lu e  o f  V (-T /4) can be o b ta in e d  from  e i t h e r  o f  E q u a tio n s  (4*9) 
o r  (4 * 1 2 ), a s  a p p ro p r ia te ,  w ith  4  -  T /4 . T h is  e s t a b l i s h e s  a  r e l a t i o n ­
sh ip  between V (T/2) and V (T/4) w hich , to g e th e r  w ith  th e  r e l a t i o n s h i p  
(4 -1 1 ) o r  (4 -1 5 ) ,  a s  a p p r o p r ia te ,  betw een V(T) and V (T /2 ), and th e  
p r o p e r t i e s  o f  m a tr ic e s  A, P and D
/H> -  D ft -  P
P D - D P - r t  . ,
f t p = p f t = D  I (4'16)
y ie ld s  th e  fo llo w in g  e x p re s s io n s  f o r  th e  monodromy m a tr ix  V(t ) in  
te rm s o f  V (T /4):
ly p e  (p ) i n i t i a l  m ir ro r  c o n f ig u ra t io n :
V(r) = [pir'(r/ty frvCr/ii.)]7' . (4 -17 )
Type (A) i n i t i a l  m irro r  c o n f ig u ra t io n :
\ / ( T )  -  [ k V - i ( X l k ) P V ( T / H . ) ] Z (4 -18 )
4 .3  D i f f e r e n t i a l  C o rre c tio n
N um erical in t e g r a t i o n  o f  th e  e q u a tio n s  o f  m otion o f  th e  r e s t r i c t e d  
th re e -b o d y  problem , from an a r b i t r a r y  s e t  o f  i n i t i a l  c o n d i t io n s ,  i s  an 
example o f  what i s  u s u a l ly  term ed an i n i t i a l - v a l u e  problem . The num erical 
d e te rm in a tio n  o f  a  p e r io d ic  o r b i t  (sym m etric o r  asy m m etric ), on th e  
o th e r  hand , i s  an example o f  a  b o u n d ary -v a lu e  problem : th a t  i s ,  th e  
problem  o f  f in d in g  a  s e t  o f  i n i t i a l  c o n d i t io n s  w hich, upon in t e g r a t i o n ,  
y ie ld s  a  s o lu t io n  s a t i s f y i n g  c e r t a in  boundary c o n d it io n s  -  in  th e  case  
o f  a  p e r io d ic  o r b i t ,  th e  p e r io d i c i t y  c o n d i t io n s .  One o f  th e  most 
commonly-used m ethods o f  ta c k l in g  a  b o u n d ary -v a lu e  problem  i s  th e  
d i f f e r e n t i a l  c o r r e c t io n  ap p ro ach , w hich assum es to  s t a r t  w ith  t h a t  
approx im ate  v a lu e s  o f  th e  d e s i r e d  i n i t i a l  c o n d i t io n s  a r e  known. I f  
th e  e s tim a te d  v a lu e s  a re  s u f f i c i e n t l y  a c c u r a te ,  th e  d e p a r tu re  o f  th e  
co rre sp o n d in g  s o lu t io n  from  th e  e x a c t boundary c o n d i t io n s  w il l  be 
sm a ll, and ap p ro x im ate ly  l i n e a r l y  dependent upon th e  e r r o r s  in  th e  
i n i t i a l  c o n d i t io n s .  The system  o f  l i n e a r  e q u a tio n s  e x p re s s in g  t h i s  
dependence can be so lv ed  to  p ro v id e  e s t im a te d  v a lu e s  o f  th e  e r r o r s  
in  th e  i n i t i a l  c o n d i t io n s ,  w hich can th e n  be " c o r r e c te d ” a c c o rd in g ly ; 
th e  p ro ced u re  i s  re p e a te d  in  an i t e r a t i v e  fa s h io n  u n t i l  th e  boundary 
c o n d it io n s  a re  s a t i s f i e d  w ith in  some p re s c r ib e d  ac c u ra c y . In  t h i s  
s e c tio n  we exam ine how th e  d i f f e r e n t i a l  c o r re c t io n -  method i s  a p p l ie d  
in  th e  n u m erica l d e te rm in a tio n  o f  sym m etric p e r io d ic  o r b i t s ,  f i r s t l y  
in  th e  c i r c u l a r  r e s t r i c t e d  problem  and second ly  in  th e  e l l i p t i c  r e s t r i c t e d
problem .
In  th e  c i r c u l a r  r e s t r i c t e d  p rob lem , th e  "weak" form o f  th e  p e r io d i c i t y  
c o n d i t io n s  (E q u a tio n  (2 * 2 7 )) i s  a p p l ic a b le ,  and can be w r i t t e n  a s
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S-2. (.Sol ) S°5 ) Sot ) ^J “■ 0 )
\  (so l )  SoS) Sol ; -t)  =* o ; (4-19)
( Sol ) SOS’; 5ot } "t J ~ O )
where th e  q u a n t i ty  0^ , which a s  we have seen can alw ays be ta k en  to
be zero  in  th e  c i r c u l a r  prob lem , h a s  been o m itte d  f o r  c l a r i t y ,  and 
th e  symbol t  h a s  been used  in s te a d  o f  0^ . We r e c a l l  t h a t  f o r  o r b i t s  
o f  sim ple symmetry, th e  in t e g r a t i o n  in t e r v a l  between su c c e s s iv e  m irro r  
c o n f ig u ra t io n s  i s  t  = T /2 , and f o r  doubly-sym m etric  o r b i t s ,  t  = T /4 , 
where T i s  th e  o r b i t a l  p e r io d .  The v a lu e s  o f  th e  s u b s c r ip ts  i  and j  
depend on th e  symmetry c l a s s ,  a s  in  T able 3 •1 ; th e  v a lu e  o f  th e  mass 
p a ram ete r yu i s  assumed to  be f ix e d .
Suppose ( so i »s05*s0 i '  ^ 3X0 aPPro x t mat e  v a lu e s  o f  th e  i n i t i a l
c o n d it io n s  and in te g r a t io n  in t e r v a l  o f  th e  sought p e r io d ic  o r b i t ,  
d i f f e r i n g  from 
by th e  amounts
th e  e x a c t s o lu t io n s  ( sq^» s^ ,  SQ ^ ,t)  o f  E quation  (4*19)
^So| — Sol SoV 
<3Sq5 “ S05— $cs 
&Sci  =  Soi - s f i
( f r  = - t  -  t *
(4 *20)
w hich a re  assumed to  be sm a ll. A pproxim ate v a lu e s  f o r  th e  " c o r r e c t io n s "
S  , <Ts- c , d sn . and S t  a r e  now so u g h t.(Jl u.p Ul
^
N um erical in t e g r a t i o n  from i n i t i a l  c o n d i t io n s  ( sq j »8Q ^tsQ i) ( tb e  
rem a in in g  th r e e  ta k en  to  be z e ro , a s  u s u a l)  a t  © «  0 up to  0 -  t*" 
y ie ld s  f i n a l  c o n d i t io n s
) S05 ) Soi y
S* =■ (s<>\ j SoS} Sol j (4 *21)
Sj ~ Sj 5^o/ ) So* ) Sol j ,
U sing E q u a tio n s  (4 * 2 0 ), t h e ' p e r io d i c i t y  c o n d i t io n s  (4*19) can be w r i t t e n
a s
Sq_ — ( So[ ^ o | ) SoS ^"<5So5 ) “I'SScc ^ O
Sif. — Sty. (S o i  Ssoij +  sJi-hSfoi 0 (4*22)
Sj ~ Sj Csoi +&6\, SaS^ &dS) Soi + &CL ; J =■ O.
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Expanding th e  r ig h t-h a n d  s id e s  o f  E q u a tio n s  (4*22) in  TayDor s e r i e s ,  
to  f i r s t  o rd e r  in  th e  c o r r e c t io n s ,  we o b ta in ,  u s in g  E q u a tio n s  (3*5)
$1 4- Vv  Ssb| 4- Y-xSSos 4- VXI JSol 4- = 0
■*" Jfeoi4- 'Vs^s'cs +■ 'Vi<5sw +■ (if.Sk - o (4 *25)
S* 4- VJ| cfeol 4- VJsiSbs4-
where th e  v ’ s a re  e lem en ts  o f  th e  v a r i a t io n a l  m a tr ix  V, g iven  by E quation
( 3 *13)» and th e  f f s com ponents o f  v e c to r  £ ,  t h a t  i s ,  th e  d e r iv a t iv e sif
d s ,/d 6 ,  a l l  e v a lu a te d  a t  © -  t  in  th e  t r i a l  i n t e g r a t i o n  from i n i t i a l  
c o n d it io n s  ( s rt, , s;Te , s*  ) :  th e  v a lu e s  o f  th e s e  c o e f f i c i e n t s  a r e  th e re fo reN oi* 05 0 i ' 1
known.
The system  (4*23) o f  th r e e  s im u ltan eo u s  e q u a t io n s ,  in  th e  fo u r
unknowns , $3~r- , 5 s,.. and J t ,  i s  th e  b a s ic  form o f  th e  d i f f e r e n t i a l
U l  Up U l
c o r r e c to r  f o r  th e  c i r c u l a r  r e s t r i c t e d  problem . The system  i s  u n d er­
de te rm in ed , w ith  one d e c re e  o f  freedom , a l lo w in g  a  f u r t h e r  a r b i t r a r y  
c o n s t r a in t  to  be a p p l ie d .  T h is  i s  u s u a l ly  done by s e t t i n g  one o f  
th e  fo u r  c o r r e c t io n s  to  z e ro , and s o lv in g  f o r  th e  o th e r  th r e e .  The 
ch o ice  o f  w hich o f  th e  c o r r e c to r s  to  s e t  to  z e ro , t h a t  i s ,  w hich o f  
th e  i n i t i a l  p a ra m e te rs  ( sQ i»sQ5 »so i  o r  ;i'n vadue when th e
c o r r e c to r  i s  a p p l ie d ,  can have an im p o rta n t e f f e c t  on th e  convergence 
o f  th e  s o lu t io n .  T h is  q u e s tio n  i s  connec ted  w ith  th e  ch o ice  o f  ’’fam ily  
p a ra m e te r” in  th e  p r e d ic to r  a lg o r i th m , and w i l l  be d is c u s s e d  f u r th e r  
in  S ec tio n  4*5» For th e  tim e b e in g , in  o rd e r  to  in tro d u c e  th e  con­
v e n tio n  o f  in te rc h a n g e a b le  s u b s c r ip t s ,  a llo w in g  f l e x i b i l i t y  in  th e  
cho ice  o f  th e  f ix e d  p a ra m e te r , l e t  u s  r e w r i te  E q u a tio n s  (4*23) in  th e  
form
V « 2 - V "  V*) 1 SSq[_ 4“ "t” “•
^Sok 4" $>oL 4* 4- £ i f . ^ (4*24)
^jlctfroK. 4- V-jtl^oL +  <5i?oM 4- -fj<Tt ** ~ s f  .
The th re e  s u b s c r ip ts  K,L and M can be s e le c te d  a s  any p e rm u ta tio n  o f  
1 ,5  and i  ( r e c a l l  t h a t  i  -  3 o r  6 , depend ing  on th e  ty p e  o f  i n i t i a l  
m irro r  c o n f ig u ra t io n ,  a s  in  T ab le 3«l)*  S ince  K can a lw ays be s e le c te d  
a p p ro p r ia te ly ,  we can , w ith o u t l o s s  o f  g e n e r a l i t y ,  s e t
S s0K = o , (4 -2 5 )
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th u s  k eep in g  sn„  f ix e d  a t  th e  v a lu e  s __ in  th e  c o r r e c to r .  The system UK OK
(4»24) can then  be so lv ed  f o r  th e  c o r r e c t io n s  and <$t, and'  OL OM
im proved v a lu e s  o f  th e  p a ra m e te rs  s ^  and t  o b ta in e d  from E q u a tio n s
(4*20 ). I n te g r a t io n  from th e  c o r re c te d  i n i t i a l  c o n d it io n s  up to  th e
c o r re c te d  f i n a l  epoch y i e ld s  a  new system  o f  e q u a tio n s  o f  th e  form
(4*24), w ith  sm a lle r  a b s o lu te  v a lu e s  o f  th e  q u a n t i t i e s  s J , s .  , s .
 ^ 4 • 0
a p p e a r in g  on th e  r ig h t-h a n d  s id e ,  i f  a p p l ic a t io n  o f  th e  c o r r e c to r  has  
been s u c c e s s fu l .  The w hole p ro ced u re  i s  r e p e a te d  in  an i t e r a t i v e  
fa s h io n  u n t i l  th e  f i n a l  c o n d i t io n s  s a t i s f y  th e  p e r io d i c i t y  c o n d i t io n s  
w ith in  some s p e c i f ie d  a cc u racy . A s u i t a b le  form  o f  p e r io d i c i t y  
c r i t e r i o n  i s
f 2)  v  > (4 -2 6 )c f '  4- s t 2' 4 S?2')  < e
where £ i s  some (sm a ll)  c o n s ta n t .  (The r e s u l t s  p re s e n te d  in  t h i s
—8th e s i s  w ere computed w ith  a  " p e r io d ic i ty  a c c u racy "  €  -  10 ) .
Q u ad ra tic  convergence o f th e  c o r r e c to r  i s  o b ta in e d  f o r  s u f f i c i e n t l y  
sm all p e r io d i c i t y  e r r o r s  ( t h a t  i s ,  each a p p l ic a t io n  o f  th e  c o r r e c to r  
r e s u l t s ,  a p p ro x im a te ly , in  a  sq u a r in g  o f  th e  e r r o r ) ;  s t a r t i n g  w ith  
i n i t i a l  e s t im a te s  o f  th e  o r b i t a l  p a ra m e te rs  w ith  an accu racy  o f  a  
few p e r  c e n t ,  two o r  th r e e  a p p l ic a t io n s  o f  th e  c o r r e c to r  a r e  u s u a l ly  
s u f f i c i e n t ,  u n le s s  n u m erica l d i f f i c u l t i e s  a s s o c ia te d  w ith  a  h ig h ly  
u n s ta b le  o r b i t  o r  a  c lo se  approach  to  one o f  th e  p r im a r ie s  a r i s e .
The a p p l ic a t io n  o f  d i f f e r e n t i a l  c o r r e c t io n  method to  th e  d e te rm in a tio n  
o f  p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  r e s t r i c t e d  problem  i s  fo rm a lly  
very  s im i la r  to  t h a t  f o r  th e  c i r c u l a r  c a s e .  The main d i f f e r e n c e  
i s  t h a t  th e  p e r io d  o f a  p e r io d ic  o r b i t  in  th e  e l l i p t i c  problem  can 
on ly  ta k e  c e r t a in  d i s c r e t e  v a lu e s  (e q u a l to  an in te g e r  m u l t ip le  o f  
th e  p e r io d  o f  th e  p r im a r ie s ) ,  and so must be k e p t f ix e d  in  th e  c o r r e c to r  
p ro c e s s . W ith th e  a d d i t io n  o f  t h i s  c o n s t r a i n t ,  th e  system  o f  c o r r e c to r  
e q u a tio n s  ( 4 *25) becomes co m p le te ly  d e te rm in e d , and u n iq u e  s o lu t io n s  
a re  o b ta in e d . In  p r a c t i c e ,  e s t im a te s  f o r  th e  i n i t i a l  c o n d i t io n s  o f  
a r b i t r a r y  p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  problem  a r e  n o t a v a i la b le ;  
how ever, a s  we saw in  C hapter 2, f a m i l i e s  o f  p e r io d ic  o r b i t s  can be 
e s ta b l is h e d  w ith  e i t h e r  th e  mass p a ra m e te r  jx o r  e c c e n t r i c i t y  e o f  th e  
p r im a r ie s  a s  th e  p aram eter o f  th e  fa m ily .
We c o n s id e r  now th e  d i f f e r e n t i a l  c o r r e c to r  a lg o r i th m  w hich can be 
used  to  d e te rm in e  a  p e r io d ic  o r b i t  b e lo n g in g  to  a  fa m ily  p a ra m e tr is e d
by th e  p rim ary  e c c e n t r i c i t y ,  th e  mass p a ram e te r  b e in g  k e p t f ix e d ,  a s  
b e fo re .  The p e r io d i c i t y  c o n d it io n s  (2*27) a r e  w r i t t e n  in  th e  form
S l  (So| ) So5) So[ ) &) ~  O
\  ( S o i ,  S t S j S o i  ;  e )  -  O  (4*27)
•Sj ( S . „  Sosj Soi j  t j  •=. O j
in d ic a t in g  th e  e x p l i c i t  dependence upon th e  p a ram e te r  e , which i s  
a llow ed  to  v a ry . I t  i s  assumed t h a t  th e  ( f ix e d )  v a lu e s  o f  0Q and 0^ 
a re  known a  p r i o r i , and th e s e  a re  th e r e f o r e  o m itte d  from E q u a tio n s  (4*27 ). 
The an a lo g y  betw een E q u a tio n s  (4*19) (4*27) i s  o b v io u s , and th e
c o r r e c to r  e q u a t io n s  f o r  th e  e l l i p t i c  r e s t r i c t e d  problem  may th e r e f o r e  be 
w r i t te n
v%[ SsQ\ Ar Vtf $soS Ar v^ i Ssoi +■ =. -  s f
^Ifl ^ s °l Ar VitS Ar =. — ,sJT (4*28)
I4j| <5s0 | Ar Vj5 $SoS Ar Vji S s0l Ar \rje  -  -  s f  .
The q u a n t i ty  Se  i s  th e  d i f f e r e n c e
r  ^d e , -  e  — e  ( 4 *29)
between th e  e x a c t and e s tim a te d  v a lu e s  o f  th e  e c c e n t r i c i t y  in  th e  sought
s o lu t io n  o f  E q u a tio n s  (4 * 2 7 ). The c o e f f i c i e n t s  v 2e >v4 e v e ^e
in  E q u a tio n s  (4*28) a re  th e  com ponents o f  th e  v e c to r  d e f in e d  in  S e c tio n
3 .3  ( t h a t  i s ,  th e  d e r iv a t iv e s  d s ^ /d e , d s . / d e ,  d s . / d e ) ,  e v a lu a te d  a t  th e^ 4 J
f i n a l  epoch (© = 0-^), and a re  c a lc u la te d  from  E q u a tio n s  (3*25)• The 
same c o n s id e ra t io n s  ap p ly  to  th e  s o lu t io n  o f  E q u a tio n s  (4*28) a s  to  
E q u a tio n s  (4 *23 ),  and in  th e  in te r c h a n g e a b le - s u b s c r ip t  n o ta t io n ,  E quation  
(4 -2 8 ) becomes
Ar V91 $SOL_ =
V^j,/(5sbK4^ Ar ^ o m  A~ ^  ( 4 *30)
VjK <&0k 4  ^jLlV +  Kj'm *om +  ^e-^e. =  -  S j~ .
The s e le c t io n  o f  one o f  th e  p a ra m e te rs  ( sq- ,^ s^ ^ , sQ ^,e ) to  be k e p t f ix e d  
in  th e  c o r r e c to r  i s  a s s o c ia te d ,  a s  we have se e n , w ith  th e  ch o ice  o f  fam ily  
param ete r f o r  th e  fam ily  o f  p e r io d ic  o r b i t s  to  be d e te rm in e d . I f ,  a s  i s  
f r e q u e n t ly  th e  c a s e , a  fa m ily  o f  p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  problem
i s  to  be e s ta b l i s h e d  by c o n tin u a tio n  from  th e  c i r c u l a r  problem , th e  
p rim ary  e c c e n t r i c i t y  e i s  chosen a s  th e  p a ram ete r o f  th e  fa m ily , and we 
ta k e
in  E q u a tio n s  (4 * 3 0 ). In  o th e r  c irc u m s ta n c e s , such a s  in  t r a c in g  ou t a  
fa m ily  o f  th re e -d im e n s io n a l p e r io d ic  o r b i t s  b i f u r c a t in g  from a  p la n a r  
o r b i t  ( a  " v e r t i c a l  b ra n c h " ) , i t  i s  more a p p ro p r ia te  to  f i x  one o f  th e  
i n i t i a l  c o n d i t io n s ,  and E q u a tio n  (4*25) i s  a p p l ic a b le .  T h is  w i l l  be 
d is c u s se d  in  S e c tio n s  4*5 and 4*6.
4 .4  P r e d ic to r  A lgorithm s
By means o f  th e  d i f f e r e n t i a l  c o r r e c t io n  method d e s c r ib e d  in  th e  p re v io u s  
s e c t io n ,  th e  i n i t i a l  c o n d it io n s  and p e r io d  ( i n  th e  c i r c u l a r  c a se )  o r  th e  
p rim ary  e c c e n t r i c i t y  ( in  th e  e l l i p t i c  problem ) o f  a  th re e -d im e n s io n a l 
sym m etric p e r io d ic  o r b i t  can be found a r b i t r a r i l y  a c c u r a te ly  in  p r in c i p le ,  
on th e  assum ption  th a t  th e  v a lu e s  o f  th e s e  p a ra m e te rs  a re  known in  th e  
f i r s t  p la c e .  The u se  o f  th e  c o r r e c to r  a lg o r i th m  a lo n e  i s  s u f f i c i e n t  to  
a llo w  a  number o f  r e p r e s e n ta t iv e  p e r io d ic  o r b i t s  to  be found a t  i n t e r v a l s  
a lo n g  a  fa m ily , by in c re m e n tin g  one o f  th e  p a ra m e te rs  ( sq^ >sq^ »sQ i5 "0 a  
f ix e d  amount betw een s u c c e s s iv e  o r b i t s ,  and ta k in g  th e  v a lu e s  o f  th e  o th e r  
th r e e  p a ra m e te rs fo r  th e  o r b i t  j u s t  found a s  e s t im a te s  f o r  th o se  o f  th e  
n e x t o r b i t .  To s t a r t  th e  whole p ro c e s s ,  th e  p a ra m e te rs  o f  one o r b i t  
b e lo n g in g  to  th e  fa m ily  m ust be a p p ro x im a te ly  known. T h is  p ro c e d u re , 
in v o lv in g  th e  u se  o f  th e  u n a l te r e d  p a ram e te rs ' o f  th e  p re v io u s  o r b i t ,  i s  
r e f e r r e d  to  a s  th e  " z e ro th -o rd e r  p r e d ic to r "  scheme. I t  i s  an i n e f f i c i e n t  
p ro ced u re  f o r  t r a c in g  o u t a  fa m ily  o f  p e r io d ic  o r b i t s ,  u s u a l ly  r e q u i r in g  
many i t e r a t i o n s  o f  th e  c o r r e c to r  in  o rd e r  to  s a t i s f y  th e  p e r io d i c i t y  
c r i t e r i o n ,  and th e  in t e r v a l  betw een s u c c e s s iv e  o r b i t s  a lo n g  th e  fam ily  
u s u a l ly  h a s  to  be made q u i t e  sm all to  e n su re  convergence o f  th e  c o r r e c to r .
At l i t t l e  c o s t  in  program  co m p lex ity , and u s in g  in fo rm a tio n  which i s  
a lre a d y  a v a i l a b l e ,  a f i r s t -  o r  se c o n d -o rd e r p r e d ic to r  scheme can be s e t  up 
to  produce a c c u ra te  e s t im a te s  o f  th e  i n i t i a l  c o n d i t io n s  and p e r io d  
( e c c e n t r i c i t y )  f o r  th e  n e x t o r b i t  a lo n g  th e  fa m ily . P r e d ic to r s  o f  h ig h e r  
o rd e r  than  th e  second r e s u l t  in  more a c c u ra te  e s t im a te s  o f  th e s e  p a ra m e te rs , 
re d u c in g  and som etim es e l im in a t in g  th e  need  f o r  a  c o r r e c to r  s te p ,  b u t have
(4 -5 1 )
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th e  d isa d v a n ta g e  o f  r e q u i r in g  e i t h e r  h ig h e r -o rd e r  v a r i a t io n s  to  be 
c a lc u la te d ,  o r  more co m p lica ted  s t a r t i n g  p ro c e d u re s  to  be d ev ised  ( s e e ,  
e .g .  M arkello s  e t  a l . ,  1978 ). In  t h i s  s e c t io n ,  th e  f i r s t -  and second- 
o rd e r  p r e d ic to r s  employed in  o b ta in in g  th e  r e s u l t s  g iv en  in  t h i s  t h e s i s  
a re  d e s c r ib e d . As in  th e  p re v io u s  s e c t io n ,  we d ea l f i r s t  o f  a l l  w ith  
th e  c i r c u l a r  r e s t r i c t e d  problem , and th en  make th e  n e c e s s a ry  a l t e r a t i o n s  
fo r  th e  e l l i p t i c  c a s e .
The f i r s t - o r d e r  ( l i n e a r )  p r e d ic to r  a lg o r i th m  i s  b ased  on a  s l i g h t  
m o d if ic a t io n  o f  th e  d i f f e r e n t i a l  c o r r e c t io n  method. L e t u s  assume th a t  
th e  i n i t i a l  c o n d it io n s  ( sq^ » sq^»sq^) and p e r io d  T o f  an o r b i t  s a t i s f y i n g  
th e  p e r io d i c i t y  c r i t e r i o n  (4*26) have been found ; th e n , to  an accu racy  6 »  
we have
si = s^Cso'i, s« , s0[ j-fc') -  o
5tI -  (Soi ) S & j S J i  ) k { )  -  O  (4 -3 2 )
* Sj (So' , Sqr, s i  } * ' )  *  O j
where a s  u su a l t^® T/^2 o r  3^4, depend ing  on th e  o r b i t a l  symmetry. L et
2 2 2 2( S01 ,S0 5 ,R0 i ; ^ c o rre sp o n d in g  p a ra m e te rs  o f  a  n e ig h b o u rin g  o r b i t
o f  th e  same fa m ily , such t h a t  th e  q u a n t i t i e s
A5q| ~  Soj* ~~ S o i
& ScS  ~  s o5 — Sog
i - lA  Sot ^o i "“ .Soi
A ir -  i 2- - t '
a re  sm a ll. The p e r io d i c i t y  c o n d i t io n s  f o r  th e  second o r b i t  can be w r i t t e n
s i  = SaX5®' + A S o |, ScS-bASce > sJi+6s0i ; t '+ A t)  =. O •
Sy. ~  Sy. (So /'I'A S 'o ij S c g - b ^ S o f j  -I-ASol A fc )  =’ O (4*34)
so~~ si  ( s c '+ A s i i ;  305+A rcs; 50- +A5bi; -fc'+AtJ -  O .
Expanding in  T ay lo r s e r i e s  to  f i r s t  o rd e r  in  th e  A * s , and u s in g  E q u a tio n s  
(4 -3 2 ) , we o b ta in  th e  b a s ic  form  o f  th e  l i n e a r  p r e d ic to r  f o r  th e  c i r c u l a r  
r e s t r i c t e d  problem :
^xi ASo| - t  ^25'ASq5,4 ' -4- -P iA ir  — O
V^l ASo| +' V\g bScS ^  ASol Ar -f^ A t  =• o  (4*35)
Vjl ASoj 4 ' V^5 tSScgAr Vj| Aibi Ar ZMr — O  .
The e lem en ts  o f  th e  v a r i a t io n a l  m a tr ix  V and com ponents o f  th e  v e c to r  
fu n c tio n  f) a p p e a r in g  a s  c o e f f i c i e n t s  in  th e s e  e q u a tio n s  a re  th o se  fo r  
th e  '’known11 o r b i t  ( s u p e r s c r ip t  " 1 " ) ,  e v a lu a te d  a t  0 -
The system  o f  th r e e  s im u ltan eo u s  e q u a tio n s  (4*35) d i f f e r s  from th e  
c o r r e c to r  e q u a tio n s  ( 4 *23) o n ly  in  t h a t  th e  q u a n t i t i e s  c o rre sp o n d in g  to  
S g » and s^ a re  z e ro ; t h i s  i s  because  b o th  th e  " o r ig in a l"  and 
"m od ified"  o r b i t s ,  in  th e  p r e s e n t  c a s e ,  a r e  p e r io d ic .  L ike th e  c o r r e c to r  
system , E q u a tio n s  (4*35) have one degr.ee o f  freedom , a llo w in g  an a r b i t r a r y  
c o n s t r a in t  to  be a p p l ie d ;  t h i s  i s  u s u a l ly  done by a s s ig n in g  a  f ix e d  non­
zero  v a lu e  to  one o f  th e  A ’ s .  (N ote t h a t  ch o o sin g  any o f  th e  A 's  to  
be ze ro  would r e s u l t  in  th e  t r i v i a l  s o lu t io n  A s,., = = A t  -  001 05 0 i
m erely  r e f l e c t i n g  th e  p ro p e r ty  o f  p e r io d i c i t y  o f  th e  known o r b i t ,  ex cep t 
when th e  m a tr ix  o f  c o e f f i c i e n t s  o f  th e  o th e r  A 's i s  s in g u la r ,  in  which 
case  no s o lu t io h  e x i s t s ) .  The p a ram e te r  to  w hich a  f ix e d  in c rem en t i s  
g iven  i s  term ed th e  " fa m ily  p a ra m e te r" . The ch o ice  o f  t h i s  p a ra m e te r , 
from sQ i»s0 5 , s 0 i  can ^mPo r 'kan 'k > *** s e le c te d  fa m ily  p a ra ­
m eter h as  an extremum o v er th e  fa m ily  b e in g  t r a c e d ,  so t h a t  th e  co rresp o n d ­
in g  system  o f  e q u a t io n s  becomes s in g u la r  o r  n e a r ly - s in g u la r ,  th e  p r e d ic to r -  
c o r r e c to r  scheme w i l l  b reak  down co m p le te ly  and have to  be r e s t a r t e d  w ith  
a  new ch o ice  o f  fa m ily  p a ra m e te r . In  th e  n e x t  s e c t io n ,  a  s im ple c r i t e r i o n  
w i l l  be g iv en  f o r  s e l e c t in g  th e  fa m ily  p a ram e te r  on a  " lo c a l"  b a s i s ,  in  
such a  way t h a t  th e s e  d i f f i c u l t i e s  a r e  av o id ed .
I t  w i l l  be found c o n v en ien t in  th e  seq u e l to  r e w r i te  E q u a tio n s  (4*35) 
in  te rm s o f  th e  v a r ia b le  s u b s c r ip t  n o ta t io n  in tro d u c e d  in  th e  p re v io u s  
s e c t io n :
ASofc 4" Vi  ( Ar “  O
ASoH Ar ASoL Ar ^oM Ar -fu, t i t  — O
(.4*36;
KiK ^oK  +- KJL ^Sol Ar Vgpf ASom Ar Air =■ O ,
As b e fo re ,  th e  s u b s c r ip ts  K,L and M can be any p e rm u ta tio n  o f  th e  s e t  
( l , 5 » i ) .  By s u i ta b ly  d e f in in g  K we can , w ith o u t l o s s  o f  g e n e r a l i ty  in  
th e  ch o ice  o f  fa m ily  p a ra m e te r  among th e  Lth r e e  n o n -ze ro  i n i t i a l  c o n d i t io n s ,  
s p e c ify  th e  v a lu e  o f  th e  in c rem en t A s ^  and so lv e  E q u a tio n s  (4*36) f o r  
A sq l» 4 s0M an(  ^ T h is  l i n e a r  p r e d ic to r  a lg o r i th m  h a s  th e  advan tage
t h a t  knowledge o f  o n ly  one p re v io u s  o r b i t  o f  th e  fa m ily  i s  r e q u ir e d ,  and 
in  some c irc u m s ta n c e s , a s  we s h a l l  see  l a t e r ,  i t  i s  th e  o n ly  one u s a b le .
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I t  i s  o f te n  th e  c a s e , how ever, th a t  more than  one o r b i t  h a s  p re v io u s ly  
been d e te rm in e d , and i t  i s  th e n  p o s s ib le  to  employ th e  more a c c u ra te  
seco n d -o rd e r (q u a d ra t ic )  p r e d ic to r ,  which we now c o n s id e r .
The e q u a tio n  o f  th e  " fa m ily  c h a r a c t e r i s t i c " ,  d e fin e d  a s  a  cu rve in  th e
fo u r-d im e n s io n a l space o f  th e  i n i t i a l  c o n d i t io n s  ( s ft1, s n r ,8 n .)  and in te g -  * 01 05 O r  0
r a t i o n  in t e r v a l  t ,  each p o in t  o f  which r e p r e s e n t s  an o r b i t  b e lo n g in g  to  
th e  fa m ily , can be w r i t t e n  in  p a ra m e tr ic  form
Soi =  So| ( 1* )
S a 5 -  Sos (ia^
‘ • ‘ W i
w ith  r e s p e c t  to  some p a ram ete r u . Suppose t h a t  two n e ig h b o u rin g  o r b i t s  
b e lo n g in g  to  th e  fa m ily , c o rre sp o n d in g  to  th e  v a lu e s  u^ and u^ o f  th e  
p a ram ete r u , a r e  known, such th a t
AlA -  U| — 1*0 (4*38)
i s  sm a ll. Expanding th e  r ig h t - h a n d  s id e  o f  th e  f i r s t  o f  E q u a tio n s  (4 -3 7 ) 
to  second o rd e r  in  A u, we may w r i te
Sol ~  Soi & WS0 | 'Sol ) (4*39)
where s^ = s (u ) ,  sjL -  sn i (u  ) ,  and th e  p rim es d en o te  d i f f e r e n t i a t i o n  
ux u ux ux x 0 0
w ith  r e s p e c t  to  th e  p a ram ete r u , w ith  s im i la r  e x p re s s io n s  f o r  s^^ , s ^  
and t ^ .  The i n i t i a l  c o n d it io n  s ^  o f  th e  o r b i t  c o rre sp o n d in g  to
IA =■ Ux  IX j-hA lA  (4*40)
i s  g iv e n , to  second o rd e r  in  A u , by
S o t ~  So' -t- A u S o /  +  I  ,  (4 .41 )
2 2 2w ith  s im i la r  e x p re s s io n s  f o r  Sq^ ,S q^ and t  . Prom E q u a tio n s  (4*39) and 
(4 » 4 l)  have
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i f
S0 i "  s °l +" 2 A u  Sol
S &  =  +
s J l  »  s £ + 2 A u S r f  (4*42)
p -  =  JcP - t - 0 £ u - t u  ,
2 2 2y ie ld in g  p red ic ted  v a lu e s  fo r  the i n i t i a l  c o n d itio n s  ( sq^ »SQ5*s0i^  
in te g r a tio n  in te r v a l t^ o f  th e  th ird  o r b it  accurate to  second order in  
the parameter increm ent Au.
Now f o r  each o f  th e  th r e e  o r b i t s ,  c o rre sp o n d in g  to  p a ram e te r v a lu e s  
Uq ,u_^ and u ^ , we have p e r io d i c i t y  c o n d i t io n s  o f  th e  form
s ?  -  S i . ( s $ ,  s £ »  > + * )  - O
sjj- =. S«.(s&i ) So?; Sm  ) "t”/)  — O  (4*43)
Sj — Sj (S o i j  See ) Sof j  4r’*) — O ;
(4 -4 4 )
where c< ta k e s  th e  v a lu e s  0 , 1 , 2. The r ig £ it-h a n d  s id e s  o f  E q u a tio n s  (4*43) 
f o r  o r b i t s  0 and 2 can be expanded in  T ay lo r s e r i e s ,  to  second o rd e r  in  
A u , about o r b i t  1:
S° — Sa' — Am. (y%f S o /  +  V y s  SoS J
+  i-A u1- ( c1 "  4~ c* "  A .  )
+  U l r  S°' +  7 s h Sos +  ” •)■>
s £  -  S ±  4 -  A u  (v i ,  S q \ r  V-& SoS 4- V t f  s j /  +- '  j
, I a .  n o ' "  J -  ^ a .  r l ^ J .  ) (4*45)
+• i  1 ^  +  —  /  )
r 0 2 0 . 2Tor s . , 8 . , 8 .  and s .
4 4 J J
( 4 .44) from (4 -4 5 ) y ie ld s
s i - s °  = 2Au (vxi So1/  -I- v^ s s[4  4- ua-sJi 4- £ 11' )  = O, (4.46)
0 0 2w ith  s im i la r  e x p re s s io n s  f o r ^ s^ ,s^ . .. . S u b tra c t io n  o f  E quation
w ith  s im i la r  e x p re s s io n s  f o r  th e  o th e r  two com ponents, s^ and s^.. For 
th e  th re e  o r b i t s  to  be d i s t i n c t ,  we must have A u  ^  0 ; com parison o f  
E quation  (4 * 4 6 ), and th e  c o rre sp o n d in g  e q u a tio n s  f o r  th e  4 and j  com ponents, 
w ith  E q u a tio n s  (4 * 3 6 ), shows th a t  th e  two system s o f  e q u a tio n s  a re  i d e n t i c a l .  
S o lu tio n  o f  th e  system  o f  l i n e a r  e q u a t io n s  (4*36) ,  w ith  known c o e f f i c i e n t s ,  
th e re fo re  y ie ld s  th e  d e r iv a t iv e s  s** , s** , s j*  and t 1  ^ a lo n g  th e  fam ily
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c h a r a c t e r i s t i c .  The v a lu e s  o f  th e  d e r iv a t iv e s  a re  a c c u ra te  to  second 
o rd e r ,  and can be s u b s t i tu t e d  in to  E q u a tio n s  (4*42) to  y i e ld  p re d ic te d  
v a lu e s  o f  th e  i n i t i a l  c o n d i t io n s  and in t e g r a t i o n  in t e r v a l  o f  o r b i t  2 
a c c u ra te  to  0 ( A u  ) ,  T h is  q u a d ra t ic  p r e d ic to r  a lg o ri th m  r e q u i r e s  o n ly  
th e  v a lu e s  o f  th e  i n i t i a l  p a ra m e te rs  
w ith  th e  d e r iv a t iv e s  sq i > s0 5 ’ s0i * c a l c u l a t e d  from th e  e lem en ts  o f  th e  
v a r ia t io n a l  m a tr ix  o f  o r b i t  1 , and which a r e  needed in  th e  l i n e a r  p re ­
d ic to r  anyway.
( sq^ j Sq c jSq^ i ^ )  o f  o r b i t  0 , to g e th e r
S ince th e  q u a d ra t ic  p r e d ic to r  a c h ie v e s  an im proved acc u racy  f o r  th e  
p re d ic te d  i n i t i a l  p a ra m e te rs  o f  th e  n e x t o r b i t  a lo n g  a  fa m ily  a t  v i r t u a l l y  
no c o s t  in  te rm s o f  e x t r a  c a l c u la t io n s ,  i t  i s  c l e a r ly  p r e f e r r e d  over th e  
l i n e a r  p r e d ic to r .  However, th e  q u a d ra t ic  p r e d ic to r  r e q u i r e s  t h a t :
( i )  two p re v io u s  o r b i t s  must be known;
( i i )  th e  in t e r v a l  in  th e  p a ram e te r  u  betw een o r b i t s  0 and 1 , and 
between o r b i t s  1 and 2, must be e q u a l .
The f i r s t  req u ire m e n t f a i l s  to  be s a t i s f i e d  o n ly  when th e  second o r b i t
o f  a  fam ily  i s  so u g h t. The second re q u ire m e n t e n su re s  t h a t  th e  te rm s
in v o lv in g  Au in  E q u a tio n s  (4*44) and ( 4 *45 ) can c e l in  E qu a tio n  (4*46) ,
2
so th a t  second d e r iv a t iv e s  o f  th e  form  'h s.* /  "ds 9s ( th e  e lem en tsOp O f
o f  th e  se co n d -o rd e r v a r i a t i o n a l  m a tr ix )  do n o t  have to  be com puted. As
we s h a l l  see in  th e  n e x t  s e c t io n ,  th e  o c c u rre n c e  o f  an extremum in  th e
fam ily  p a ram ete r may p re v e n t re q u ire m e n t ( i i )  from b e in g  s a t i s f i e d .  In  
e i th e r  c a se , th e  l i n e a r  p r e d ic to r  h a s  to  be u sed  a s  a  s t a r t i n g  p ro ced u re ,
The p a ram ete r u in tro d u c e d  in  E q u a tio n s  (4*37) h a s  been tak en  to  be 
a r b i t r a r y ;  i t  i s  u s u a l (a lth o u g h  n o t n e c e s s a ry )  to  id e n t i f y  u  w ith  one
o f  th e  i n i t i a l  c o n d i t io n s  ( sq^» where K -  1 ,5  o r  i )  o r  th e  in te g r a t io n
in te r v a l  t .  In  S e c tio n  4*5 a  c r i t e r i o n  i s  d e s c r ib e d  f o r  s e l e c t in g  th e  
fam ily  p aram ete r on a  " lo c a l"  b a s i s .
The c o n s tru c t io n  o f  l i n e a r  and q u a d r a t ic  p r e d ic to r  a lg o ri th m s  a p p l ic a b le  
to  th e  e l l i p t i c  ca se  o f  th e  r e s t r i c t e d  problem  fo llo w s  th e  an a lo g y  employed 
in  S ec tio n  4.3* The o r b i t a l  p e r io d  T h a s  a  f ix e d  v a lu e  a lo n g  a  fa m ily  
o f  p e r io d ic  o r b i t s  in  th e  e l l i p t i c  p rob lem , and in s te a d  we c o n s id e r  th e  
e c c e n t r i c i ty  e o f  th e  p r im a r ie s  to  v a ry , th e  mass p a ram e te r  fx b e in g  h e ld  
f ix e d .  The l i n e a r  and q u a d r a t ic  p r e d ic to r s  o f  th e  e l l i p t i c  r e s t r i c t e d
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problem are th ere fo re  ob ta in ed  by r e p la c in g  ( A t ,  f _ , f . , f . )  in the p red ic to r
h 3
equations o f  the c ir c u la r  problem by ( A e .v  ,v  ,v  )•
1 2 e 4e je
4 .5  S e le c tio n  o f  Fam ily P aram e ter
In  th e  p re v io u s  two s e c t io n s ,  th e  im portance o f  th e  fa m ily  p a ram e te r 
in  th e  n u m erica l d e te rm in a tio n  o f  a  fa m ily  o f  sym m etric p e r io d ic  o r b i t s  
o f  th e  r e s t r i c t e d  problem  was d is c u s s e d . We r e c a l l  t h a t  f o r  a  f ix e d  
v a lu e  o f  th e  mass p a ra m e te r , f a m i l i e s  o f  p e r io d ic  o r b i t s  in  th e  c i r c u l a r  
problem  a re  m onoparam etric , and th a t  in  th e  e l l i p t i c  problem  i t  i s  
p o s s ib le  to  speak o f  m onoparam etric f a m i l i e s  o f  p e r io d ic  o r b i t s  i f  th e  
p rim ary  e c c e n t r i c i t y  i s  c o n s id e re d  to  v a ry  a lo n g  such f a m i l i e s .  In  
p r in c i p le ,  an a r b i t r a r y  p a r a m e tr i s a t io n  may be a d o p ted , b u t i t  i s  o f te n  
co n v e n ie n t, and in  some c irc u m s ta n c e s  n e c e s s a ry , to  choose a s  fam ily  
p a ram ete r one o f  th e  n o n -ze ro  i n i t i a l  c o n d i t io n s  o f  th e  o r b i t s ,  deno ted
by snv in  th e  v a r ia b le  s u b s c r ip t  n o ta t io n ,  where K i s  equ a l to  1 ,5  o r  i ;
UK
t h i s  p a r t i c u l a r  component o f  s„ i s  th e n  in c rem en ted  by some p re v io u s ly -  
s p e c if ie d  amount betw een s u c c e s s iv e  o r b i t s  a lo n g  th e  fa m ily  b e in g  t r a c e d  
o u t ,  and f ix e d  in  v a lu e  when th e  c o r r e c to r  i s  a p p l ie d .  D i f f i c u l t i e s  
a r i s e ,  how ever, when an extremum in  th e  chosen fa m ily  p a ram e te r  i s  
en co u n te red : th e  system s o f  p r e d ic to r  and c o r r e c to r  e q u a tio n s  become
n e a r - s in g u la r ,  so t h a t  th e  p r e d ic to r  may " o v e rs h o o t" , and th e  c o r r e c to r  
may converge slow ly  o r  n o t  a t  a l l .  S ince i t  i s  o f te n  th e  case  th a t  
each o f  th e  th r e e  n o n -ze ro  i n i t i a l  c o n d i t io n s  p o s s e s s e s  a t  l e a s t  one 
extremum a t  some p o in t  a lo n g  a  fa m ily ,  and in  any ca se  th e  o ccu rren c e  
o f  an extremum i s  n o t  r e a d i ly  fo re s e e n ,  i t  i s  n o t g e n e ra l ly  p o s s ib le  
to  t r a c e  o u t an e n t i r e  fa m ily  u s in g  th e  same fa m ily  p a ra m e te r  th ro u g h ­
o u t.  I t  would c l e a r ly  be advan tag eo u s to  be a b le  to  s e l e c t  th e  most 
s u i ta b le  fa m ily  p a ra m e te r  on a  lo c a l  b a s is  a t  v a r io u s  s ta g e s  in  th e  
num erical d e te rm in a tio n  o f  a  fa m ily  o f  p e r io d ic  o r b i t s ,  so t h a t  b re a k ­
down o f  th e  p r e d ic to r - c o r r e c t o r  scheme does n o t  o c c u r .
The s t r a t e g y  employed in  th e  d e te rm in a tio n  o f  th e  v a r io u s  f a m i l ie s  
p re se n te d  in  t h i s  t h e s i s  was to  s e l e c t  a s  " lo c a l"  fa m ily  p a ra m e te r  th e  
most ra p  id ly - v a r y in g  o f  ( sq i »so 5 ’ so i^  eac^  new ly-com puted o r b i t  
b e lo n g in g  to  th e  fa m ily  b e in g  t r a c e d  o u t .  WTe saw in  S e c tio n  4*4 th a t  
in  th e  c i r c u l a r  r e s t r i c t e d  p rob lem , th e  d e r iv a t iv e s  s i , ,  s l r and s i .01 05 0 i
w ith  r e s p e c t  to  th e  p a ra m e te r  u ,  com ponents o f  th e  ta n g e n t v e c to r  to  th e
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fam ily  c h a r a c t e r i s t i c ,  s a t i s f y  th e  system  o f  e q u a tio n s  ( in  m a tr ix  form )
f v %  1 V 7 5
s ' , )
§ I




W K j i " f j  1 V1 \
(4 -4 7 )
D efin in g  th e  fo llo w in g  d e te rm in a n ts  in v o lv in g  th e  e lem en ts  o f  th e  m a tr ix  
a p p e a r in g  in  t h i s  e q u a tio n :
D. =■
' ' a l
V i t ' i j S
hi*> K i ' s • f j
h e
V ' l f t
K ) l W - F j
V a s v % \
V H 6
v i s W
H
V < y V 7S v i S
V y s
K i t K ' s v i l
(4 -4 8 )
(4 -4 9 )
(4 -5 0 )
(4-51.)
we have , by Kramers* r u l e
50{ : sjg  : s / i  ; - i 1 = Di : Ds : : D . (4 -5 2 )
The fo u r  d e te rm in a n ts  D ,, D,_, D. and D can be e v a lu a te d  from th e  v a r i a t i o n a l
1 ’ 5 1
m a trix  and d e r iv a t iv e  o f  th e  s t a t e  v e c to r  a t  th e  f i n a l  epoch (9 -  t )  o f
a  p e r io d ic  o r b i t ;  E q u a tio n  (4*52) th en  shows t h a t  th e  most r a p id l y -
v a ry in g  o f  s ^ ,  Sqj- and s ^  a lo n g  th e  fa m ily  i s  th a t  a s s o c ia te d  w ith  th e  
d e te rm in a n t D^, D  ^ o r  D^ h a v in g  th e  l a r g e s t  a b s o lu te  v a lu e . I f  th e  
s u b s c r ip t  K i s  chosen a c c o rd in g ly  and th e  i n i t i a l  c o n d it io n  s ^  increm en ted
by some f ix e d  amount A s™ , th e  co rre sp o n d in g  s o lu t io n s  o f  E q u a tio n s  (4*36)
OK
a re
A S ol = A S oI C ^ l / ^ K
(4-53)
A s 0rq — A s 0 )c
A t  =■ A S oK ^  / ^ K  •
These v a lu e s  can th e n  be u sed  to  p r e d ic t  e i t h e r  l i n e a r l y  o r  q u a d r a t ic a l ly
th e  p a ra m e te rs  ( s ^ . j S ^ j S - . . , t )  o f  th e  n e x t o r b i t  o f  th e  fa m ily . These 01 Up Oi
p re d ic te d  v a lu e s  a re  r e f in e d  by i t e r a t i v e  a p p l ic a t io n  o f  th e  c o r r e c to r ,
w ith  sn„  k e p t f ix e d ;  once th e  p e r io d i c i t y  c r i t e r i o n  i s  s a t i s f i e d ,  th e  UK
d e te rm in a n ts  D^, D^, and D a re  re -com puted  from  th e  new v a r i a t io n a l  
m a tr ix  and d e r iv a t iv e  o f  th e  s t a t e  v e c to r .  I f  th e  r e l a t i v e  v a lu e s  o f  
| dx|  , |l>5| and IdJ  a re  now such th a t  a  change o f  fa m ily  p a ram ete r i s
n e c e ss a ry , th e  s u b s c r ip t  K in  th e  p r e d ic to r - c o r r e c to r  scheme i s  r e d e f in e d .  
The whole p ro ced u re  i s  r e p e a te d  a s  each new o r b i t  i s  o b ta in e d , w ith  
changes o f  fa m ily  p a ram e te r  o c c u r r in g  a s  o f te n  a s  n e c e s s a ry  to  en su re  
th a t  th e  o r b i t s  a re  in  a  g e o m e tric a l sense  more o r  l e s s  e v en ly -sp a ced  
a lo n g  th e  fa m ily  c h a r a c t e r i s t i c ,  and a v o id in g  e n t i r e l y  th e  d i f f i c u l t i e s  
a s s o c ia te d  w ith  ex trem a in  th e  i n i t i a l  c o n d i t io n s .
The in c rem en t a p p l ie d  to  th e  lo c a l  fa m ily  p a ram e te r  f o r  th e  p r e d ic t io n  
o f  a  new o r b i t  i s  most c o n v e n ie n tly  ta k en  to  be some "round" number, 
such a s  0*001 o r  0*005. I f  t h i s  v a lu e  i s  r e ta in e d  when th e  fa m ily  
param eter i s  changed, i t  w i l l  n o t in  g e n e ra l be equal to  th e  in t e r v a l  
in  t h i s  p a ram e te r  between th e  p re v io u s  two o r b i t s .  T h is  means th a t  
th e  q u a d ra t ic  p r e d ic to r  canno t be u sed  im m ediate ly  fo llo w in g  a  change o f  
fam ily  p a ra m e te r ; th e  l i n e a r  p r e d ic to r  must be u sed  in s te a d ,  f o r  j u s t  
one s te p ,  and t h e r e a f t e r  th e  q u a d ra t ic  p r e d ic to r  may be u sed  u n t i l  
an o th e r change o f  fam ily  p a ram e te r becomes n e c e s s a ry  to  ta k e  acco u n t o f  
v a r ia t io n s  in  th e  r e l a t i v e  r a t e s  o f  change o f  th e  i n i t i a l  c o n d it io n s  
a lo n g  th e  fa m ily .
The c r i t e r i o n  f o r  th e  s e le c t io n  o f  th e  fa m ily  p a ram e te r  d e sc r ib e d  
above i s  r e a d i l y  im plem ented in  a  com puter program  f o r  th e  d e te rm in a tio n  
o f  f a m i l ie s  o f  p e r io d ic  o r b i t s .  The c r i t e r i o n  h a s  been d e s c r ib e d  in  
th e  c o n te x t o f  th e  c i r c u l a r  r e s t r i c t e d  prob lem , w ith  th e  in t e g r a t i o n  
in te r v a l  t  (e q u a l to  h a l f  o r  q u a r te r  o f  th e  p e r io d ,  depend ing  on th e  
symmetry) v a ry in g  a lo n g  th e  fa m ily . In  th e  e l l i p t i c  p rob lem , a s  we have
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seen , t  i s  r e p la c e d  by e , and th e  d e r iv a t iv e s  f^» f^» f j  by v 2e » v^e » v je* 
r e s p e c t iv e ly ;  w ith  t h i s  s u b s t i t u t i o n ,  th e  c r i t e r i o n  i s  a p p l ic a b le  in  th e  
e l l i p t i c  case  a s  w e ll a s  in  th e  c i r c u l a r  ca se  o f  th e  r e s t r i c t e d  problem .
I t  h a s  been found t h a t  t h i s  a u to m a tic  s e le c t io n  c r i t e r i o n ,  to g e th e r  w ith  
in te g r a t io n  to  a  s p e c i f ie d  epoch ( th e  p r e d ic te d  v a lu e  o f  t )  r a th e r  than  
to  a  g iven  c r o s s in g  o f  th e  ( x ,z ) - p la n e ,  to  a v o id  d i f f i c u l t i e s  a s s o c ia te d  
w ith  m u l t i p l i c i t y  changes a lo n g  a fa m ily , can r e s u l t  in  an e n t i r e  fa m ily  
o f  p e r io d ic  o r b i t s  b e in g  o b ta in e d , w ith o u t i n t e r r u p t io n ,  in  a  s in g le  ru n  
o f  th e  com puter program .
4 .6  N um erical D e te rm in a tio n  o f  V e r t ic a l  B ranches
The co m p u ta tio n a l te c h n iq u e s  d e sc r ib e d  up to  now in  t h i s  c h a p te r  a re
o f  genera] a p p l ic a t io n  in  th e  n u m erica l d e te rm in a tio n  o f  sym m etric
p e r io d ic  o r b i t s  o f  th e  r e s t r i c t e d  th re e -b o d y  problem . In  t h i s  s e c t io n  *
we co n fin e  o u r a t t e n t i o n  to  th e  problem  o f  d e te rm in in g  th e  " v e r t i c a l  
b ran ch es"  o f  a  fa m ily  o f  p la n a r  p e r io d ic  o r b i t s ,  t h a t  i s ,  th e  f a m i l ie s  
o f  th re e -d im e n s io n a l p e r io d ic  o r b i t s  which o r ig in a te  th ro u g h  v e r t i c a l  
b i f u r c a t io n  from a  member o f  a  p la n a r  fa m ily ; and in  p a r t i c u l a r ,  we 
c o n s id e r  how s u i ta b le  s t a r t i n g  o r b i t s  may be found f o r  th e  v a r io u s  ty p e s  
o f  v e r t i c a l  b ran ch e s . As in  p re v io u s  s e c t io n s ,  we d e a l f i r s t  w ith  th e  
c i r c u la r  ca se  o f  th e  r e s t r i c t e d  problem , and th e n  in d ic a te  th e  d i f f e r e n c e s  
th a t  a r i s e  in  th e  e l l i p t i c  c a se .
Suppose t h a t  th e  sym m etric p la n a r  p e r io d ic  o r b i t  w ith  i n i t i a l  c o n d it io n s  
( s o i* 0 ,0 ,0 ,S o ^ |0 )  and p e r io d  T^ h a s  v e r t i c a l  s t a b i l i t y  in d e x .a v  s a t i s f y i n g  
th e  s e lf - re s o n a n c e  c o n d itio n
f o r  m = l and o f  double symmetry f o r  m = 2, th e  e x a c t symmetry c l a s s  depend'
more g e n e ra l case  o f  an m -tu p le  v e r t i c a l  b i f u r c a t io n  w ith  m > 2 ,  where • 
th e re  a re  two v e r t i c a l  b ra n c h e s .
(4-54)
f o r  some in te g e r s  m and n  (m u tu a lly  p rim e , w ith  m ^ l ,  0 < n ^ m ) .  In  th e  
ca se s  av — — 1 ( v e r t i c a l - c r i t i c a l ) ,  a s  we saw in  C hap ter 3, th e r e  i s  in  
g en e ra l o n ly  one v e r t i c a l  b r a n c h ,c o n s is t in g  o f  o r b i t s  o f  s im ple symmetry
in g  on which o f  th e  e lem en ts  o f  Vv (T ^ /2 ) i s  z e ro . L e t u s  c o n s id e r  th e
I f  m i s  odd (m = 3»5>7».«»)» one o f  th e  two v e r t i c a l  b ran ch e s  c o n s i s t s
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o f  ax isym m etric  o r b i t s  and th e  o th e r  o f  p la n e  sym m etric o r b i t s .  The 
e x p re s s io n s  "ax isym m etric  fa m ily " , "p lan e  sym m etric fa m ily "  o r  "doub ly - 
sym m etric fa m ily "  w i l l  be u sed  in  th e  sequel to  mean "a fa m ily  c o n s is t in g  
o f  ax isym m etric  (p la n e  sym m etric, doub ly -sym m etric) p e r io d ic  o r b i t s " .
In th e  l i n e a r  a p p ro x im a tio n , th e  i n i t i a l  c o n d i t io n s  o f  th e  o r b i t s  o f  th e  
p la n e  sym m etric fam ily  in  th e  neighbourhood o f  th e  b i f u r c a t io n  a re  g iven  
by
So — (Soi) 0; ® ) o )  ) (4 *55)
and f o r  th e  ax isy m m etric  fa m ily ,
So -  (s0|) O) Oy O )  ) (4*56)
where ^ so6 3X8 sma^ *  B ecause o f  th e  d eco u p lin g  o f  th e  h o r iz o n ­
t a l  and v e r t i c a l  p a r t s  o f  th e  v a r i a t i o n a l  e q u a t io n , th e  com ponents s ^
and s^.. o f  th e  s t a t e  v e c to r ,  to  f i r s t  o rd e r  in  ^ s ^ . ,  do n o t v a ry  a lo n g  
Up u i
th e  fa m ily . F or th e  same re a s o n , f o r  sm all v a lu e s  o f  ^ so6*
th e  o r b i t s  o f  bo th  f a m i l i e s  have p e r io d
T  « mT0 . (4-57)
N um erical d e te rm in a tio n  o f  th e  two b ran ch e s  commences w ith  e s t im a te d  
i n i t i a l  c o n d i t io n s  and p e r io d  g iv en  by E q u a tio n s  (4*55) o r  (4*56) w ith  
a  s u i ta b le  v a lu e  o f  and (4*57)* In  th e  p r e d ic to r - c o r r e c t o r  scheme, 
i t  i s  e s s e n t i a l  to  choose s ^  a s  th e  lo c a l  fa m ily  p a ram ete r a t  th e  ' 
b eg in n in g  o f  each  fa m ily  ( i  = 3 f o r  th e  p la n e  sym m etric and i  -  6 f o r  
th e  ax isym m etric  f a m ily ) ,  in  o rd e r  to  en su re  t h a t  th e  p ro c e s s  does n o t 
r e v e r t  to  an o r b i t  (d e s c r ib e d  m tim e s)  o f  th e  p la n a r  fa m ily  to  which th e  
v e r t i c a l  s e l f - r e s o n a n t  o r b i t  b e lo n g s ; th e  v a lu e  i s  f ix e d  in  th e
c o r r e c to r ,  so t h a t  a  g e n u in e ly  th re e -d im e n s io n a l p e r io d ic  o r b i t  w i l l  be 
o b ta in e d , and su b sequen t o r b i t s  o f  th e  v e r t i c a l  b ranch  a re  computed w ith  
Sq^ in c re a s e d  by some f ix e d  am ount. The s e le c t io n  c r i t e r i o n  d e s c r ib e d  
in  th e  p re v io u s  s e c t io n  w i l l  a u to m a tic a l ly  choose s a s  fa m ily  p a ra ­
m eter, because to  f i r s t  o rd e r  in  5 s 0 i ,  th e  ta n g e n t to  th e  fa m ily  
c h a r a c t e r i s t i c  in  th e  v i c i n i t y  o f  th e  b i f u r c a t io n  i s  in  th e  " v e r t i c a l "  
d i r e c t io n ,  t n a t  i s ,  p a r a l l e l  to  th e  s ^ ^ -a x is .
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For m -tu p le  b i f u r c a t io n s  w ith  m even (in -  4 * 6 , 8 , . . . ) ,  th e re  a re  two 
doubly-sym m etric  b ran ch e s . In  o rd e r  to  o b ta in  th e  i n i t i a l  c o n d itio n s  
o f  s u i ta b le  s t a r t i n g  o r b i t s  f o r  th e  two b ra n c h e s , i t  i s  n e c e s s a ry  to  
c o n s id e r  s e p a r a te ly  th e  c a se s  d is t in g u is h e d  in  Table 3*2:
(a )  m = 4 r  ( = 4 * 8 * 1 2 , . * . ) ,
(b) m *  2 (2 r  * l )  ( * 6 , 1 0 , 1 4 , . . . ) ,  (4*58)
co rre sp o n d in g  to  = 0 and oc^ = 0 , r e s p e c t iv e ly .  The p e r io d  o f  a 
th re e -d im e n s io n a l o r b i t  in  th e  neighbourhood  o f  th e  b i f u r c a t io n  i s  g iven  
by E quation  (4*57) ,  and th e  in t e r v a l  t  between s u c c e ss iv e  m ir ro r  c o n f ig ­
u r a t io n s  i s  t  = T /4 ; in  ca se  (a )  above
■b -  c T o  ,  ( 4 -5 9 )
w h ile  in  case  (b )
■t *  ( 2 r + l ) T 0 / l  .
(4 -60)
L et th e  two d i s t i n c t  m ir ro r  c o n f ig u ra t io n s  o f  th e  p la n a r  b i f u r c a t io n  o r b i t  
be deno ted  Cq and C^. A doubly-sym m etric  th re e -d im e n s io n a l p e r io d ic  
o r b i t  b e lo n g in g  to  one o f  th e  v e r t i c a l  b ran ch es  can be g e n e ra te d  from 
i n i t i a l  c o n d i t io n s  s a t i s f y i n g  e i t h e r  E q u a tio n  (4*55) ( ty p e  (P ) m irro r  
c o n f ig u ra tio n )  o r  E qu a tio n  (4*56) ( ty p e  (A) m irro r  c o n f ig u r a t io n ) , th e  
h o r iz o n ta l  com ponents Sq^ and s ^  o f  th e  s t a t e  v e c to r  c o rre sp o n d in g  to  
e i t h e r  CQ o r  C^j th e  fo u r  p o s s i b i l i t i e s  may be deno ted  by CQ(P ) ,  Cq(A ), 
C^(p) and C^(A). Two o f  th e s e  fo u r  c a se s  co rresp o n d  to  th e  i n i t i a l  and 
f i n a l  c o n d it io n s  o f  th e  same o r b i t ,  a c c o rd in g  to  th e  v a lu e  o f  m, a s  
shown in  th e  fo llo w in g  t a b l e .
Table 4 .1
Case m I n i t i a l  M irro r  C o n fig u ra tio n F in a l M irro r  C o n fig u ra tio n
(a )  4 r
>
C0 (A) c0 (P)
CX(A) C j(P )
(b ) 2 (2 r  + 1)
Ojoo Cj(P)
C]l(A) co (P )
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In a l l  c a s e s , th e  i n i t i a l  and f i n a l  m irro r  c o n f ig u ra t io n s  a re  o f  d i f f e r e n t  
ty p e , a s  th ey  must be f o r  a  doubly-sym m etric  o r b i t .  In case  ( a ) ,  E quation  
(4 *59) shows th a t  th e  in t e r v a l  t  between su c c e s s iv e  m irro r  c o n f ig u ra t io n s  
o f  th e  th re e -d im e n s io n a l o r b i t s  i s  an in te g e r  m u l t ip le  o f  th e  p e r io d  T^ 
o f  th e  p la n a r  o r b i t ;  th u s ,  in  th e  l i n e a r  ap p ro x im a tio n , th e  h o r iz o n ta l  
components o f  th e  s t a t e  v e c to r  a t  each th re e -d im e n s io n a l m ir ro r  c o n f ig ­
u r a t io n  a re  th e  same, and co rresp o n d  to  e i t h e r  o r  C^. In case  0 0 , 
th e  in te r v a l  t  between su c c e s s iv e  th re e -d im e n s io n a l m irro r  c o n f ig u ra t io n s  
i s ,  by E qu a tio n  ( 4 *60) ,  an odd m u ltip le  o f  th e  h a l f - p e r io d  o f  th e  p la n a r  
o r b i t ,  so t h a t  th e  h o r iz o n ta l  com ponents o f  th e  s t a t e  v e c to r  a l t e r n a t e  
between c o n f ig u ra t io n s  Cq and C^, a t  each th re e -d im e n s io n a l m irro r  c o n f ig ­
u r a t io n .
There i s  no r e a l  d i s t i n c t i o n  between th e  " i n i t i a l "  and " f in a l "  
c o n f ig u ra t io n s  o f  a  p e r io d ic  o r b i t ,  s in c e  we can alw ays choose th e  
s t a r t i n g  p o in t  o f  th e  in t e g r a t i o n  a r b i t r a r i l y ;  th u s ,  e n t r i e s  in  th e  
l a s t  two columns o f  T ab le 4 .1  can be in te rc h a n g e d  a t  w i l l .  I t  can be 
seen th a t  in  bo th  c a se s  (a )  and (b ) ( t h a t  i s ,  f o r  a l l  even v a lu e s  o f  m y 2 ) f 
th e  o r b i t s  o f  th e  two b i f u r c a t in g  f a m i l i e s  a re  d is t in g u is h e d  in  th e  
lo c a t io n  o f  th e  ty p e  (A) m ir ro r  c o n f ig u ra t io n  ( o r ,  a l t e r n a t i v e l y ,  th e  
ty p e  (P) m ir ro r  c o n f ig u r a t io n ) .  I f  we choose alw ays to  commence th e  
in te g r a t io n  o f  a  doubly-sym m etric  p e r io d ic  o r b i t  from  a  ty p e  (a )  (o n - 
a x is )  m irro r  c o n f ig u r a t io n ,  th en  s t a r t i n g  o r b i t s  f o r  th e  two v e r t i c a l  
b ran ch es  a r i s i n g  from  a  v e r t i c a l  s e l f - r e s o n a n t  o r b i t  f o r  which m i s  even 
can be d e term ined  from i n i t i a l  c o n d i t io n s  o f  th e  form  ( 4 «56) ,  w ith  th e  
components s ^  and s ^  c o rre sp o n d in g  to  each  o f  th e  two d i s t i n c t  m irro r  
c o n f ig u ra t io n s  Cq and o f  th e  p la n a r  o r b i t .  The two s t a r t i n g  o r b i t s  
cou ld  e q u a lly  w e ll be found u s in g  i n i t i a l  c o n d i t io n s  o f  ty p e  Cq(p) and 
C ^(P), r a th e r  th a n  Cq(a) and C^(a) ,  b u t i t  i s  o f te n  ad van tageous to  u se  
o n -a x is  i n i t i a l  c o n d i t io n s  because  th e  two v e r t i c a l  b ran ch es  a r e  more 
r e a d i ly  d is t in g u is h e d  a c c o rd in g  to  w hich s id e  o f  one o r  o th e r  o f  th e  
p r im a r ie s  t h e i r  p e rp e n d ic u la r  i n t e r s e c t i o n s  w ith  th e  x - a x is  ta k e  p la c e ;  
th e  p o in ts  o f  p e rp e n d ic u la r  in t e r s e c t i o n  w ith  th e  ( x ,z ) - p la n e  may 
m ig ra te  from one s id e  to  a n o th e r  a s  a  v e r t i c a l  b ranch  i s  t r a c e d  o u t,  
w hereas th e  p o in t s  o f  p e rp e n d ic u la r  i n t e r s e c t i o n  w ith  th e  a x i s  a re  u n ab le  
to  move from one s id e  o f  a  p rim ary  to  a n o th e r ,  u n le s s  a  c o l l i s i o n  ta k e s  
p la c e . I t  shou ld  be n o te d  th a t  in  case  (b )  o f  T able 4.1» s t a r t i n g  o r b i t s  
f o r  bo th  b ran ch es  can be o b ta in e d  u s in g  o n ly  c o n f ig u ra tio n  C^, g iv in g  th e  
m irro r  c o n f ig u ra t io n s  Cq (a )  and CQ(P ) ,  o r  a l t e r n a t i v e l y  u s in g  o n ly
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c o n f ig u ra tio n  C^. In case  ( a ) ,  how ever, bo th  o f  c o n f ig u ra t io n s  and 
must be used  to  o b ta in  th e  two b ra n c h e s .
The s i t u a t io n  in  th e  e l l i p t i c  r e s t r i c t e d  problem  i s  v e ry  s im i la r  to  
th a t  in  th e  c i r c u l a r  c a se . F i r s t  o f  a l l ,  th e  v e r t i c a l  b ranch  o r b i t s  a l l  
have p e r io d  g iv e n  ( e x a c t ly )  by E q u a tio n  (4«57)* In  th e  l i n e a r  approx­
im a tio n , th e  v a lu e  o f  th e  p rim ary  e c c e n t r i c i t y  f o r  th e  th re e -d im e n s io n a l 
o r b i t s  in  th e  v i c i n i t y  o f  th e  b i f u r c a t io n  i s
e . =  e ° >  ( 4 . 6 l )
where e^ i s  th e  v a lu e  f o r  th e  p la n a r  b i f u r c a t io n  o r b i t .  The i n i t i a l  
c o n d itio n s  o f  s u i t a b le  s t a r t i n g  o r b i t s  f o r  th e  n um erica l d e te rm in a tio n  
o f  th e  v e r t i c a l  b ran ch es  a re  a s  g iv en  above f o r  th e  c i r c u l a r  r e s t r i c t e d  
problem . The component s ^  o f  th e  i n i t i a l  s t a t e  v e c to r  shou ld  alw ays 
be taken  a s  th e  fam ily  p a ra m e te r  a t  th e  b e g in n in g  o f  a  v e r t i c a l  b ran ch , 
to  en su re  t h a t  th e  p r e d ic to r - c o r r e c t o r  p ro c e s s  does n o t  r e v e r t  to  p la n a r  
p e r io d ic  m otion .
\
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5. VERTICAL BRANCHES OF FAMILY f  IN THE SON-JUPITER CASE OF THE 
CIRCULAR RESTRICTED PROBLEM
5 .1  In tro d u c t io n
In  t h i s  c h a p te r ,  r e s u l t s  a re  p re s e n te d  o f  a  n u m erica l in v e s t ig a t io n  o f  
th e  v e r t i c a l  b ran ch es  o f  S trd m g re n 's  fa m ily  f  ( r e t r o g r a d e  o r b i t s  abou t 
th e  le s s -m a s s iv e  p rim ary  mg) in  th e  S u n -Ju p ite r  case  ( r  = 0 *00095) o f  
th e  th re e -d im e n s io n a l c i r c u l a r  r e s t r i c t e d  problem . The o b je c t  o f  t h i s  
in v e s t ig a t io n  was tw o fo ld : f i r s t l y ,  to  v e r i f y  in  t h i s  p a r t i c u l a r  case
th e  p r e d ic t io n s  o f  th e  l i n e a r  th e o ry  o f  v e r t i c a l  b i f u r c a t io n  d is c u s s e d  
in  C hapter 3> and seco n d ly , to  e x p lo re  th re e -d im e n s io n a l p e r io d ic  o r b i t s  
re sem b lin g  th e  m otion o f  J u p i te r * s  o u te rm o st n a tu ra l  s a t e l l i t e s ,  a  
p r o je c t  su g g es ted  by th e  work o f  H un ter ( 1966) .
We beg in  by c o n s id e r in g  th e  o r b i t s  o f  fa m ily  f  o f  r e t r o g r a d e  p la n a r  
s a t e l l i t e  o r b i t s  around th e  p rim ary  mg, w hich f o r  th e  v a lu e  -  0*00095 
o f  th e  mass p a ram e te r  r e p r e s e n t s  th e  p la n e t  J u p i t e r ,  i f  m^  i s  ta k e n  to  
be th e  Sun ( t h e  e f f e c t s  o f  th e  o th e r  p la n e ts  a r e  o f  c o u rse  n e g le c te d  in  
th e  model o f  th e  r e s t r i c t e d  th re e -b o d y  p ro b lem ). The o r b i t s  o f  th e  
p a r t  o f  fa m ily  f  in  th e  v i c i n i t y  o f  th e  p rim ary  m  ^ a re  s im p le -p e r io d ic  
(co m p le tin g  a  s in g le  r e v o lu t io n  abou t mg in  one o r b i t a l  p e r io d )  and 
ro u g h ly  c i r c u l a r ,  c e n tre d  on mg. Each o r b i t  c ro s s e s  th e  x - a x is  perpend ­
ic u l a r ly  tw ic e  in  one p e r io d ,  one c ro s s in g  c o rre sp o n d in g  to  a  c o n ju n c tio n  
c o n f ig u ra t io n ,  w ith  th e  m a ss le ss  p a r t i c l e  lo c a te d  betw een th e  two 
p r im a r ie s ,  and th e  o th e r  to  an o p p o s itio n  c o n f ig u r a t io n ,  w ith  th e  m ass- 
l e s s  p a r t i c l e  on th e  f a r  s id e  o f  m  ^ from m^; th e s e  w i l l  be r e f e r r e d  to  
a s  th e  "c o n ju n c tio n  c ro s s in g "  and " o p p o s itio n  c ro s s in g "  r e s p e c t iv e ly .
In  o rd e r  to  d e te rm in e  th e  v e r t i c a l  b i f u r c a t io n  o r b i t s  o f  fa m ily  f  in  
th e  v i c in i t y  o f  mg, th e  fa m ily  was t r a c e d  o u t ,  and th e  v e r t i c a l  s t a b i l i t y  
index  a^  o f  th e  o r b i t s  c a lc u la te d ,  s t a r t i n g  from  sm a ll, n e a r ly  c i r c u l a r  
two-body o r b i t s  around mg and c o n tin u in g  to  o r b i t s  o f  in c r e a s in g  s iz e .
In  F ig u re  5*1» &v i s  p lo t t e d  a g a in s t  x^ , th e  x -c o o rd in a te  o f  th e  con­
ju n c tio n  c ro s s in g ,  betw een x^ 0*9 (d im e n s io n le s s  u n i t s :  S u n -Ju p ite r  
d is ta n c e  = l )  and x^ -  1 -  j* = 0 *99905» th e  x -c o o rd in a te  o f  th e  p rim ary  
mg, re p re s e n te d  by th e  l e t t e r  " J " . We see t h a t  to  th e  r i g h t  o f  th e  
minimum o f  th e  v e r t i c a l  s t a b i l i t y  c u rv e , where 0*08, x^ ** 0*93> &v
in c re a s e s  m o n o to n ica lly  w ith  x^; a s  x^ ap p ro ach es th e  s in g u la r i t y  a t
0-
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x * 1 -  j*, th e  o r b i t s  o f  fam ily  f  sh r in k  to  ze ro  s i z e ,  te n d in g  tow ards 
e x a c tly  K e p le r ia n  m otion; i t  i s  e a s i l y  shown t h a t  in  th e  l i m i t ,  th e  
v e r t i c a l  s t a b i l i t y  in d ex  h a s  th e  c r i t i c a l  v a lu e  av -  +1, Thus, th e  
p re d ic te d  v e r t i c a l  b i f u r c a t io n  o r b i t s  o f  th e  p a r t  o f  fa m ily  f  in  th e  
v i c i n i t y  o f  m  ^ a r e  th o se  f o r  which
(5 -1 )
f o r  some in t e g e r s  m, n , such t h a t
o os  <  I • (5-2)
T his in e q u a l i ty  can o n ly  be s a t i s f i e d  f o r  v a lu e s  o f  m >  4* and in  
p a r t i c u l a r ,  no v e r t i c a l - c r i t i c a l  o r b i t s  (m = 1 o r  2) a r e  fo u n d . We 
s h a l l  c o n s id e r  th e  v e r t i c a l  b i f u r c a t io n  o r b i t s  c o rre sp o n d in g  to  th e  fo u r  
lo w es t p o s s ib le  v a lu e s  o f  m (5*6,7  and 8 ) ,  w ith  n = 1 . T h is  cho ice  
in c lu d e s  a t  l e a s t  one v a lu e  from each o f  th e  th r e e  p o s s ib le  c a se s  l i s t e d  
in  E q u a tio n s  (3*119)» a^d th e r e f o r e  in c lu d e s  v e r t i c a l  b ran ch es  o f  a l l  
p o s s ib le  symmetry c la s s e s .
The fo u r  v e r t i c a l  b i f u r c a t io n  o r b i t s  c o rre sp o n d in g  to  th e  v a lu e s  n -  1 ,
111 = 5*6,7 and 8,  w ith  v e r t i c a l  s t a b i l i t y  in d ic e s  a  -  cos 2 i r / 5  ( ^  0 *30902) ,
av = cos TT /3  (= 0*5) ,  av -  cos 2 tT /7 ( — 0*62349) and a^  -  cos *rT /4
(^ 0 * 7 0 7 1 1 ) a re  r e p r e s e n te d  by p o in t s  marked on th e  v e r t i c a l  s t a b i l i t y
curve (F ig u re  5*l )» and by p a i r s  o f  p o in t s ,  c o rre sp o n d in g  to  th e  two
in t e r s e c t i o n s  o f  each o r b i t  w ith  th e  x - a x is ,  on th e  p r o je c t io n  o f  th e
fa m ily  c h a r a c t e r i s t i c  in  th e  (x ,C )-p la n e  (F ig u re  5*2) ,  C b e in g  th e  Ja c o b i
c o n s ta n t .  Each v e r t i c a l  s e l f - r e s o n a n t  o r b i t  i s  d e s ig n a te d  a c c o rd in g
to  th e  fo rm u la  f 1 : th e  l e t t e r  " f "  in d i c a te s  th e  g e n e ra t in g  fa m ily  invnm
S trd m g re ^ s  n o ta t io n ,  th e  s u b s c r ip t  "v" i s  to  d i s t i n g u is h  v e r t i c a l  from  
h o r iz o n ta l  s e l f - r e s o n a n t  o r b i t s  ( o r b i t s  o f  th e  p la n a r  c i r c u l a r  r e s t r i c t e d  
problem  f o r  which th e  h o r iz o n ta l  s t a b i l i t y  in d ex  a  -  c o s (2 ifh /m ) , f o r  
some m, n ) ,  and th e  in t e g e r s  m and n a re  th o se  a p p e a r in g  in  th e  v e r t i c a l  
s e lf - re s o n a n c e  c o n d itio n  (5 * 1 ) . The s u p e r s c r ip t  " i "  (n o t to  be confused  
w ith  th e  s u b s c r ip t  i  employed in  p re v io u s  c h a p te r s )  i s  n e c e s s a ry  to  
d is t in g u is h  between v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  h a v in g  th e  same v a lu e s  
o f  m and n in  E qu a tio n  ( 5 * l ) ;  i t  i s  a s s ig n e d  th e  v a lu e  i  = 1 f o r  th e  f i r s t  
o r b i t  h a v in g  a  g iven  v a lu e  o f  a^ a s  th e  fa m ily  e v o lv e s  from  i t s  p o in t  o f
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F ig u re  5*2 : C h a r a c te r i s t i c s  in  th e  (x ,C )-p la n e  o f  th e  f a m i l ie s
f ,  g^ and gg o f  p la n e  p e r io d ic  o r b i t s ,  in  th e  v i c i n i t y  
o f  m2 (fi = 0 *00095)* The c o n tin u o u s  heavy l i n e s  
co rresp o n d  to  th e  p o s i t i v e  c ro s s in g s  o f  th e  a x i s  o f  
th e  p r im a r ie s  ( t h a t  i s ,  in  th e  p o s i t i v e  y - d i r e c t i o n ) ,
. and th e  broken l i n e s  to  th e  n e g a t iv e  c r o s s in g s .  The 
h a tc h e d  a r e a s  a re  th e  ’’fo rb id d e n  r e g io n s ” bounded by 
th e  z e ro -v e lo c i ty  c u rv e s .  The p o in t s  marked on th e  
fa m ily  c h a r a c t e r i s t i c s  r e p r e s e n t  th e  v e r t i c a l  s e l f ­
re s o n a n t o r b i t s  a t  which th e  v e r t i c a l  b ran ch e s  o f  
fa m ily  f  i n t e r s e c t  th e  p la n e  f a m i l i e s .  The l i n e  
in d ic a te s  th e  p o s i t i o n  o f  mg ( J u p i t e r )  a t  
x -  1-jA * 0 *99905*
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o r ig in ,  su b sequen t o r b i t s  h a v in g  th e  same s e l f - r e s o n a n t  v a lu e  o f  th e  
v e r t i c a l  s t a b i l i t y  index  b e in g  l a b e l l e d  i  = e t c .  For th e  p a r t
o f  fa m ily  f  u n d er c o n s id e ra t io n ,  t h a t  i s ,  in  th e  v i c i n i t y  o f  end to  
th e  r i g h t  o f  th e  minimum in  F ig u re  5*1 we have th e  i  = 1
o r b i t s .
The fo u r  p a i r s  o f  v e r t i c a l  b ran ch es  b i f u r c a t in g  from  o r b i t s  f vl5» f v l6 ’ 
f y^y and f-yqg f a l l  n a t u r a l l y  in to  two g ro u p s , depend ing  on th e  symmetry 
c l a s s  o f  th e  b ranch  o r b i t s :  f o r  odd v a lu e s  o f  m (m «= 5»7) th e  branch
o r b i t s  a re  sim ply  sym m etric, and f o r  even v a lu e s  (m = 6 , 8 ) ,  doubly 
sym m etric. S ince  th e  b i f u r c a t io n  o r b i t s  a re  s im p le -p e r io d ic ,  t h a t  i s ,  
o f  m u l t i p l i c i t y  1 , th e  b ranch  o r b i t s  in  th e  ne ighbourhood  o f  th e  b i f u r ­
c a t io n  have m u l t i p l i c i t y  m, and we can d i s t i n g u is h  th e  two g roups o f  
v e r t i c a l  b ran ch e s  a c c o rd in g  to  w hether th e  o r b i t a l  m u l t i p l i c i t y  o f  th e  
branch o r b i t s  i s  i n i t i a l l y  odd o r  even . As we s h a l l  s e e , th e  p ro p e r ty  
o f  evenness o r  oddness o f  th e  o r b i t a l  m u l t i p l i c i t y  i s  n o t  n e c e s s a r i ly  
p re se rv e d  a lo n g  a  v e r t i c a l  b ran ch ; how ever, th e  symmetry p ro p e r ty  o f  th e  
o r b i t s  i s  in v a r i a n t  a lo n g  a  g iv en  b ran ch , and i s  c h a r a c te r i s e d  by th e  
m u l t i p l i c i t y  o f  th e  o r b i t s  a t  th e  b e g in n in g  o f  th e  b ran ch .
The n o ta t io n  f 1 f o r  th e  v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  can be ex tended  vnm
to  a llo w  th e  v e r t i c a l  b ran ch e s  to  be d e s ig n a te d  a c c o rd in g  to  th e  fo rm ula  
i ( x )*vnm : "k*10 Strtfm gren c l a s s i f i c a t i o n  o f  th e  g e n e ra t in g  fa m ily  i s  c a p i t a l ­
is e d  to  in d i c a te  th e  th r e e -d im e n s io n a l i ty  o f  th e  o r b i t s  b e lo n g in g  to  th e  
b ran ch , and th e  s u p e r s c r ip t  (x ) i s  u sed  to  d i s t i n g u is h  betw een th e  two
branches w hich ( f o r  m 7 2) a r i s e  from  each v e r t i c a l  b i f u r c a t io n  o r b i t .
For exam ple, f o r  odd v a lu e s  o f  m, th e  d e s ig n a t io n s  F ^ a  ^ and m ight1 vnm vnm
be u sed  to  in d i c a te  th e  ax isy m m etric  and p la n e  sym m etric b ra n c h e s , 
r e s p e c t iv e ly ;  t h i s  n o ta t io n  w i l l  be employed f o r  th e  b ran ch e s  b i f u r ­
c a t in g  from o r b i t s  f v-j^ and '^ie ^wo f a m i l i e s  ° f  doubly-sym m etric
o r b i t s  b i f u r c a t in g  from each o f  and w i l l  be d is t in g u is h e d
a c c o rd in g  to  w hether th e  ty p e  ( a) m ir ro r  c o n f ig u ra t io n  o f  each o r b i t  
( t h a t  i s ,  th e  p e rp e n d ic u la r  c r o s s in g  o f  th e  x - a x is )  o c c u rs  a t  .co n ju n c tio n  
( x < l - / 0  o r  a t  o p p o s itio n  ( x >  1 - /0 ,  th e  s u p e r s c r ip t s  ( c )  and (o ) b e in g  
used  to  in d i c a te  t h i s .  Thus, th e  s im ply -sym m etric  b ran ch e s  a re  F ^ a ,
^vl5^* ^vl7^ ^vl7^» doub ly -sym m etric  b ra n c h e s  a re
pl(o) A c )  . plto) V
v l6  ’ v l8  and v l8  •
Tne e x is te n c e  o f  th e  fo u r  p a i r s  o f  v e r t i c a l  b ran ch e s  p r e d ic te d  by th e
-  106 -
l i n e a r  th e o ry  was v e r i f i e d  by th e  co m p u ta tio n a l m ethods d e s c r ib e d  in  th e  
p re v io u s  c h a p te r ,  and th e  r e s u l t s  o f  th e  n u m e rica l in v e s t ig a t io n  w i l l  be 
d e a l t  w ith  in  S e c tio n s  5*2 and 5*3* In  S e c tio n  5*4,  th e  s t a b i l i t y  
p r o p e r t i e s  o f  th e  th re e -d im e n s io n a l branch  o r b i t s  a r e  b r i e f l y  d is c u s s e d , 
and th e  c h a p te r  i s  concluded  w ith  some rem ark s  in  S e c tio n  5*5*
5 . 2  Sim ply-Sym m etric B ranches
5 .2 .1  Fam ily
T his fa m ily  o f  ax isym m etric  th re e -d im e n s io n a l p e r io d ic  o r b i t s  b ran ch es 
from fam ily  f  a t  th e  v e r t i c a l  s e l f - r e s o n a n t  o r b i t  ^ 1 5 *  f o r  which th e  
i n i t i a l  x -c o o rd in a te ,  c o rre sp o n d in g  to  th e  c o n ju n c tio n  c ro s s in g ,  i s  Sq^ 
0*952, th e  i n i t i a l  y - v e lo c i ty  s ^ ^  0*200, and th e  J a c o b i c o n s ta n t Cfl!:3*0044« 
The n o n -ze ro  i n i t i a l  c o n d i t io n s  ( sq i » s0 6 ^ * Pe r ^0<^  J a c o b i c o n s ta n t 
C and m u l t i p l i c i t y  ra ( h a l f  th e  number o f  c ro s s in g s  o f  th e  ( x ,z ) - p la n e  in  
one o r b i t a l  p e r io d )  o f  r e p r e s e n ta t iv e  o r b i t s  b e lo n g in g  to  t h i s  branch  a re  
l i s t e d  in  T ab le  5*1* I t  i s  seen th a t  a s  th e  fa m ily  b ran ch es  upward from  
th e  p la n e  and th e  i n i t i a l  z - v e lo c i ty  (Sq^) in c r e a s e s ,  th e  o r b i t s  c o n t ra c t  
inw ards tow ards  th e  p rim ary  m  ^ ( sq2 in c r e a s in g ) , and th e  y - v e lo c i ty  ( sq^) 
d e c re a se s  m o n o to n ic a lly . The i n i t i a l  v e l o c i ty  v e c to r  a t  th e  c o n ju n c tio n  
c ro s s in g , d e c re a s in g  slow ly  in  m agnitude, becomes p ro g re s s iv e ly  more 
s te e p ly  in c l in e d  to  th e  h o r iz o n ta l  p la n e , and t h i s  b eh av io u r i s  m a in ta in ed  
a s  Sq^ d e c re a se s  tow ards z e ro , Sq^ in c r e a s e s  s t e a d i l y ,  th e  p e r io d  T 
in c re a s e s ,  th e  Ja c o b i c o n s ta n t  in c re a s e s  m o n o to n ic a lly  and th e  o r b i t s  
co n tin u e  to  become s m a lle r .  E v e n tu a lly , th e  v e r t i c a l  component o f  
v e lo c i ty  Sq^ re a c h e s  a  maximum v a lu e  o f  ab o u t 0*173 and b e g in s  to  d e c re a se . 
As Sqj. p a s s e s  th ro u g h  z e ro , one o f  th e  lo o p s  o f  th e  o r b i t  d is a p p e a rs ,  and 
th e  o r b i t a l  m u l t i p l i c i t y  i s  red u ced  from  5 "to 4 ; th e n ,  a f t e r  a  s h o r t  
in t e r v a l ,  th e  f i n a l  y - v e lo c i ty  s f c o rre sp o n d in g  to  th e  o p p o s itio n
5
c ro s s in g  o f  th e  x - a x is ,  a l s o  p a s s e s  th rough  z e ro ,  t h i s  tim e  from n e g a t iv e
to  p o s i t i v e  v a lu e s ,  r e s u l t i n g  in  th e  d isa p p e a ra n c e  o f  a n o th e r  lo o p , and
a  f u r th e r  r e d u c t io n  in  th e  o r b i t a l  m u l t i p l i c i t y  m from  4 to  3* As we
tr a c e  th e  fa m ily  f u r t h e r ,  th e  s iz e  o f  th e  o r b i t s  ( in d ic a te d  by th e  v a lu e
o f  Sq^) c o n tin u e s  to  d e c re a se ,' and th e  a n g le  o f  i n c l in a t io n  o f  th e  i n i t i a l
v e lo c i ty  v e c to r  a ls o  d e c re a se s  s t e a d i ly  a s  s~c becomes more and moreUp
n e g a t iv e , w h ile  Sq^ c o n tin u e s  to  become s m a lle r  in  v a lu e .  The m u l t i ­
p l i c i t y  rem a in s  unchanged a t  m -  3 o v e r th e  re m a in d e r o f  th e  fa m ily  a s  
Sq^ d e c re a se s  tow ards ze ro  and th e  o r b i t s  become f l a t t e r  in  c h a r a c te r ,  
th e  sense o f  o r b i t a l  m otion , o r ig i n a l l y  r e t r o g r a d e  w ith  r e s p e c t  to  th e
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T able 5 .1 s  Fam ily F1^ /  G?  ^






0.951982 0.199771 0 .005 8.527992 3.001+1+1+1+ 5
0.952009 0.199526 0 .0 1 8.516937 3.001+1+82 5
0.952116 0 . 19851+5 0 .0 2 8 . 1+731+96 3.001+633 5
0.952528 0 .19^587 0.01+ 8.311018 3.005226 5
0 .9 51+000 0 .178091 0 .0 8 7.790756 3 .OO7I+85 5
0.95619U 0 . 1U6902 0 .1 2 7.17761+2 3.011175 5
0.959557 0 .084317 0 .1 6 6.5211+08 3.017351+ 5
0.9625^6 0 .013698 0.17301U 6.126857 3.023171+ 5
0.963138 -0 .0 0 1 3 0 2 0.1721+06 6 .066102 3.021+291+ 1+
O .96U178 -0 .0 2 6 3 0 2 0 .169123 5.9761+32 3.026075 3
0.969812 -0 .0 8 6 3 0 2 0 .165598 5.717008 3.029878 3
0.9731+15 - O . I I 6302 0.1671+75 5.531260 3.031697 3
0 . 97865!+ -0 .1 7 6 3 0 2 0.160732 5.255900 3.031+653 3
0.980581 -0 .2 0 6 3 0 2 0.15061+0 5.159571+ 3.035809 3
0.983336 -0 .2 6 1 3 0 2 O.Hl+Ol+8 5.028337 3.037521 3
0.981+528 -0 .2 9 1 3 3 2 0.073921 1+. 973970 3.038283 3
0.98U81+9 - 0 . 30025!+ 0.053921 1+.959581+ 3.0381+91 3
0.985052 - 0 . 3 0 6 1 0 8 , 0 .033921 1+. 950533 3.038623 3
0.985157 -0 .3 0 9 2 1 1 0.013921 1+.91+585.1+ 3.038691 3
0.985177 - 0 .309783 0.003921 1+ . 9 I+I+999 3.038701+ 3
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r o ta t in g  coord inate system , having become d ir e c t .  The branch term inates
2back in  the h o r izo n ta l p lane a t  the v e r t ic a l  s e lf -r e so n a n t  o r b it  g - _ ,1 ° 2 v l5
o f  fam ily  (one o f  "the two f a m i l ie s  o f  d i r e c t  s a t e l l i t e  o r b i t s ,  denoted  
g^ and g^, which e x i s t  f o r  sm all v a lu e s  o f  jjl, c o rre sp o n d in g  to  fam ily  g 
o f  S trtfm g ren 's  c l a s s i f i c a t i o n  in  th e  Copenhagen p rob lem , fL * -^). T h is 
o r b i t ,  f o r  which av — cos 21T/3 « -0 * 5 , bq i  0*935» - 0»310 and
C OC 3 #0387, i s  marked on th e  c h a r a c t e r i s t i c  o f  fa m ily  g^ in  th e  (x ,C )-  
p lan e  in  F ig u re  5*2.
From t h i s  i d e n t i f i c a t i o n  o f  th e  te rm in a t io n  o r b i t  o f  th e  v e r t i c a l  
branch p l ( a ) , we conclude t h a t  th e  fa m ily  i s  a l s o  th e  v e r t i c a l  branch
2( a )  5
^2vl3  &2* *^ ie c*10:*-ce d e s ig n a t io n  f o r  th e  fa m ily  i s  a r b i t ­
r a r y ,  s in c e  th e r e  i s  no obv ious boundary w here th e  two b ran ch e s  m eet; 
th e re  i s  a  k in d  o f  "no man*s la n d "  segment where a  s h o r t  b r id g e  o f  
qu ad ru p le  o r b i t s ,  which canno t be d e f i n i t e l y  a s s ig n e d  to  e i t h e r  b ranch , 
jo in s  to g e th e r  th e  q u in tu p le  (m s  3 ) " r e tro g ra d e "  and t r i p l e  (m = 3) 
" d i r e c t "  reg im es . The s a f e s t  co u rse  would p e rh ap s  be to  c l a s s i f y  th e  
e n t i r e  fam ily  a s
Tne phenomenon o f  th e  d ie c t  l i n k in g  to g e th e r  o f  two p la n a r  f a m i l ie s  
(such  a s ,  in  t h i s  c a s e , f  and g^) by a  fa m ily  o f  th re e -d im e n s io n a l o r b i t s  
which b ran ch e s  v e r t i c a l l y  from  th e  two g e n e ra t in g  f a m i l i e s ,  r e p o r te d  by 
Zagouras and K a rk e llo s  (1977)» and Z agouras and K alogeropoulou  (1978) * 
in  th e  case  o f  b ran ch es  a r i s i n g  from  v e r t i c a l - c r i t i c a l  (a v  -  ^ l )  p la n a r  
o r b i t s ,  a p p e a rs  to  be most common in  th e  g e n e ra l ca se  o f  b i f u r c a t io n s  
from v e r t i c a l  s e l f - r e s o n a n t  o r b i t s ,  and a s  we s h a l l  s e e , b o th  f a m i l ie s  
o f  th re e -d im e n s io n a l o r b i t s  g e n e ra te d  from a  g iv e n  v e r t i c a l  s e l f - r e s o n a n t  
o r b i t  may te rm in a te  in  th e  same p la n a r  o r b i t .  A ll o f  th e  f a m i l ie s  g iven  
in  t h i s  c h a p te r ,  w ith  a  s in g le  e x c e p tio n , commence and te rm in a te  in  th e  
h o r iz o n ta l  p la n e  a t  i n t e r s e c t i o n s  w ith  p la n a r  o r b i t s ;  a  v e r t i c a l  branch  
may, how ever, e f f e c t i v e l y  te rm in a te  in  a  th re e -d im e n s io n a l o r b i t  w ith o u t 
r e tu r n in g  to  th e  h o r iz o n ta l  p la n e , a s  w i l l  be seen  in  th e  n e x t s e c t io n .
T yp ical o r b i t s  o f  th e  fa m ily  a re  p lo t t e d  in  F ig u re s  A1 -  A9,
in  th e  Appendix.
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5 .2 .2  Fam ily  F ^ '
T h is  i s  th e  o th e r  member o f  th e  p a i r  o f  b ran ch e s  w hich b i f u r c a te  from 
th e  v e r t i c a l  s e l f - r e s o n a n t  o r b i t  c o n s i s t s  o f  p la n e  sym m etric
o r b i t s .  R e p re s e n ta t iv e  o r b i t s  o f  th e  b ranch  a re  g iven  in  T able 5*2.
The branch  e x h ib i t s  g e n e ra l ly  more co m p lica ted  b eh av io u r in  i t s  develop­
ment from  th e  b i f u r c a t io n  than  any o f  th e  o th e r  b ranches d is c u s s e d  in  
t h i s  c h a p te r ;  th e  p e r io d  T and Ja c o b i c o n s ta n t  C do n o t v a ry  monoton­
i c a l l y  a lo n g  th e  b ran ch , both  o f  th e s e  p a ra m e te rs  p o s s e s s in g  two tu rn in g  
p o in t s ,  and th e  b ranch  h a s  no l e s s  th a n  fo u r  d i f f e r e n t  m u l t i p l i c i t y  
reg im es . The f e a tu r e  o f  fa m ily  w hich d i s t in g u is h e s  i t  from th e
o th e r  seven b ran ch e s  g iv en  in  t h i s  c h a p te r ,  how ever, i s  t h a t  i t  e f f e c t ­
iv e ly  te rm in a te s  in  th r e e  d im en sio n s , r a t h e r  th an  back  in  th e  h o r iz o n ta l  
p la n e .
The i n i t i a l  c o n d it io n  Sq^» which ( f o r  p lan e -sy m m etric  th re e -d im e n s io n a l 
o r b i t s )  c o n fe rs  th e  p ro p e r ty  o f  th r e e -d im e n s io n a l i ty  on th e  b ranch  o r b i t s ,  
in c re a s e s  m o n o to n ica lly  a s  th e  b ranch  e v o lv e s  from  i t s  b i f u r c a t io n  w ith  
fa m ily  f .  At th e  same tim e , sQ^ d e c re a s e s  m o n o to n ic a lly , a lth o u g h  th e  
y - v e lo c i ty  n ev e r becomes n e g a t iv e ,  so t h a t  th e  b ranch  c o n s i s t s  e n t i r e l y  
o f  what m i^ i t  lo o s e ly  be term ed " s y n o d ic a l ly  r e t r o g r a d e "  o r b i t s  ( in s o f a r  
a s  th e  term  can be a p p lie d  to  th e  co m p lic a te d  m otion in v o lv e d  in  th e  
m a jo r ity  o f  c a s e s ) .  The i n i t i a l  c o n d i t io n  s ^  shows a  g e n e ra l tr e n d  
tow ards h ig h e r  v a lu e s ,  p a s s in g  th rough  f i r s t  a  maximum and th en  a  minimum 
in  th e  e a r ly  s ta g e s  o f  th e  b ran ch . T ie  t r e n d s  in  T and C a re  r e s p e c t ­
iv e ly  tow ards d e c re a se d  and in c re a s e d  v a lu e s  a s  th e  b ranch  e v o lv e s , a  
p a t te r n  common to  a l l  e ig h t  b ran ch es  u n d er d is c u s s io n .
The b u lk  o f  th e  o r b i t s  o f  th e  fa m ily  r e t a i n  th e  i n i t i a l  m u l t i p l i c i t y  
o f  f i v e ;  t h i s  d ro p s  to  th r e e ,  b r i e f l y  in c r e a s e s  to  f o u r ,  and f i n a l l y  
d e c re a se s  a g a in  to  two. The r e d u c t io n s ’o f  two in  th e  m u l t i p l i c i t y
(from  3 to  3 and from  4 to  2) o ccu r when two lo o p s  o f  th e  o r b i t ,  m ir ro r
im ages o f  each o th e r  w ith  r e s p e c t  to  th e  p la n e  o f  symmetry ( th e  ( x ,z ) -  
p la n e ) ,  m ig ra te  away from  th e  p la n e  so t h a t  th e y  no lo n g e r  i n t e r s e c t  i t .  
The in c re a s e  in  m u l t i p l i c i t y  from 3 to  4 o c c u rs  th rough  th e  fo rm a tio n  o f  
a  cusp in  th e  t r a n s i t i o n  o r b i t ,  w ith  i t s  v e r te x  in  th e  p la n e  o f  symmetry.
T his cusp o ccu rs  a t  th e  f i n a l  epoch when th e  f i n a l  y - v e lo c i ty  s c p a s se s
though zero  from n e g a t iv e  to  p o s i t i v e  v a lu e s ;  c o n se q u e n tly , a t  th e  v e r te x  
th e  in s ta n ta n e o u s  v e lo c i ty  o f  th e  m a ss le ss  p a r t i c l e  w ith  r e s p e c t  to  th e
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T able 5 .2 : Fam ily
S01 S03 S05
T C m
0.952359 0 .005 0.199526 8.505618 3.001*521 5
0.953530 0 .0 1 0.198536 8.1*27558 3.001*796 5
0.958379 0 .0 2 0 . 191+222 8.117607 3.005996 5
0.956833 0.039158 0.169505 8.985683 3.005171* 5
0.970833 0.01*1*1*57 0.161227 8.581*528 3.007521+ 5
0.985833 O.Ol*8l 68 0.150268 8.229079• 3.010729 5
0.992672 O.Ol*9l*3l* 0.11*3539 8.1201*09 3.012301+ 5
1.002156 0.051581 0.129539 8.00271*9 3.011+539 5
1.005978 0 . 052801* 0.121539 7.91*731*6 3.0151*75 5
1.0111*51 0.051*889 0.107539 7.83731+1* 1 3.016912 5
1.013858 0.055859 0.100539 7.77U735 3.017596 5
1.017957 0.0571*73 0.087539 7.61*9209 3.018836 5
1.019708 0.058138 0.081539 7.58991*1* 3.019390 5
1.023205 0.0591*55 0.068539 7 . 1*67896 3.020501 3
1.021*923 0.060127 0.061539 7.1*0981*5 3.021026 3
1.027838 0.061359 0.01*8539 7.3221*57 3.021820 3
1.029281 0.062022 0.01*1339 7.287356 3.02211*3 3
1.031590 0.06311*5 0.029539 7.21*61*01 3.022521+ 3
1.032321 0.063510 0.025539 7.237926 3.022603 1*
1.031*1*22 0.061*553 0.01351*7 7.227158 3 . 02270U 2
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c o o rd in a te  system  i s  z e ro .
As th e  branch d ev e lo p s  tow ards th e  e f f e c t iv e  te rm in a tio n  p o in t  in  
th re e  d im ensions, a lo n g  th e  f i n a l  d o u b le -p e r io d ic  (m — 2) p h ase , th e  two 
p e rp e n d ic u la r  c ro s s in g s  o f th e  ( x ,z ) - p la n e  ( t h a t  i s ,  th e  two m irro r  
c o n f ig u ra t io n s )  move more and more c lo s e ly  to g e th e r ,  u n t i l  th e y  e v e n tu a lly  
c o in c id e  e x a c tly  a t  th e  te rm in a tio n  o r b i t .  T h is o r b i t ,  whose p a ram e te rs  
a re  ap p ro x im ate ly  th o se  g iven  fo r  th e  l a s t  o r b i t  o f  T able 5 -2 , i s  a  p la n e  
sym m etric s im p le -p e r io d ic  o r b i t  ( m u l t i p l i c i t y  m -  l )  d e sc r ib e d  tw ic e , and 
i s  a  member o f  a  fa m ily  o f  such o r b i t s  which b i f u r c a te s  w ith  th e  branch
1 1T) ^F in  th r e e  d im ensions. (The r e s u l t s  o f  a  f u r th e r  n um erica l i n v e s t i -  v l 5 x
g a tio n  to  id e n t i f y  t h i s  fa m ily  o f  s im p le -p e r io d ic  o r b i t s  w i l l  be d isc u sse d  
in  a  l a t e r  c h a p te r ) .  The in t e r s e c t io n  o r b i t  o f  th e  two f a m i l i e s  a lso  
r e p r e s e n ts  a  " p o in t o f  r e f l e c t i o n "  o f  » s in c e  a s  we a tte m p t to
co n tin u e  th e  b ranch  beyond t h i s  o r b i t  w ith  any ch o ice  o f fa m ily  p a ra m e te r , 
we sim ply r e t r a c e  th e  branch in  th e  o p p o s ite  d i r e c t io n  -  t h a t  i s ,  back 
tow ards th e  s t a r t i n g  p o in t  in  th e  h o r iz o n ta l  p la n e .
One i n t e r e s t i n g  f e a tu r e  o f  th e  fa m ily  a  s h o r t  i n t e r v a l  over
which th e  o r b i t s  a re  d i s t i n c t l y  s t a b l e ,  w il l  be d e sc r ib e d  in  S ec tio n  5-4- 
Ityp ical o r b i t s  o f  th e  fa m ily  a re  p lo t t e d  in  F ig u re s  A10 -  A l6, in  th e  
Appendix.
5 .2 .3  Fam ily
Fam ily F1 ^  b i f u r c a te s  from  i t s  g e n e ra t in g  fa m ily  ( f )  a t  th e  v e r t i c a l  
J-s e l f - r e s o n a n t  o r b i t  i  , „ f o r  which th e  i n i t i a l  c o n d i t io n s  a t  th e  con-v l7
ju n c tio n  c ro s s in g  a re  Sq^ ^  0*966, s ^ , .^  0-208 and th e  Ja c o b i c o n s ta n t
C * 3 -0 1 5 1 . The g e n e ra l f e a tu r e s  o f  t h i s  f a m i ly .a r e  v e ry  s im i la r  to
th o se  o f  th e  fa m ily  d e s c r ib e d  above. R e p re s e n ta tiv e  o r b i t s  a re
g iven  in  Table 5-5* T he .b ranch  c o n s i s t s  o f  ax isym m etric  o r b i t s ,  th e
m u l t ip l i c i ty  b e in g  i n i t i a l l y  m -  7* As th e  branch  d ev e lo p s  from th e
b i f u r c a t io n ,  th e  s iz e s  o f  th e  o r b i t s  become sm a lle r  ( sq^ in c re a s e s )  and
th e  i n i t i a l  v e l o c i ty ,  d e c re a s in g  g ra d u a l ly  in  m agnitude, r o t a t e s  around
th e  x -a x is  from th e  ( x ,y ) - p la n e  tow ards th e  ( x ,z ) - p la n e .  The p e r io d
d e c re a se s  m o n o to n ic a lly , and th e  Ja c o b i c o n s ta n t in c re a s e s  m o n o to n ica lly
from b eg in n in g  to  end o f  th e  fa m ily . S h o r tly  a f t e r  th e  i n i t i a l  z -
component o f  v e lo c i ty  a t t a i n s  th e  maximum v a lu e  s ^ ^  0 -1 8 6 , th e  y -
component s „  p a s s e s  th ro u g i  ze ro  from p o s i t i v e  to  n e g a t iv e  v a lu e s  and th e  Up
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T able 3 .5 : Fam ily F ^ ® 5 /
s01 s05 s o6
T C m
0 . 96621+1+ 0.207918 0 .0 0 5 7.1+05761 3.015110 7
0 . 96621+8 0 .207708 0 .0 1 7.1+03231 3.015130 7
0.966267 0 .206867 0 .0 2 7.393133 3.015208 7
0 . 96631+2 0.2031+65 0 . 01+ 7-353133 3.015521 7
0.966659 0 . 18921+6 0 .0 8 7.19871+0 3.016810 7
0 . 96721+9 0 .162700 0 .1 2 6 .956258 3.019121+ 7
0.968262 0 . 1ll+52l+ 0 .1 6 6.622982 3.02301+9 7
0.969173 0 .066281 0 .1 8 6.377806 3.026683 7
0.969630 0 .039683 0 .1 8 5 6 .267931 3.028580 7
0.969953 0 .019683 0 . 18621+5 6 . I 9I+281 3.029961+ 7
0.970259 -0 .0 0 0 3 1 7 0.185372 6 .127086 3.031311+ 6
0.970333 -0 .0 0 5 3 1 7 0.181+819 6 .111187 3.03161+7 5
0 . 97051+7 -0 .0 2 0 3 1 7 0.182336 6.0651+1+3 3.032631+ 5
0.971295 -0 .0 8 0 3 1 7 0.158320 5 .906783 3.0361+1+3 5
0.971633 -0 .1 1 9 8 1 0 0.121+561+ 5.817877 3.038876 5
0 . 971601+ -0.11+7330 0.079561+ 5.757591 3.01+061+2 5
0.971229 - 0 . 1571+20 0.039561+ 5.728629 3.01+11+62 5
0.971019 - 0 .158999 0.019561+ 5.720388 3.01+1669 5
0 .970953 - 0 .159287 0.009561+ 5.718166 3.01+1721 5
0.970936 - 0 . 15931+9 0.001+561+ 5.717612 3.01+1731+ ' 5
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m u l t ip l i c i ty  changes from  7 to  6 a s  one o f  th e  lo o p s  o f  th e  o r b i t
d is a p p e a rs . At t h i s  p o in t ,  th e  f i n a l  y - v e lo c i ty  h a s  a  sm all n e g a tiv e
v a lu e  and i s  a p p ro ac h in g  z e ro ; a s  we c o n tin u e  a lo n g  th e  fa m ily , s a lso
5
p a sse s  th rough  ze ro  and th e  m u l t i p l i c i t y  d ro p s  from 6 to  5* From h e re ,  
th e  i n i t i a l  v e lo c i ty  v e c to r ,  h av in g  p assed  th rough  th e  ( x ,z ) - p la n e ,  
co n tin u e s  r o t a t i n g  around th e  x - a x is  tow ards th e  ( x ,y ) - p la n e ,  b u t now 
h av in g  a n e g a t iv e  y-com ponent, c o rre sp o n d in g  to  d i r e c t  o r b i t a l  m otion; 
th e  f i n a l  v e lo c i ty  v e c to r  c o n tin u e s  r o t a t i n g  in  th e  o p p o s ite  d i r e c t io n .
The o r b i t s  now become " f l a t t e r ” a s  th e  b ran ch  e v o lv es  back tow ards th e  
h o r iz o n ta l  p la n e , th e  o r b i t a l  m u l t i p l i c i t y  rem a in in g  a t  m s  5? j u s t  b e fo re  
th e  fam ily  te rm in a te s ,  Sq^ re a c h e s  a  maximum v a lu e  o f  abou t 0-972 and 
s t a r t s  to  d e c re a s e . T erm ination  in  th e  h o r iz o n ta l  p la n e  o c c u rs  a t  th e  
v e r t i c a l  s e l f - r e s c n a n t  o r b i t  o f  fa m ily  g^ , f o r  which a^  = cos 2 ^ / 5
^  0-30902, 0-971* -0 -1 5 9  C ^:3-0417. T h is  o r b i t  i s  markedUl Ob
on th e  c h a r a c t e r i s t i c  o f  fa m ily  g^ in  th e  (x ,C )-p la n e  in  F ig u re  5 -2 .
l ( a )We see t h a t  fa m ily  F '  a c t s  a s  a  th re e -d im e n s io n a l l i n k  betvreen th ev l7  w  \
p la n a r  f a m i l ie s  f  and g, , and i s  id e n t i c a l  w ith  th e  v e r t i c a l  b ranch  G, _ t
1 i (a) i ( a) - lv l5
o f  fam ily  g_ . N ote t h a t  b ran ch es F v c and F te rm in a te  on d i f f e r e n t  
1 v lb  v l7
p la n a r  f a m i l ie s ,  g^ and g^ r e s p e c t iv e ly .  W hile bo th  g^ and c o n s is t  o f  
d i r e c t  s a t e l l i t e  o r b i t s  around  th e  l e s s  m assive p rim ary  th e y  a re  q u i te  
d i s t i n c t  (M ark e llo s  e t  a l . ,  1975a) f ° r  v a lu e s  o f  th e  mass p aram ete r 
excep t in  H i l l* s  ca se  <n -  0 ) o f  th e  r e s t r i c t e d  problem , when th e y  i n t e r ­
s e c t  (Henon, 1969) .
5 .2 .4  Fam ily  pi i ? )
l ( a )This i s  th e  p la n e  sym m etric b ranch  w hich, to g e th e r  w ith  F : 7 ; f
J .b if u r c a te s  from  fa m ily  f  a t  th e  v e r t i c a l  s e l f - r e s o n a n t  o r b i t  
Num erical d a ta  f o r  th e  fa m ily  a re  g iv e n  in  T able 5-4* As th e  fa m ily  
b ranches v e r t i c a l l y  o u t o f  th e  p la n e , and th e  i n i t i a l  z - c o o rd in a te  
in c re a s e s ,  th e  o r b i t s  become sm a lle r  ( sq-^  in c re a s e s )  and sq^> i n i t i a l  
y - v e lo c i ty ,  d e c re a s e s .  The m u l t i p l i c i t y  r e t a i n s  i t s  i n i t i a l  v a lu e  m = 7 
th roughou t th e  f i r s t  p a r t  o f  th e  b ran ch ; th e  p e r io d  d e c re a se s  m onotoni­
c a l ly  and th e  J a c o b i c o n s ta n t  in c re a s e s  m o n o to n ica lly  o v e r th e  whole 
fam ily . The p e rp e n d ic u la r  c ro s s in g  o f  th e  p la n e  a t  th e  i n i t i a l  epoch 
m ig ra te s  upwards and tow ards th e  p rim ary  m^ ( a t  x = 0 -99905)» and th en  
beg ins to  move back down tow rds th e  h o r iz o n ta l  p la n e  on th e  o th e r  s id e  
o f  th a t  i s ,  th e  o p p o s it io n  s id e .  S h o r tly  a f t e r  th e  extremum in  s^^
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T ab le  5 .4 :  Fam ily F ^[z)  /
 v lT  lv l5
s
01 S03 S 05 T C m
0.966260 0 .0 0 1 0.207973 7.405867 3.015110 7
0.966313 0 .0 0 2 0.207929 7.403649 3.015127 7
0.966525 o.oo4 0.207751 7.394761 3.015195 7
0.967118 0 .0 0 7 0 .207254 7.370149 3.015387 7
0.969377 0 .0 1 3 0.205373 7.278304 3.016130 7
0.971136 0 .0 1 6 0.203922 7.208931 3.016721 7
0.973431 0 .0 1 9 0.202045 7.121124 3.017509 7
0.979342 0 .024217 0.197311 6.908370 3.019629 7
0.9853i+2 0 .027356 0.192654 6 .710559 3.021919 7
0.991342 0 .029017 0.188152 6.529215 3.024351 7
0.997342 0 .029439 0.183815 6.362710 3.026932 7
1.000342 0 .029205 0 .181714 6.284558 3.028281 7
1.003342 0 .028665 0 .179662 6.209571 3.029669 5
1.009342 0 .026575 0 .175737 6.068402 3.032569 5
1.012342 0 .0 24933 0.173894 6.001847 3.034086 5
1.018292 0 .019974 O.170676 5.876512 3.037246 5
1.022407 0 .013974 0.169591 5.792046 3.039625 5
1.024434 € .0 0 7 9 7 4 0.171352 5.743972 3.041039 5
1.024816 0 .004974 0.173296 5.728817 3 .0 4 l4 5 8 5
1.024913 0 .001974 0 .175150 5.719411 3 .0 4 l6 9 2 5
1.024917 0 .000974 0.175489 5.717933 3.041726 5
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h a s  been re a c h e d , th e  m u l t i p l i c i t y  d ro p s  from 7 to  5 > t h i s  v a lu e  b e in g
m ain ta in ed  a s  th e  branch  ev o lv e s  tow ards i t s  te rm in a t io n  back in  the
h o r iz o n ta l  p la n e ; c o n tin u e s  to  in c re a s e ,  w h ile  th e  y - v e lo c i ty  s^^
a t t a i n s  a  minimum v a lu e  o f  ab o u t 0*170 and th e n  b e g in s  to  in c re a s e .
The branch  te rm in a te s  a t  th e  v e r t i c a l  s e l f - r e s o n a n t  o r b i t  £ ^ 2 5  b e lo n g in g
to  fam ily  g. , w hich , a s  we have seen , i s  a ls o  th e  te rm in a t io n  o r b i t  o f  
1 (a )th e  branch  , Comparison o f  T ab le s  5*3 and 5*4 shows th a t  a l th o u ^ i
th e  i n i t i a l  c o n d i t io n s  a t  th e  b e g in n in g s  o f  bo th  th e  ax isym m etric  and 
p la n e  sym m etric b ra n c h e s  co rresp o n d  to  th e  c o n ju n c tio n  c ro s s in g  o f  th e
v e r t i c a l  b i f u r c a t io n  o r b i t  f \ t h e  i n i t i a l  c o n d i t io n s  a t  th e  te rm in -
_ l (   ^ ' 1a t io n  o f  fa m ily  ^ 2 7  co rresp o n d  to  th e  c o n ju n c tio n  c ro s s in g  o f  6-^15 *
w h ile  a t  th e  te rm in a t io n  o f  fa m ily  th e  i n i t i a l  c o n d i t io n s  co rrespond
to  th e  o p p o s it io n  c ro s s in g  o f  t h a t  o r b i t .  T h is i s  becau se  th e  ty p e  ( a)
m irro r  c o n f ig u ra t io n s  o f  th e  ax isym m etric  fa m ily , c o n s tra in e d  to  move
o n ly  a lo n g  th e  x - a x is ,  do n o t p a s s  th ro u g h  th e  s in g ’l l a r i t y  a t  m^, w h ile
th e  type (p ) m ir ro r  c o n f ig u ra t io n s  o f  th e  p la n e  sym m etric fa m ily , w ith
two deg rees  o f  freedom  in  th e  ( x ,z ) - p la n e ,  a re  a b le  to  av o id  th e
s in g u la r i ty .
5 .3  Doubly-Symmetric B ranches 
5 .3 .1  Fam ily
T his fam ily  i s  one o f  th e  p a i r  o f  doub ly -sym m etric  b ran ch es  which 
b i f u r c a te  from fa m ily  f  a t  th e  v e r t i c a l  s e l f - r e s o n a n t  o r b i t  ^  ^o r  
which av -  cos IT /3 = 0*5 and th e  J a c o b i c o n s ta n t  C -3 *0105* The two 
m irro r  c o n f ig u ra t io n s  o f  t h i s  o r b i t  a re  g iv e n  by
Sq2 “  0 *96l ,  s0 5 ^  0*203 (c o n ju n c tio n  c ro s s in g )
s01 * 1 * 0 3 8 , Sqj-£L-0*202 (o p p o s it io n  c r o s s in g ) .
The o r b i t s  o f  fa m ily  a re  ^hose have t h e i r  ty p e  -(a) (o n -a x is )
m irro r  c o n f ig u ra t io n  a t  c o n ju n c tio n , and th e  o th e r  member o f  th e  p a i r ,  
^ 26^, corriPr ^ se s  th o se  o r b i t s  which have t h e i r  a x i s - c r o s s in g s  a t  oppo­
s i t i o n .  The i n i t i a l  c o n d i t io n s  o f  r e p r e s e n ta t iv e  o r b i t s  o f  fam ily  
F^2£p g iven  ( to g e th e r  w ith  th e  o th e r  p a ra m e te rs )  in  T ab le  5*5* a re  th o se  
f o r  th e  type  (A) m ir ro r  c o n f ig u ra t io n s  o f  th e  o r b i t s .
The b eh av io u r o f  th e  i n i t i a l  c o n d i t io n s  ( sq2 » s0 5 * s06^ aS 
ev o lv es  from th e  b i f u r c a t io n  i s  v e ry  s im i la r  to  t h a t  e x h ib i te d  by th e  
i n i t i a l  c o n d i t io n s  o f  th e  b ran ch es  and As th e  i n i t i a l
S01 S05 so6
T C m
0.960903 0.202786 0 .0 0 5 7.768097 3.010288 6
0.960912 0 .202563 0 .0 1 7.763612 3.010311+ 6
0 . 96091+9 0 .201669  ' 0 .0 2 7.7U5780 3.0101+11+ 6
0.961095 0 .198055 0 . 01+ 7.676075 3.010816 6
0.961705 O .1829U5 0 .0 8 7.1+19880 3.0121+1+7 - 6
0.962793 0.15U532 0 .1 2 7.051156 3.015313 6
0 . 961+290 0 .110066 0 .1 5 5 6.652516 3.019381 6
0.965770 0 .057581 0 .1 7 5 6.331+9^6 3.023697 6
0.966509 0.02731+2 0 .178983 6 .1 9  61+61+ 3.026002 6
0.966890 0 .010568 0.17901+0 6.1291+9U 3.027233 6
0 . 96731+1+ -0 .0 1 0 5 7 0 0 .176928 6.053228 3 .O287I+O 1+
0.967729 -0 .0 2 9 5 1 1 0 .172892 5-9911+1+1+ 3.030051+ 1+
0.968179 - 0 .052960 0.16U851 5.922218 3.031631+ 1+
0 . 96851+7 -0.07311+9 0.15U851 5.868131+ 3.032958 1+
0 . 969321+ -0 .1 1 7 0 0 5 0 .119851 5.7651+21 3.035716 1+
0.976955 -0 .1 9 8 3 3 9 0.082300 5.553752 3.038516 1+
0.978980 - 0 . 22801*+ 0 . 0U 5.1+70898 3.0391+50 1+
0.979326 -0 .2 3 3 7 5 3 0 .0 2 5.1+56139 3.039621 1+
0 . 9791+08 - 0 . 2351^2 0 .0 1 5.1+52629 3.039662 1+
0 . 9791+31 -0 .2 3 5 5 2 8 0 . 001+ 5.1+51658 3.039673 1+
z -v e lo c i ty  s ^  in c re a s e s  to  a  maximum v a lu e  o f  abo u t 0*179, in c re a s e s
s te a d i ly ,  v i tb  th e  r e s u l t  t h a t  th e  o v e r a l l  s iz e s  o f  th e  o r b i t s  beeome
sm a lle r , and Sqj- d e c re a se s  m o n o to n ic a lly , p a s s in g  th rough  zero  a f t e r
the maximum in  Sq^ , and assum ing n e g a t iv e  v a lu e s .  A sso c ia ted  w ith  th e
change o f  s ig n  o f  th e  i n i t i a l  y - v e lo c i ty ,  th e re  i s  a  drop in  th e  o r b i t a l
m u l t ip l ic i ty  from 6 to  4 , th rough  th e  s im u ltan e o u s  d isa p p e a ra n c e  o f  two
loops c u t t in g  th e  ( x ,z ) - p la n e ,  w hich, b ecau se  o f  th e  double symmetry o f
the o r b i t s ,  a re  m irro r  im ages o f  one a n o th e r  in  t h a t  p la n e . The o r b i t a l
symmetry rem a in s  m -  t\ a s  th e  branch e v o lv e s  back tow ards th e  h o r iz o n ta l
p la n e , s ^  c o n t in u in g  to  in c re a s e  and becom ing more n e g a t iv e .  As
u s u a l, th e  p e r io d  i s  m onotonic d e c re a s in g , and th e  J a c o b i c o n s ta n t
monotonic in c r e a s in g .  The b ranch  te rm in a te s  in  th e  h o r iz o n ta l  p la n e
2
a t  th e  v e r t i c a l  s e l f - r e s o n a n t  o r b i t  6 ^ 1 4  °** ^ ^ ^ y  &2* ^°r  av =
s „  ££ 0*979, -0*236 and C ^  3*0310; ve th e r e f o r e  conclude th a t  th e
5 \ j ( c )  2 (c)v e r t i c a l  b ran ch es  and G '  \ a re  i d e n t i c a l .  The te rm in a t io n  o r b i tv l6  2vl4
^2vl4 :*'s marked on c h a r a c t e r i s t i c  o f  fa m ily  g^ in  th e  (x ,C )-p la n e  
in  F igu re  5*2.
T ypical o r b i t s  o f  fa m ily  a re  p lo t t e d  in  F ig u re s  A17 -  A22, in
the Appendix.
5 .3 .2  Fam ily
This i s  th e  o th e r  member o f  th e  p a i r  o f  b ra n c h e s  o f  doub ly-sym m etric  
o r b i t s  b i f u r c a t in g  from  fa m ily  f  a t  f vl6* The i n i t i a l  c o n d it io n s  
co rrespond ing  to  th e  p e rp e n d ic u la r  c r o s s in g  o f  th e  x - a x is  (o c c u r r in g  a t  
o p p o sitio n  th ro u g h o u t th e  b ran ch ) and o th e r  p a ra m e te rs  o f  r e p r e s e n ta t iv e  
o r b i t s  a re  g iv en  in  T able 5*6* The o r b i t a l  m u l t i p l i c i t y ,  i n i t i a l l y  
m « 6 , d rops to  m s  4 a s  th e  i n i t i a l  y - v e lo c i ty  s^^ p a s s e s  th ro u g h  zero  
from n e g a tiv e  to  p o s i t i v e  v a lu e s .  The maximum v a lu e  o f  a p p ro x i­
m ately 0*178, i s - v e r y  n e a r ly  th e  same a s  t h a t  f o r  fa m ily  and
is  a t ta in e d  j u s t  b e fo re  th e  m u l t i p l i c i t y  change. The m u l t i p l i c i t y
rem ains a u a d ru n le  a s  s^,^ d e c re a se s :  s_n re a c h e s  a  minimum v a lu e  o f  abou tOo 01
1-030 and s t a r t s  to  in c r e a s e ,  end th e  b ranch  e v e n tu a l ly  te rm in a te s  back 
i i  th e  ( x ,y ) - p la n e  a t  th e  v e r t i c a l  s e l f - r e s o n a n t  o r b i t  5^ 1 4 * 
i i i t i a l  c o n d i t io n s  c o rre sp o n d in g  to  th e  o p p o s itio n  c r o s s in g  o f  th e  
x -a x is .
We conclude t h a t  th e  p a i r  o f  b ran ch e s  F ^ g ^  3 ^  ^ 16  ^ no "^ only
T ab le  g .6 , Fam ily
s01 S05 s o6
T c m
1.037500 - 0 . 2011+69 0.003632 7.768781+ 3.010285 6
1.037U78 -O .2O II7U 0.010909 7.762293 3.010321 6
1.037^0^ - 0 .200162 0.021919 7.71+0325 3.0101+1+5 6
1.037168 -0 .1 9 6 8 0 6 0 . 01+0779 7.6701+87 3.01081+9 6
1.036220 -0 .1 8 1 2 0 3 0 .082771 7.391+357 3 . 012621+ 6
1.035071 -0 .1 5 6 7 1 8 0.118252 7 .O69I+67 3.015152 6
1.033255 - 0 .100918 0 . 160391+ 6.583780 3.020217 6
1.032780 -0 .0 8 1 7 6 2 0.168295 6.1+63212 3.021809 6
1.032321 -0 .06 l0 l+ 9 0 . 171+096 6 . 31+9708 3 .0231+68 6
1.031877 -0 .0 3 8 7 0 5 0 . 1771+71 6 . 21+2791 3.025197 6
1.031M+7 -O.OIU65I+ 0 . 17791+8 6 . 11+2026 3.026998 6
1.031030 0.0111*81 0 . 171+81+0 6 . 01+7011+ 3.028871 1+
1 . 030721+ 0 . 031771+ 0 . 16951+9 5.979317 3.030325 1+
1.0301+25 0 . 0531+1+1 0 .161001 5 . 911+521+ 3.031821 1+
1.029780 0 .108779 0.120015 5 . 7721+98 3.035518 1+
1.03321+8 0 . 111501+ ■ 0 . 080291+ 5.670506 3.037257 1+
1.03661+1 0 .105860 0 . 01+071+3 5.513805 3.038963 1+
1.037^92 0 . 10U951 0 .019207 5 . 1+65535 3.039512 1+
1.037667 0 . 101+783 0.010102 5 . 1+55371+ 3.039630 1+
1.037713 0 . 101+71+0 0.005605 5 . 1+52675 3.039662 1+
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o r ig in a te  from th e  sarne v e r t i c a l  b i f u r c a t io n  o r b i t  o f  fa m ily  f ,  b u t a lso  
te rm in a te  a t  th e  same o r b i t  o f  fam ily  ve can a ls o  id e n t i f y  w ith
th e  b ranch  As u s u a l ,  th e  p e r io d  i s  a  m onotonic d e c re a s in g  fu n c tio n
and th e  J a c o b i c o n s ta n t  m onotonic in c r e a s in g  a lo n g  th e  b ra n c h , in  th e  
d i r e c t io n  from  f  to  g
T ypical o r b i t s  o f  fa m ily  a re  P lo t t e d  in  F ig u re s  A23 and A24, in
th e  Appendix.
9 .3 .3  Fam ily *vlQ
T his fa m ily  h a s  many c h a r a c t e r i s t i c s  in  common w ith  v l6  • I t  i s  one 
o f  th e  p a i r  o f  doubly-sym m etric  b ran ch e s  b i f u r c a t in g  from fa m ily  f  a t  
fy!8» f o r  w hich ay = cos i r / 4  ^  0*70711 and C ^  3*0194, th e  p e rp e n d ic u la r  
c ro s s in g s  o f  th e  x - a x is  b e in g  g iven  by
sQ^  0*970, Sqj. 0*214 ( c o n ju n c t io n ) ,
sQ1 ^  1*028, S05 ~  -0*213 ( o p p o s i t io n ) .
As in d ic a te d  by th e  s u p e r s c r ip t  ( c ) ,  th e  b ranch  w ith  which we a re
concerned h e re  i s  th e  one whose o r b i t s  a l l  in e r s e c t  th e  x - a x is  a t
c o n ju n c tio n ; n u m erica l d a ta  fo r  th e  fa m ily  a r e  g iv en  in  T ab le 5*7. The
u su a l p a t t e r n  o f  b eh av io u r o f  th e  i n i t i a l  c o n d i t io n s  i s  found in  th e
developm ent o f  th e  fa m ily : s ^  d e c re a se s  m o n o to n ica lly  from  p o s i t iv e
to  n e g a t iv e  v a lu e s ,  a  drop in  th e  m u l t i p l i c i t y  from 8 to  6 o c c u r r in g  a s
th e  s ign  o f  th e  y - v e lo c i ty  changes; s r r i s e s  to  a  maximum o f  0*19406
ju s t  b e fo re  t h i s  h appens, and then  d e c re a se s  tow ards z e ro . The r e s u l t i n g  
r o ta t io n  o f  th e  i n i t i a l  v e lo c i ty  v e c to r  th rough  h a l f  a  r e v o lu t io n  abou t 
th e  x -a x is  from  b e g in n in g  to  end o f  th e  fa m ily  changes th e  sen se  o f  
motion from  s y n o d ic a l ly  r e tro g ra d e  to  d i r e c t  (a lth o u g h  th e s e  te rm s can 
be a p p lie d  m e an in g fu lly  o n ly  to  o r b i t s  a t  e i t h e r  end o f  th e  b ran ch , 
where th e  m otion  i s  more n e a r ly  co n fin ed  to  a  common p la n e ) .  The i n i t i a l  
co n d itio n  Sq^ in c r e a s e s  to  a  maximum v a lu e  o f  abou t 0*974 j u s t  b e fo re  
th e  branch te rm in a te s ,  and th en  d e c re a se s  s l i g h t l y .  The f a m i l i a r  
monotonic b eh a v io u r o f  th e  p e r io d  and Ja c o b i c o n s ta n t i s  a p p a re n t .  The 
branch te rm in a te s  a t  th e  v e r t i c a l  s e l f - r e s o n a n t  o r b i t  o f  fa m ily  g^,
f o r  which a  -  cos TT /3  = 0*5, th e  Ja c o b i c o n s ta n t  C ^3 * 0 4 4 7 *  aud th e
V ~ l( c )co n ju n c tio n  c r o s s in g  i s  g iven  by s_.n &  0*974* — -0*173» Fam ily F^v '
01 ° 5 i ( c ) v18
i s  th e re fo re  i d e n t i c a l  to  th e  v e r t i c a l  b ranch  8p v ig  ■^ ie
te rm in a tio n  o r b i t  £ ^ 1 6  marked on c h a r a c t e r i s t i c  o f  fa m ily  g^ in  
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T ab le  3 .7 : Fam ily
0 .213616 0.005
0 . 2131*16 0 .0 1
0 .212616 0 .0 2
0.209381* o.oi*
0 .195906 0 .0 8
0 .170971 0 .1 2
0 .127298 0 .1 6
0 .089138 . 0 .1 8
O .05U86I* 0 .1 9
0 . 0101+52 0.193566
- 0 .010152 0.191771*
-0.02061*7 0 .1 9
-0.051*550 0 .1 8
-0.09191*3 0 .1 6
-0.131+017 0 .1 2
-0 .1 5 7 3 8 6 0 .0 8
-O .169632 o.oi*
- 0 .172506 0 .0 2
-0 .1 7 3 2 1 3 0 .0 1
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^ ( o )5 .3 .4  Fam ily  *vlQ
T his th e  fa m ily  o f  doubly-sym m etric  o r b i t s  s t a r t i n g  from  th e  x -a x is  a t  
o p p o s itio n , and to g e th e r  w ith  form s th e  p a i r  o f  b ran ch es  b i f u r c a t in g
from fam ily  f  a t  th e  v e r t i c a l  s e l f - r e s o n a n t  o r b i t  f ^ g *  R e p re s e n ta tiv e  
o r b i t s  a r e  l i s t e d  in  T able 5*8. Oving to  th e  f a c t  t h a t  bo th  b ran ch es 
c o n s is t  o f  r e l a t i v e l y  sm all o r b i t s  abou t m2 * th ey  a re  a lm o st m irro r  images 
o f  one a n o th e r  w ith  r e s p e c t  to  th e  p la n e  p a s s in g  th ro u g h  p a r a l l e l  to  
th e  ( y ,z ) - p la n e ,  and t h i s  i s  a p p a re n t in  th e  com parison o f  th e  v a r io u s  
o r b i t a l  p a ra m e te rs  l i s t e d  in  T ab les 5*7 and 5*8. I t  can be seen from 
F igu re  5*1 th a t  a s  th e  b ranch  m u l t i p l i c i t y  m in c re a s e s  and approaches 
u n i ty ,  th e  v e r t i c a l  b i f u r c a t io n  o r b i t s  become sm a lle r  and , a s  a  r e s u l t ,  
more n e a r ly  sym m etrica l w ith  r e s p e c t  to  th e  a x is  p a s s in g  th rough  m^, 
p a r a l l e l  to  th e  y - a x i s .  T h is  s p e c ia l  k ind  o f  symmetry i s  c h a r a c t e r i s t i c  
o f H i l l* s  problem , which i s  a  f a i r l y  good ap p ro x im atio n  in  th e  case  o f  
sm all o r b i t s  abou t m^, f o r  sm all v a lu e s  o f  th e  mass p a ram e te r jx ( s e e ,  e .g .  
H£non, 1969* 1 9 7 0 ). We would th e r e f o r e  e x p e c t t h a t  th e  two members o f  
a  p a i r  o f  doubly-sym m etric  b ran ch e s  be more n e a r ly  sym m etrica l to  one 
an o th e r a s  th e  m u l t i p l i c i t y  m in c r e a s e s .
The i n i t i a l  z - v e lo c i ty  Sq^ f o r  fa m ily  F ^ g ^  h a s  a  maximum v a lu e  o f
about 0*193 (com pared w ith  0*194 f o r  a f t e r  t h i s  v a lu e  i s  a t t a in e d ,
s„,- p a s s e s  th ro u g h  z e ro , and th e  m u l t i p l i c i t y  i s  reduced  from  8 to  6.05
Throughout th e  b ran ch , s,n , T and C a l l  v a ry  m o n o to n ic a lly . The branch 
te rm in a te s  a t  th e  same o r b i t ,  a s  i t s  " tw in "  » th u s  th e  th r e e
p a i r s  o f  b ra n c h e s  o f  fa m ily  f  o f  i n i t i a l  m u l t i p l i c i t i e s  6 , 7 and 8 form
tw ofo ld  c o n n e c tio n s  betw een th re e  v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  o f  fa m ily
1 1 2f  ( f  1 f  and th e  th r e e  v e r t i c a l  s e l f - r e s o n a n t  o r b i t s   ^ v l6  ^ v l7  v l8 x 2vl4
glv l5 »  e lv l 6  b e lo n Sin £ to  f a m i l i e s  g2 and g^.
5 .4  S t a b i l i t y  o f  Branch O rb its
In  t h i s  s e c t io n  we d ea l b r i e f l y  w ith  th e  s t a b i l i t y  o f  th e  th r e e -  
d im ensional o r b i t s  b e lo n g in g  to  th e  e ig h t  v e r t i c a l  b ran ch e s  o f  fam ily  f  
g iven  in  S e c tio n s  5*2 and 5*3* For each o r b i t ,  th e  s t a b i l i t y  in d ic e s  
p and q d e f in e d  in  S ec tio n  3*4 were c a lc u la te d  from th e  e q u a tio n s
p*±(«c+Ja)  ; i = £ ,  (5.-3)
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T a b l e t s  Fam ily  F ^  /
%1 a0 5 8 ^ 06 T C m
1.028278 -0 .2 1 2 6 9 2 0 .005 7.188201 3.0191*07 8
1.028273 -0 .2 1 2 5 0 0 0 .0 1 7.186528 3.0191*23 8
1 . 02825!+ -0 .2 1 1 7 3 0 0 .0 2 7.17981+1* 3.0191*88 8
1.028180 -0 .2 0 8 6 1 9 o.oi* 7.153270 3.01971*9 8
1.027891 -0 .1 9 5 5 9 7 0 .0 8 7.0U9182 3.020818 8
1 . 0271+21+ -0 .1 7 1 3 3 5 0 .1 2 6.8801+37 3.022726 8
1 . 026851* -0 .1 3 5 2 2 5 0.155135 6 .6737^6 3.0251*09 8
1 . 02631+8 -0 .0 9 6 2 2 5 0 .177582 6 . 1+92206 3.028151 8
1.025908 -0 .0 5 6 2 2 5 0.189787 6.337656 3.030838 8
1.025709 -0 .0 3 6 2 2 5 0.192511* 6.269615 3.03211*1 8
1.025520 -0 .0 1 6 2 2 5 0.193155 6 .206672 3.0331+21 8
1 . 02U31+0 0.003775 0.191739 6.11+8217 3.031+679 6
1 . 021+996 0.01+3775 0.182521 6.01+2852 3.037135 6
1 . 021+610 0 .088775 0.160395 5.939737 3.039803 6
1 . 021+190 0 .132711 0 .121170 5.852337 3.01+2298 6
1.023876 0.158771* 0.081170 5.80621+2 3.01+3701+ 6
1 .023658 0 .173219 0 . 01+1170 5.782597 3.01+1+1+1+6 6
1.023598 0.176791* 0.021170 5.776967 3.01+1+621+ 6
1 .023581 0.177715 0.011170 5.775530 3.01+1+670 6
1.023577 0 .177962 0.006170 5.77511*6 3.01+1+682 6
where
A  -  « * ■ - u- C f-a )
4  = .  C L -  T r  ( M )  
f  -  1  +  ^  "  T r  (M 1 ) )  ; (5-4)
and M i s  th e  monodroiry m a tr ix  o f  th e  v a r i a t io n a l  m a tr ix  V, th a t  i s ,
I'l = V(T) ( e .g .  Bray and Goudas, 1967)* The r e l a t i o n s  g iven  in  S ec tio n
4 .2  were u sed  to  compute V(T) in  te rm s o f  V (T/2) ( f o r  th e  s im ply-sym m etric  
o r b i t s )  o r  V (T/4) ( f o r  th e  doub ly -sym m etric  b ra n c h e s ) .
The r e s u l t s  o f  th e  s t a b i l i t y  c a l c u la t io n s  in d ic a te d  t h a t  th e  v e r t i c a l  
branch o r b i t s  a r e  m ostly  u n s ta b le ,  a lth o u g h  th e re  e x i s t  i n t e r v a l s  where 
th e  s t a b i l i t y  c r i t e r i o n
i s  m a rg in a lly  s a t i s f i e d :  t h a t  i s ,  b o th  s t a b i l i t y  p a ra m e te rs  a re  r e a l
-2  and +2, w h ile  th e  o th e r  i s  v e ry  c lo s e  to  e i t h e r  l i m i t  o f  t h i s  zone. 
S ince no n u m erica l checks w ere made on th e  acc u racy  o f  c a lc u la t io n  o f  
th e  s t a b i l i t y  in d ic e s ,  such c a se s  o f  m arg ina l s t a b i l i t y  a re  somewhat 
u n c e r ta in ,  and in  T ab les 5*1 ~ o n ly  th o s e  o r b i t s  which app ea r to  
be d e f in i t e l y  s ta b l e  have been marked w ith  th e  l e t t e r  "S” . The 
absence o f  th e  l e t t e r  S from a g iven  e n t ry  shou ld  n o t ,  th e r e f o r e ,  be 
taken  to  am ply th a t  th e  c o rre sp o n d in g  o r b i t  i s  n e c e s s a r i ly  u n s ta b le ,  
a lth o u g h  any s ta b l e  o r b i t s  n o t so marked would p o s se s s  m arg inal (v e ry  
n e a r ly  c r i t i c a l )  s t a b i l i t y .  O rb its  o f  a l l  e ig h t  b ran ch e s  in v o lv in g  
s ig n i f i c a n t  d e p a r tu re s  from th e  h o r iz o n ta l  p la n e , in d ic a te d  by la r g e  
v a lu e s  o f  Sq^ o r  o f  were found to  be d e f i n i t e l y  u n s ta b le ,  th e
degree o f  i n s t a b i l i t y  (a s  in d ic a te d  by th e  v a lu e s  o f  th e  s t a b i l i t y  
in d ic e s )  te n d in g  to  in c re a s e  w ith  in c r e a s in g  o r b i t a l  i n c l in a t io n  to  
th e  h o r iz o n ta l  p la n e .
The on ly  two o f  th e  e ig h t  b ran ch es  c o n ta in in g  d e f i n i t e l y  s ta b l e  o r b i t s ,
(5-5)
( A >  0 ) ,  one b e in g  d i s t i n c t l y  w ith in  th e  s ta b le  zone betw een th e  v a lu e s
a s  in d ic a te d (T a b le s  5 .2  and 5*5)*
In  the  l a t t e r  c a s e , th e  s t a b i l i t y  i s  s t i l l  somewhat m arg inal: q i s  
n ev er f u r th e r  from  th e  c r i t i c a l  v a lu e  o f  -2  than  -1*995* In  th e
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F igure  5* 3 : S t a b i l i t y  cu rv e  in  th e  ( p ,q ) - p la n e  o f  p a r t  o f  th e  v e r t i c a l  b ranch
*vl5^  c o n ta in in g  d i s t i n c t l y  s ta b le  o r b i t s .  The h a tc h in g  marks 
p a r t  o f  th e  s ta b l e  r e g io n  d e f in e d  by Jp| <  2 , |q j  < 2 .
fo rm er ca se ,  th e  s h o r t  segment o f  . d e f in i t e ly  s t a b l e  o r b i t s ,  r e p re s e n te d  
by a  s in g le  o r b i t  in  Table 5*2, has  been surveyed in  g r e a t e r  d e t a i l ,  and 
a  p l o t  o f  q a g a i n s t  p f o r  a  p a r t  o f  fa m ily  in c lu d in g  th e  s t a b l e
segment i s  g iven  in  F igu re  5*3. I n t h i s  f i g u r e ,  th e  h a t c h in g  i n d i c a t e s  
th e  p a r t  o f  th e  ( p ,q ) - p l a n e  in  -which th e  s t a b i l i t y  c r i t e r i o n  (5*5) i R 
s a t i s f i e d .
In c o n c lu s io n ,  i t  -would appear t h a t  th e  v e r t i c a l  b ranches  o f  fam ily  f  
a r e ,  f o r  th e  most p a r t ,  u n s t a b l e ,  a l th o u g h  th e  i n s t a b i l i t y  i s  o f te n  m ild ,  
p a r t i c u l a r l y  n e a r  th e  b eg in n in g  and end o f  a  branch  where th e  o r b i t s  a r e  
m odera te ly  i n c l i n e d  to  th e  h o r i z o n t a l ,  and c a s e s  o f  n e a r l y - c r i t i c a l  v a lu e s  
o f  e i t h e r  p o r  q (o r  bo th )  a re  v e ry  common. The genera l t r e n d  tow ards 
g r e a t e r  i n s t a b i l i t y  a s  th e  o r b i t s  become more in c l i n e d  to  th e  h o r i z o n t a l  
p la n e  i s  in  agreem ent w ith  p re v io u s  work, such a s  t h a t  o f  H a l i o u l i a s  e t  
a l .  (1976).
5 .5  Remarks
0 )  The f o l lo w in g  t a b l e  l i s t s  th e  v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  o f  
f a m i l i e s  f ,  g^ and g^ "which th e  v e r t i c a l  b ranches  o f  fa m ily  f  
d is c u s se d  in  t h i s  c h a p te r  commence and te rm in a te :
T ab le  3»9
Branch S ta r t in g  O rb it T erm ination  O rb it
p U a )
v l5 v l5
2
S2vl3
J ( c )  p l ( o )  
v l 6 ’ v l6 f v l6 g 2vl4
J - ( a )  ^ ( p )  
vl7* *vl7 f 1, 7v l7 s l v l 5
J - ( c )  J - ( o )  
vl8* v l8 f v^ l8 s l v l 6
R e c a l l i n g  t h a t  th e  v e r t i c a l  branch o r b i t s  in  th e  neighbourhood o f  a  
s im p le -p e r io d ic  v e r t i c a l  b i f u r c a t i o n  o r b i t  have m u l t i p l i c i t y  m,
we see from t h i s  t a b l e  (and from T a b le s  5*1 -  5 .8 )  t h a t  th e  m u l t i p l i c i t y  
o f  the  te rm in a t io n  o r b i t  o f  f a m ily  g^ o r  g^ i s  two l e s s  than  t h a t  o f  th e  
s t a r t i n g  o r b i t  o f  fam ily  f .  T h is  p a t t e r n  h a s  been found to  app ly  a l s o  
to  h i g j i e r - m u l t i p l i c i t y  b ran ch e s  o f  fa m i ly  f  n o t  d is c u s s e d  in  t h i s  c h a p te r ,
and ap p ea rs  to  be a  g e n e ra l f e a tu r e  o f  th e  th re e -d im e n s io n a l b ranches 
vh ich  connect th e  r e t r o g r a d e  fam ily  f  w ith  th e  d i r e c t  f a m i l ie s  g^ and g
(2) As can a ls o  be seen from T able 5»9» m u l t i p l i c i t y  5 and 6 
b ranches o f  fam ily  f  (w ith  th e  ex c e p tio n  o f  *vl5^ te rm in a te  on g ^ t w h ile  
th o se  o f m u l t i p l i c i t y  7 and 8 te rm in a te  on g^. F ig u re  5*2 shows th a t  
t h i s  sequence o f  te rm in a t io n  o r b i t s  o c c u rs  in  th e  sense  o f  in c re a s in g  
v a lu e s  o f th e  Ja c o b i c o n s ta n t  C, th e  jump between f a m i l ie s  g^ and g^ 
ta k in g  p la c e  in  th e  v i c i n i t y  o f  th e  narrow  "neck" where th e  two fam ily  
c h a r a c t e r i s t i c s  in  th e  (x ,C )-p la n e  approach  most c lo s e ly  (and where th e  
two cu rv es  a c t u a l l y  i n t e r s e c t  in  H i l l ' s  c a se , p. ® 0 ) .  There seems to  
be a  g e n e ra l t r e n d  in  th e  te rm in a t io n  p o in t s  o f  v e r t i c a l  b ran ch es  o f  f  
in  th e  v i c i n i t y  o f  th e  p rim ary  m^, in d ic a te d  by th e  fo u r  m u l t i p l i c i t y  
c a se s  given h e re ,  whereby th o se  ( h i ^ i e r - m u l t i p l i c i t y )  b ran ch es s t a r t i n g  
from th e  ne ighbourhood  o f  f ^ ^  ^ v l6  connec^ w iih  th o se
beyond f ^ y  en(  ^ UP on £]_•
( 5) As many a u th o rs  have p o in te d  o u t ,  th e  c i r c u l a r  r e s t r i c t e d  problem  
may n o t be an ad eq u a te  model f o r  s tu d ie s  o f  c e r t a in  a s tro n o m ic a l system s 
such a s  th e  Earth-K oon o r  o u te r  Jo v ia n  s a t e l l i t e  system s, in  which th e  
n o n -ze ro  e c c e n t r i c i t y  o f  th e  o r b i t  o f  th e  p r im a r ie s  may have im p o rtan t 
dynam ical consequences, p a r t i c u l a r l y  w ith  r e g a rd  to  c a p tu re  and escape  
mechanisms. I t  may th e r e f o r e  be d e s i r a b l e  to  in v e s t ig a t e  such system s 
in  th e  framework o f  th e  e l l i p t i c  r e s t r i c t e d  problem . The d e te rm in a tio n  
o f  v e r t i c a l  b ra n c h e s  in  th e  c i r c u l a r  problem  i s  a  u s e fu l  s t a r t i n g  p o in t  
f o r  f in d in g  sym m etric p e r io d ic  o r b i t s  in  th e  th re e -d im e n s io n a l e l l i p t i c  
problem , f o r  th e s e  b ran ch e s  c o n ta in  i n f i n i t e  num bers o f  i s o la te d  o r b i t s  
whose p e r io d s  a re  com mensurable vri t h  th e  p e r io d  o f  th e  p r im a r ie s ,  and 
can th e re f o r e  be c o n tin u e d  in to  th e  e l l i p t i c  problem , w ith  e i t h e r  th e  
mass p a ram eter p  o r  e c c e n t r i c i t y  e o f  th e  p r im a r ie s  a s  fa m ily  p a ra m e te r . 
T his p o s s i b i l i t y  w i l l  be d is c u s se d  in  C hap ter 6 , and r e s u l t s  o b ta in e d  
by t h i s  method, u s in g  com mensurable o r b i t s  o f  th e  v e r t i c a l  b ran ch es  o f  
fa m ily  f  w i l l  be p r e s e n te d ,
( 4 ) I t  shou ld  be em phasised th a t  th e  g e n e ra tio n  o f  f a m i l ie s  o f  th r e e -  
d im ensional p e r io d ic  o r b i t s  from th e  v e r t i c a l - c r i t i c a l  (a^  -  ^ l )  o r b i t s  
o f  s im p le -p e r io d ic  p la n a r  f a m i l ie s  i s  a  s p e c ia l  ca se  p ro v id in g  th e  
s im p le r form o f  th re e -d im e n s io n a l p e r io d ic  o r b i t s ,  nam ely th e  c a se s  o f  
m u l t i p l i c i t y  1 o r  2, and th e s e  form s o ccu r in  a  f i n i t e  and r e l a t i v e l y
sm all number o f  in s ta n c e s .  In  t h i s  t h e s i s  we have d e sc r ib e d  th e  mechanism 
o f  g e n e ra tio n  o f  th re e -d im e n s io n a l p e r io d ic  o r b i t s  in  th e  g e n e ra l case  
where th e  g e n e ra t in g  p la n a r  o r b i t  i s  v e r t i c a l  s e l f - r e s o n a n t  and th e  m u l t i ­
p l i c i t y  o f  th e  r e s u l t i n g  o r b i t s  can be any in t e g e r  m > 2 . The work p re ­
se n te d  in  t h i s  c h a p te r  e x e m p lif ie s  th e  b eh av io u r o f  th e  g r e a t  abundance o f  
th e  th re e -d im e n s io n a l p e r io d ic  o r b i t s  o f  th e  c i r c u l a r  r e s t r i c t e d  problem ; 
f o r ,  even i f  we c o n fin e  o u rs e lv e s  to  th e  v e r t i c a l l y  s ta b le  segm ents o f  
s im p le -p e r io d ic  (o n e - re v o lu tio n )  p la n a r  f a m i l i e s ,  th e re  a re  many i n f i n i t i e s  
o f  f a m i l i e s  o f  th re e -d im e n s io n a l p e r io d ic  o r b i t s  o f  a r b i t r a r y  m u l t i p l i c i t y  
th a t  can be found to  a r i s e  a s  a  r e s u l t  o f  v e r t i c a l  b i f u r c a t io n ,  in  th e  way 
d e s c r ib e d , by ta k in g  s u f f i c i e n t l y  l a r g e  v a lu e s  o f  th e  in t e g e r s  ra and n in  
E qu a tio n  (5 * l)*
(5 ) Because th e  e q u a tio n s  o f  m otion o f  th e  r e s t r i c t e d  th re e -b o d y  problem  
a re  sym m etrical w ith  r e s p e c t  to  th e  h o r iz o n ta l  p la n e ,  any s o lu t io n  (x(9), 
y (9 ) ,z (© ))  a lw ays h a s  a  m ir ro r  image ( x ( 9 ) ,y ( 0 ) , - z ( © ) )  in  t h a t  p la n e . In  
p a r t i c u l a r ,  any v e r t i c a l  b ranch  alw ays h a s  a  " m irro r  im age" c o n s is t in g  o f  
o r b i t s  which a re  th e  im ages under r e f l e c t i o n  in  th e  (x ,y ) - p la n e  o f  th e  
o r b i t s  b e lo n g in g  to  th e  f i r s t  b ran ch . The e x is te n c e  o f  p a i r s  o f  v e r t i c a l  
b ranches r e s u l t i n g  from  t h i s  symmetry o f  th e  problem  i s  q u i te  d i f f e r e n t  to  
th e  o ccu rren c e  o f  p a i r s  o f  b ran ch e s  a r i s i n g  from  v e r t i c a l  s e l f - r e s o n a n t  
o r b i t s  due to  th e  v a n is h in g  o f  p a i r s  o f  e lem en ts  o f  th e  m a tr ix  V ; th u s  we 
shou ld  r e a l l y  speak  o f  p a i r s  o f  b ran ch e s  g en era ted * fro m  v e r t i c a l - c r i t i c a l  
o r b i t s ,  and s e t s  o f  fo u r  b ran ch e s  a r i s i n g  in  th e  more g e n e ra l ty p e  o f  
v e r t i c a l  b i f u r c a t io n  o r b i t .  The e x p re s s io n  " te rm in a tio n  o r b i t "  h a s  been  
employed in  t h i s  c h a p te r  to  mean th e  p la n a r  o r b i t  a t  which a  th re e -d im e n ­
s io n a l fam ily  g e n e ra te d  from  a  v e r t i c a l  b i f u r c a t io n  a g a in  i n t e r s e c t s  a  
p la n a r  fa m ily , a lth o u g h  t h i s  i s  n o t s t r i c t l y  a  te rm in a t io n  o f  th e  fam ily ' 
in  th e  sense  t h a t  i t  i s  p o s s ib le  to  c o n tin u e  beyond i t ;  th e  o r b i t s  th u s  
o b ta in e d  b e lo n g  to  th e  " m irro r  im age" b ran ch .
(6 ) The l i n k in g  to g e th e r  o f  d i s t i n c t  f a m i l i e s  o f  p la n a r  p e r io d ic  o r b i t s  
v ia  b i f u r c a t in g  f a m i l i e s  o f  th re e -d im e n s io n a l o r b i t s  a p p e a rs  to  be a  
r a th e r  common f e a tu r e ;  exam ples o f  t h i s  b eh av io u r o f  v e r t i c a l  b ran ch e s  
have been g iv e n  by Zagouras and M ark e llo s  (1977) and by Zagouras and 
K alogeropoulou (1978)* in  th e  case  o f  th e  p la n a r  f a m i l i e s  ^  and m. The 
r e s u l t s  o f  S e c tio n s  5*2 and 5*3 e s t a b l i s h  a  " th re e -d im e n s io n a l"  l i n k  b e­
tween f a m i l ie s  o f  r e t r o g r a d e  and d i r e c t  o r b i t s  in  th e  p la n e , in  a d d i t io n  
to  th e  " p la n a r"  l i n k  ( in v o lv in g  p e r io d ic  o r b i t s  o f  P o in c a r e 's  second k in d ) 
e s ta b l is h e d  by Schm idt (1 9 7 2 ).
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6. CONTINUATION OF PERIODIC ORUJT3 FRO/ TIE CIRCULAR INTO THE ELLIPTIC
RESTRICTED problem
6 .1  In tro d u c t io n
In  p re v io u s  c h a p te r s ,  we have co n s id e re d  th e  c o n tin u a tio n  o f  p e r io d ic  
o r b i t s  o f  th e  p la n a r  r e s t r i c t e d  problem  in to  tn e  more g en e ra l th r e e -  
d im ensional c a se , th rough  th e  phenomenon o f  v e r t i c a l  b i f u r c a t io n .  In 
t h i s  c h a p te r ,  we s h a l l  examine th e  c o n t in u a tio n ,  fo r  f ix e d  v a lu e s  o f  th e  
mass p aram eter jx, o f  p e r io d ic  o r b i t s  o f  th e  c i r c u la r  case  o f  th e  
r e s t r i c t e d  problem  in to  th e  e l l i p t i c  c a se , th e  e c c e n t r i c i ty  o f  th e  
p r im a r ie s  b e in g  in c re a s e d  from zero  to  n o n -ze ro  v a lu e s . The p o s s i b i l i t y  
o f  th e se  two ty p e s  o f  c o n t in u a tio n  i s  o f  key im portance in  th e  s t r u c tu r e  
o f  sym m etric p e r io d ic  o r b i t s  o f  th e  r e s t r i c t e d  problem ; bo th  methods 
o f c o n tin u a tio n  a llo w  th e  e x te n s iv e  r e s u l t s  o f  e x p lo ra tio n s  o f  p e r io d ic  
m otion in  th e  p la n a r  c i r c u l a r  r e s t r i c t e d  problem  to  be g e n e r a l i s e d , 
r e s u l t i n g  in  an improved co rrespondence  w ith  a c tu a l  p h y s ic a l prob lem s.
I t  was shown in  C hapter 2 t h a t  every  ne.mber o f  a  fa m ily  o f  p e r io d ic  
o r b i t s  o f  th e  e l l i p t i c  r e s t r i c t e d  problem  (an  " e l l i p t i c  fa m ily " )  h a s  th e  
same p e r io d , T say , which must s a t i s f y
f o r  some p o s i t iv e  in te g e r  k . In  th e  case  o f  a fam ily  p a ra m e tr ise d  by 
th e  e c c e n t r i c i ty  e o f  th e  p r im a r ie s ,  th e  o r b i t  co rre sp o n d in g  to  th e  v a lu e
r e s t r i c t e d  problem , w ith  p e r io d  equal to  an in te g e r  m u lt ip le  o f  th e  p e r io d  
o f  th e  p r im a r ie s .  In  g e n e ra l ,  th e  e «  0 o r b i t  o f  th e  e l l i p t i c  fa m ily  
may be e q u iv a le n t to  an n - f o ld  d e s c r ip t io n  o f  an o r b i t  o f  th e  c i r c u l a r  
problem  (o f  b a s ic  p e r io d  Tq , say) where n i s  ag a in  a  p o s i t i v e  in t e g e r ;
T  =■ ( 6 .1 )
e -  0 ( i f  such an o r b i t  e x i s t s )  i s  a  p e r io d ic  o r b i t  o f  th e  c i r c u l a r
th u s ,  T 3  nTQ, and from  E quation  (6 * l)  we have th e  "com m ensu rab ility  
c o n d itio n "
(6 -2)
f o r  th e  c o n t in u a tio n  o f  a p e r io d ic  o r b i t  o f  th e  c i r c u l a r  problem  in to  th e  
e l l i p t i c  problem . In  o rd e r  to  en su re  t h a t  T i s  th e  b a s ic  p e r io d  o f  th e  
s t a r t i n g  o r b i t  o f  th e  e l l i p t i c  fa m ily  and n o t an in te g e r  m u l t ip le  th e r e o f ,
we r e q u i r e  t h a t  trie i n t e g e r s  k and n be m utua lly  prim e; th e  v a lu e  o f  
given by E qua t ion  (6*2) w i l l  be r e f e r r e d  to  a s  th e  k /n  com m ensurab il i ty .  
Equation (6*2) can be r e g a rd e d  a s  a b i f u r c a t io n  c o n d i t io n ,  in  the  sense  
t h a t  th o se  o r b i t s  o f  th e  c i r c u l a r  problem w ith  p e r io d s  s a t i s f y i n g  the  
com m ensurability  c o n d i t io n  may be co n t in u ed  in t o  the  e l l i p t i c  problem, 
p e r i o d i c i t y  b e in g  p re se rv e d  a s  e i s  in c re a s e d  from zero  to  n on -ze ro  
v a lu e s .  Thus, s commensurable o r b i t  o f  the  c i r c u l a r  problem i s  tne  
i n t e r s e c t i o n  o f  a  fam ily  o f  p e r io d ic  o r b i t s  o f  th e  c i r c u l a r  problem w ith  
a  fam ily  o f  th e  e l l i p t i c  c a s e ,  j u s t  a s  a v e r t i c a l  s e l f - r e s o n a n t  o r b i t  
i s  the  i n t e r s e c t i o n  o f  a  fam ily  o f  p la n a r  o r b i t s  w ith  a  fam ily  o f  t h r e e -  
dim ensional o r b i t s .  ( i n  f a c t ,  a s  we s h a l l  s ee ,  j u s t  a s  a v e r t i c a l  s e l f ­
r e so n a n t  o r b i t  g iv e s  r i s e  to  a  p a i r  o f  v e r t i c a l  b ran ch e s ,  two f a m i l i e s  
o f  p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  problem can always be g e n e ra te d  by 
c o n t in u a t io n  from a commensurable o rb i t ,  o f  th e  c i r c u l a r  p rob lem ).
The c o n t in u a t io n  o f  a  com m ensurable p e r io d ic  o r b i t  can be e f f e c te d  in  
th e  p a r t i c u l a r  ca se  o f  sym m etric o r b i t s  by means o f  th e  l i n e a r  p r e d ic to r  
a lg o rith m , d e s c r ib e d  in  C hap ter 4* f o r  th e  d e te rm in a tio n  o f  f a m i l i e s  o f  
p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  problem . The e = 0 o r b i t  o f  th e  e l l i p t i c  
fa m ily  h as  n o n -z e ro  i n i t i a l  c o n d i t io n s  ( SQq»so5 , s o i^  i d e n t i c a l  to  th o se  
f o r  th e  commensurable o r b i t  o f  th e  c i r c u l a r  c a s e , and th e  changes ( ^ sqj* 
A sq^) in  th e s e  q u a n t i t i e s  c o rre sp o n d in g  to  an in c rem en t A e in  
th e  p rim ary  e c c e n t r i c i t y  a r e  g iv e n , to  f i r s t  o rd e r  in  e , by th e  m a tr ix  
eq u a tio n
/  A  So | ^
5 s o S
V2\ V25 V7l
VU-\ Vif5 i
*3* \  A Soi
-  tie
'a * . /
(6-3)
The v a lu es  o f  th e  s u b s c r i p t s  i  and j  depend on th e  ty p e s  o f  m i r ro r  
c o n f ig u ra t io n s  o c c u r r i n g  a t  th e  i n i t i a l  (© = 9^) and f i n a l  ( 9 = 9 ^ )  
epochs, as  in  Table 5 .1 .  The v ' s  a p p e a r in g  on both  s id e s  o f  E quation  
(6*3) sore e v a lu a te d  a t  9 = 9^ on th e  e s  0 o r b i t ,  where 9^ 9© +• T/2
i n  the  case  o f  an o r b i t  o f  s im ple  symmetry, and 9^ -  9q + T/4 f o r  a 
doubly-sym m etric o r b i t .  (The q u e s t i o n  o f  symmetry p r o p e r t i e s  w i l l  be 
cons idered  in  more d e t a i l  in  a  l a t e r  s e c t i o n ) .  As lo n g  a s  th e  m a tr ix  
ap p ea r in g  on th e  l e f t - h a n d  s id e  o f  E qua t ion  (6*3) i s  n o n - s i n g u l a r , th e  
system o f  e q u a t io n s  can be so lved  and c o n t in u a t io n  to  n o n -ze ro  v a lu e s  
o f  e i s  th e r e f o r e  p o s s i b l e .
The s im p le s t  type  o f  comrnensurabil i t y  .is t h a t  f o r  which n = 1, so t h a t  
Tq -  2kiT f o r  some p o s i t i v e  i n t e g e r  k, and the  e -  0 o r b i t  o f  the  e l l i p t i c  
fam ily  i s  i d e n t i c a l  to  th e  commensurable o r b i t  o f  th e  c i r c u l a r  c a se ,  
d e sc r ib e d  once. In  t h i s  s p e c ia l  c a se ,  th e  e lem en ts  o f  th e  m a tr ix  on th e  
le f t - h a n d  s id e  o f  E quation  (6*3) have th e  same v a lu e s  a s  in E quation  (^* 3 5 ); 
t n i s  shows t h a t  th e  m a tr ix  i s  s in g u la r  on ly  a t  an extremum in  th e  o r b i t a l  
p e r io d  a lo n g  th e  fa m ily  o f  p e r io d i c  o r b i t s  o f  th e  c i r c u l a r  r e s t r i c t e d  
problem ( " c i r c u l a r  fa m i ly " )  to  which th e  commensurable o r b i t  b e lo n g s .
The num erical c o n t in u a t io n  o f  commensurable p e r io d ic  o r b i t s  o f  th e  
c i r c u l a r  problem in  th e  case  n = 1 h a s  been i n v e s t i g a t e d  by Broucke (1968,1969) 
(p la n a r  p e r io d i c  o r b i t s )  and by X a t s i a r i s  (1973) ( t h r e e  -d im en s io n a l  
p e r io d ic  o r b i t s ) .
The most g e n e ra l  ty p e  o f  com rnensurabili ty  i s  t h a t  f o r  which n may 
have any p o s i t i v e  i n t e g e r  v a lu e ,  and th e  e -  0 o r b i t  o f  th e  e l l i p t i c  
fam ily  i s  e q u iv a le n t  to  th e  commensurable o r b i t  o f  th e  c i r c u l a r  fam ily  
d e sc r ib e d  n t im e s .  The argument s t a t e d  above f o r  th e  case  n = 1 i s  
e a s i l y  g e n e r a l i s e d  to  v a lu e s  o f  n g r e a t e r  than u n i t y ,  s in c e  an o r b i t  o f  
b a s ic  p e r io d  T**, say , a l s o  h a s  p e r io d  ntf*; th u s  th e  c o n d i t io n  f o r  th e  
c o n t in u a t io n  o f  a  commensurable p e r io d i c  o r b i t  o f  th e  c i r c u l a r  r e s t r i c t e d  
problem i s  t h a t  i t s  p e r io d  does n o t  co rrespond  to  a  maximum o r  minimum 
v a lue  a lo n g  th e  fa m i ly  to  which i t  b e lo n g s .  Shelus  and Kumar (1970) 
and Shelus (1972) have done some p re l im in a ry  work on th e  c o n t in u a t io n -  
o f  commensurable p e r i o d i c  o r b i t s  i n t o  th e  p la n a r  e l l i p t i c  r e s t r i c t e d  
problem, bo th  in  th e  case  n = 1 and f o r  n > l ,  s t a r t i n g  w ith  c i r c u l a r  
o r b i t s  o f  th e  r e s t r i c t e d  two-body problem (fi a  0 ) ,  and in c r e a s i n g  th e  
mass pa ram ete r ,  a s  w ell  a s  th e  e c c e n t r i c i t y  o f  th e  p r im a r ie s ,  from zero  
to  non-zero  v a lu e s .  K a rk e l lo s  (1975) ^ a s  g iven  some examples o f  th e  
c o n t in u a t io n  o f  p e r i o d i c  o r b i t s  o f  th e  second g e n e ra t io n  i n t o  th e  p la n a r  
e l l i p t i c  problem .
I t  i s  our o b j e c t  in  th e  rem ainder o f  t h i s  c h a p te r  to  c o n s id e r  th e  
c o n t in u a t io n  o f  commensurable symmetric p e r io d i c  o r b i t s  o f  bo th  th e  
p la n a r  and th r e e -d im e n s io n a l  ca se s  o f  th e  r e s t r i c t e d  problem , f o r  
com rnensu rab il i t ie s  k /n  where k and n a r e  a r b i t r a r y  p o s i t i v e  i n t e g e r s ;  
we s h a l l  dea l p a r t i c u l a r l y  w ith  symmetry p r o p e r t i e s  and th e  c l a s s i f i ­
ca t io n  o f  f a m i l i e s  o f  p e r io d i c  o r b i t s  o b ta in e d  by n u m e rica l  c o n t in u a t io n  
in to  th e  e l l i p t i c  problem . The case  o f  p la n a r  o r b i t s  i s  d i s c u s s e d  in  
Section  6 .2 ,  and th re e -d im e n s io n a l  o r b i t s  in  S ec t io n  6.3* Numerical 
r e s u l t s  to  i l l u s t r a t e  th e  d is c u s s io n  a r e  given in  S e c t io n  6 .4 ,  w ith  an
example o f  th e  c o n t in u a t io n  in to  th e  e l l i p t i c  problem  o f  each c a te g o ry  o f  
com m ensurable, sym m etric p e r io d ic  o r b i t s ,  A number o f  co n c lu d in g  rem arks 
a re  p re s e n te d  in  S e c tio n  6.5*
6 .2  P la n a r  O rb i ts
In  t h i s  s e c t io n ,  we s h a l l  c o n s id e r  th e  c o n t in u a tio n  in to  th e  e l l i p t i c  
r e s t r i c t e d  problem  o f  sym m etric, p la n a r  p e r io d ic  o r b i t s  o f  th e  c i r c u l a r  
r e s t r i c t e d  p rob lem , commensurable in  p e r io d  w ith  th e  p e r io d  o f  th e  p r im a r ie s :  
t h a t  i s ,  w ith  p e r io d  Tq s a t i s f y i n g  E q u a tio n  (6 » 2 ) . As a l re a d y  s ta t e d ,  
th e  in te g e r  n  i n  th e  com rnensurabil i t y  c o n d i t io n  may have any p o s i t i v e  v a lu e . 
I t  i s  assumed th ro u g h o u t t h i s  c h a p te r  t h a t  th e  mass p a ram ete r jjl i s  k e p t 
f ix e d ,  th e  com mensurable o r b i t  b e in g  c o n tin u e d  in to  th e  e l l i p t i c  case  ( e 7 0 ) ,  
r e s u l t i n g  in  a  fa m ily  o f  p e r io d ic  o r b i t s  p a ra m e tr is e d  by th e  e c c e n t r i c i t y  
o f  th e  p r im a r ie s ;  how ever, a s  we s h a l l  see  in  C hapter 7» th e  same con­
c lu s io n s  w ith  r e g a rd  to  symmetry and c l a s s i f i c a t i o n  a re  a r r iv e d  a t  i f  th e  
mass p aram ete r i s  a llo w ed  to  v a ry  and a n o th e r  o r b i t a l  p a ram ete r ( th e  v e r t i c a l  
s t a b i l i t y  in d ex  a^ ) i s  f ix e d  in  v a lu e  in s te a d .
L et u s  a s  u s u a l  d en o te  th e  two d i s t i n c t  m ir ro r  c o n f ig u ra t io n s  o f  a  
p la n a r  p e r io d ic  o r b i t  o f  th e  c i r c u l a r  problem  by Cq and C^; th e  in t e r v a l  
between s u c c e s s iv e  m ir ro r  c o n f ig u ra t io n s  i s  eq u a l to  h a l f  th e  (b a s ic )  
o r b i t a l  p e r io d  Tq. N o w  i f  th e  p e r io d  Tq i s  com m ensurable, s a t i s f y i n g  
E quation  ( 6 - 2 ) ,  t h i s  o r b i t ,  a s  we have  a l re a d y  seen , i f  d e s c r ib e d  n tim e s , 
i s  a  sym m etric p e r io d ic  o r b i t  o f  th e  p la n a r  e l l i p t i c  r e s t r i c t e d  problem  
f o r  zero  e c c e n t r i c i t y  o f  th e  p r im a r ie s .  S u ccess iv e  m ir ro r  c o n f ig u ra t io n s  
in  t h i s  o r b i t  o f  th e  e l l i p t i c  problem  o ccu r a t  i n t e r v a l s  o f
2  = kir . ^ ^
T his form o f  E q u a tio n  (6*2) shows th a t  th e  ra a ss le ss  p a r t i c l e  makes p e r ­
p e n d ic u la r  c ro s s in g s  o f  th e  x - a x is  a t  th e  i n s t a n t s  when th e  p r im a r ie s  a re  
a t  one o r  o th e r  ap se  in  t h e i r  e l l i p t i c  o r b i t ,  a s  r e q u ir e d  by th e  " s t ro n g  
p e r io d i c i t y  c r i t e r i o n " .
In  o rd e r  to  c o n tin u e  th e  e = 0 o r b i t  to  some sm all n o n -z e ro  v a lu e  o f  
th e  e c c e n t r i c i t y  o f  th e  p r im a r ie s ,  e i t h e r  o f  th e  two p e rp e n d ic u la r  i n t e r ­
s e c tio n s  o f  th e  o r b i t  w ith  th e  x - a x is  can  be chosen a s  th e  s t a r t i n g  p o in t  
o f  th e  m a ss le ss  p a r t i c l e ,  w h ile  th e  p r im a r ie s  may be i n i t i a l l y  a t  e i t h e r  
p e r ia p s i s  (©Q = o) o r  a t  a p o a p s is  (9Q = tT ) .  ^  i n i t i a l  s t a t e  o f  th e
system i s  th e r e f o r e  one o f  f o u r  p o s s i b l e  m i r ro r  c o n f ig u r a t io n s ,  which we 
denote  by C^, C*, C^ * and C*, th e  " i f ” and " cC'1 s u p e r s c r i p t s  i n d i c a t i n g  t h a t
th e  p r im a r ie s  a r e  a t  p e r i a p s i s  and a p o a p s is ,  r e s p e c t i v e l y .  The n ex t
m ir ro r  c o n f ig u r a t io n  o c c u rs  when th e  t r u e  anomaly o f  th e  p r im a r ie s  i s
9 =  +  k ir  ® 0c + r t 1 o / 2 . 5  (6 .5 )
a t  t h i s  f i n a l  epoch, th e  p r im a r ie s  w i l l  have perfo rm ed  k /2  r e v o l u t i o n s  in  
t h e i r  e l l i p t i c  o r b i t ,  w h ile  th e  m a ss le s s  p a r t i c l e  w i l l  have fo llo w ed  an 
o r b i t  which ( f o r  s u f f i c i e n t l y  sm all e)  i s  e s s e n t i a l l y  n /2  d e s c r i p t i o n s  o f  
th e  commensurable o r b i t  o f  th e  c i r c u l a r  problem . The f i n a l  m i r ro r  con­
f i g u r a t i o n  must a l s o  be one o f  th e  fo u r  p o s s i b l e  k in d s  l i s t e d  above; th e  
r e l a t i o n s h i p  between th e  i n i t i a l  and f i n a l  ty p e s  o f  m i r ro r  c o n f ig u r a t io n  
depends s o le ly  on th e  v a lu e s  o f  k and n ,  and i n  p a r t i c u l a r  on t h e i r  even­
n e s s  o r  oddness ,  a s  shown i n  Table 6 .1 .
Table 6 .1
Case k n M irro r  C o n f ig u ra t io n  O c c u rr in g  a t :  
I n i t i a l  Epoch F in a l  Epoch
1 even odd (a ) c *0
(b ) c *0 °r
2 odd odd ( a ) co
0 0 co °r
3 odd even ( a ) $
* 0 0
The l a s t  two columns o f  Table  6 .1  a r e  i n t e r c h a n g e a b le ,  s in c e  th e  two 
d i s t i n c t  m i r ro r  c o n f ig u r a t io n s  d e f in i n g  a  symmetric p l a n a r  p e r io d i c  o r b i t  
o ccu r  a l t e r n a t e l y  and e i t h e r  may be ta k e n  to  be th e  i n i t i a l  s t a t e  o f  th e  
system . In  each o f  th e  t h r e e  c a s e s  l i s t e d  in  th e  t a b l e ,  t h e r e  a r e  two 
and o n ly  two d i f f e r e n t  ways o f  c o n t in u in g  a  commensurable o r b i t  o f  th e  
p la n a r  c i r c u l a r  problem  i n t o  th e  e l l i p t i c  p roblem , r e s u l t i n g  i n  e x a c t ly  
two d i s t i n c t  f a m i l i e s  o f  p e r io d i c  o r b i t s  a s  e i s  in c r e a s e d  firora ze ro  to  
n on -ze ro  v a lu e s .
In  h i s  p ap e r on th e  s t a b i l i t y  o f  p e r io d ic  o r b i t s  in  th e  (p la n a r )  e l l i p t i c  
r e s t r i c t e d  th re e -b o d y  problem , Broucke ( 1969) s t a t e d  t h a t  " fo r  every  sym­
m e tr ic  p e r io d ic  o r b i t  w ith  e = 0 , th e re  a re  two ways o f  p ro lo n g a t in g  i t  to  
th e  e l l i p t i c  p rob lem 11. Broucke d is t in g u is h e d  betw een th e  two r e s u l t i n g  
f a m i l ie s  o f  p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  problem  ( " e l l i p t i c  f a m i l ie s " )  
a c c o rd in g  to  w hether th e  i n i t i a l  s t a t e s  o f  th e  o r b i t s  co rresp o n d  to  p e r i -  
a p s is  (0q = 0) o r  a p o a p s is  (9q = T** ) o f  th e  p r im a r ie s ,  and r e f e r r e d  to  
" p e r ia p s is  o r b i t s "  and "ap o a p s is  o r b i t s " .  E xam ination  o f  T able 6 .1  shows 
th a t  B roucke*s c l a s s i f i c a t i o n  i s  a p p l ic a b le  in  Cases 1 and 2 ( t h a t  i s ,  
f o r  odd v a lu e s  o f  n )  s in c e  i t  i s  p o s s ib le  to  d is t in g u is h  betw een th e  
d i f f e r e n t  ty p e s  o f  o r b i t s  a c c o rd in g  to  th e  s t a t e  o f  th e  p r im a r ie s  a t  th e  
i n i t i a l  epoch, i f  th e  m a ss le ss  p a r t i c l e  i s  s t a r t e d  a t  e i t h e r  Cq o r  C^, 
a s  a p p ro p r ia te ;  th e  n u m erica l r e s u l t s  g iv en  by Broucke ( 1968, 1969) a re  
f o r  co m rn e n su ra b ilitie s  k /n  w ith  n -  1 , which b e lo n g  to  Cases 1 and 2 o f  
th e  t a b le .  In  Case 3> however ( t h a t  i s ,  f o r  even v a lu e s  o f  n ) ,  th e  
p e r ia p s i s /a p o a p s is  c l a s s i f i c a t i o n  i s  n o t a p p l ic a b le :  h a v in g  chosen e i t h e r  
Cq o r  C  ^ a s  th e  s t a r t i n g  p o in t  o f  th e  m a ss le ss  p a r t i c l e ,  th e  same fa m ily  
o f  p e r io d ic  o r b i t s  w i l l  be o b ta in e d  w hether th e  p r im a r ie s  a r e  i n i t i a l l y  
taken  to  be a t  p e r i a p s i s  o r  a p o a p s is ,  and in  o rd e r  to  d e te rm in e  bo th  
f a m i l ie s  in  t h i s  c a s e ,  b o th  o f  th e  c o n f ig u ra t io n s  Cq and C  ^ o f  th e  commen­
su ra b le  o r b i t  have to  be u se d , th e  i n i t i a l  s t a t e  o f  th e  p r im a r ie s  b e in g  
u n im p o rtan t.
"When Broucke*s c l a s s i f i c a t i o n  i s  a p p l ie d  to  th e  two f a m i l i e s  o f  p e r io d ic  
o r b i t s  a r i s i n g  from  a  com rnensurab ility  c o rre sp o n d in g  to  Case 2 o f  T ab le 6 .1 ,  
i t  i s  im p o rtan t to  s p e c ify  w hich o f  th e  c o n f ig u ra t io n s  Cq o r  C  ^ i s  ad op ted  
as  th e  s t a r t i n g  p o in t  o f  th e  m a ss le ss  p a r t i c l e ,  in  o rd e r  to  av o id  am b ig u ity . 
Only in  Case 1 i s  th e r e  a  c l e a r ,  unam biguous d i s t i n c t i o n  betw een th e  
" p e r ia p s is "  and " a p o a p s is "  o r b i t s ,  a s  th e  fo rm er have m ir ro r  c o n f ig u ra t io n s  
on ly  a t  p e r i a p s i s ,  and th e  l a t t e r  o n ly  a t  a p o a p s is .  The m ost obv ious 
way to  c l a s s i f y  th e  two f a m i l i e s  o f  p e r io d ic  o r b i t s  a r i s i n g  from  a  Case 3 
comrnensurabil i t y  would be in  te rm s o f  th e  p e rp e n d ic u la r  a x i s - c r o s s in g s  o f 
th e  commensurable o r b i t  from  which th e  o r b i t s  o f  th e  m a ss le ss  p a r t i c l e  a re  
commenced in  each ca se  ( e i t h e r  Cq o r  C ^). For exam ple, f o r  s im p le -  
p e r io d ic  o r b i t s  o f  S trd ra g re n 's  c l a s s e s  f  o r  g  ( r e t r o g r a d e  o r  d i r e c t  
s a t e l l i t e  o r b i t s ) ,  th e  p o in t s  Cq and C  ^ co rresp o n d  to  c o n ju n c tio n  and 
o p p o s itio n  w ith  r e s p e c t  to  th e  p r im a r ie s .
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6 .3  T hree-D im ensional O rb i ts
Many f e a t u r e s  o f  th e  c o n t in u a tio n  o f  sym m etric p la n a r  p e r io d ic  o r b i t s  
from th e  c i r c u l a r  in to  th e  e l l i p t i c  r e s t r i c t e d  prob lem , d is c u s s e d  in  th e  
p re v io u s  s e c t io n ,  a r e  a p p l ic a b le  to  th e  c o n t in u a t io n  o f  th re e -d im e n s io n a l 
p e r io d ic  o r b i t s ;  th e  main d i f f e r e n c e  i s  t h a t  th e r e  i s  on ly  one k in d  o f  
o r b i t a l  symmetry in  th e  p la n a r  r e s t r i c t e d  p rob lem , w h ile  a s  we saw in  
S e c tio n  2 .4 ,  sym m etric p e r io d ic  o r b i t s  o f  th e  th re e -d im e n s io n a l problem  
can be c l a s s i f i e d  in to  th o se  o f  sim ple  and th o se  o f  doub le  symmetry.
The im portance  o f  th e  symmetry c l a s s i f i c a t i o n  i s  t h a t  th e re  e x i s t  d oub ly - 
sym m etric p e r io d ic  o r b i t s  o f  a r b i t r a r y  p e r io d  in  th e  c i r c u l a r  r e s t r i c t e d  
problem , w h ile  i n  th e  e l l i p t i c  problem  th e  p e r io d  m ust be an even m u ltip le  
o f  2tt , th e  p e r io d  o f  th e  p r im a r ie s ;  th u s ,  when a  doub ly -sym m etric  p e r io d ic  
o r b i t  i s  c o n tin u e d  in to  th e  e l l i p t i c  problem , th e  p ro p e r ty  o f  doub le 
symmetry (symmetry w ith  r e s p e c t  to  bo th  th e  x - a x is  and th e  ( x ,z ) - p la n e )  i s  
p re se rv e d  o n ly  i f  th e  com rnensurab ility  k /n  i s  such th a t  k  i s  an even number, 
w h ile  i f  k  i s  odd th e r e  must be a  l o s s  o f  one o f  th e  sym m etries. T h is  
q u e s tio n  o f  symmetry and c l a s s i f i c a t i o n  i s  th e  main theme o f  th e  p re s e n t  
s e c t io n .
Any com m ensurable, sym m etric p e r io d ic  o r b i t  o f  th e  th re e -d im e n s io n a l 
c i r c u l a r  r e s t r i c t e d  problem  can be p la c e d  in  one o f  th e  fo llo w in g  th r e e  
c a te g o r ie s ,  a c c o rd in g  to  th e  symmetry c l a s s  and th e  com rnensurabil i t y  r e l a t i o n ;
( i )  s im p ly -sym m etric
( i i )  doub ly -sym m etric  (k  odd)
( i i i )  doub ly -sym m etric  (k  ev en ).
I t  i s  c o n v en ien t to  d e a l w ith  each  o f  th e s e  th r e e  c a te g o r ie s  in  tu r n .
( i )  S im ply-sym m etric
T his c a te g o ry  o f  com m ensurable th re e -d im e n s io n a l p e r io d ic  o r b i t s  can be 
t r e a te d  in  much th e  same way a s  th e  sym m etric p la n a r  p e r io d ic  o r b i t s  d i s ­
cussed  in  th e  p re v io u s  s e c t io n .  I t  i s  c l e a r  t h a t  th e  symmetry ty p e  o f  
th e  commensurable o r b i t  (ax isy m m etric  o r  p la n e  sym m etric) w i l l  be c a r r i e d  
o v er in to  th e  o r b i t s  o f  th e  e l l i p t i c  problem  g e n e ra te d  by c o n t in u a t io n  to  
n o n -ze ro  v a lu e s  o f  th e  p a ram e te r  e ,  s in c e  o n ly  one ty p e  o f  m ir ro r  c o n fig u ­
r a t i o n ,  e i t h e r  ty p e  (A) o r  ty p e  ( P ) , can ta k e  p la c e  a t  b o th  th e  i n i t i a l  
and f i n a l  epochs. The c l a s s i f i c a t i o n  o f  th e  d i f f e r e n t  ty p e s  o f  commen- 
s u r a b i l i t y  k /n  g iv en  in  T ab le 6 .1  i s  a p p l ic a b le ,  e x c e p t t h a t  th e  two
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d i s t i n c t  m irro r  c o n f ig u ra t io n s  and o f  th e  commensurable o r b i t  a re  
no lo n g e r  sim ply p e rp e n d ic u la r  c ro s s in g s  o f  th e  x - a x is ,  b u t a re  t r u e  
’’th re e -d im e n s io n a l’1 m irro r  c o n f ig u r a t io n s ;  in  p a r t i c u l a r ,  in  each o f  th e  
th r e e  c a se s  l i s t e d  in  th e  t a b l e ,  th e re  a r e  a lw ays e x a c tly  two ways in  
which th e  commensurable o r b i t  may be c o n tin u e d , w ith  th e  r e s u l t  th a t  
th e re  a re  two, and o n ly  two, f a m i l i e s  o f  p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  
problem  a r i s i n g  from  a  commensurable p e r io d ic  o r b i t  o f  sim ple  symmetry.
The o r b i t s  b e lo n g in g  to  bo th  o f  th e s e  f a m i l i e s  m ust, o f  c o u rse , have th e  
same ty p e  o f  symmetry.
( i i )  D oubly-sym m etric (k  odd)
M irro r c o n f ig u ra t io n s  o f  a l t e r n a t e  ty p e  ta k e  p la c e  a t  i n t e r v a l s  o f  a
q u a r te r  o f  th e  b a s ic  p e r io d  o f  a  doub ly -sym m etric  o r b i t  o f  th e  c i r c u l a r
r e s t r i c t e d  problem . I f  th e  p e r io d  i s  com m ensurable, s a t i s f y i n g  E quation
th(6 * 2 ), such t h a t  k  i s  an odd number (k  = l , 3 » 5 f » » * ) i  th e n  th e  n m irro r  
c o n f ig u ra tio n  o f  th e  com mensurable o r b i t  w i l l  o ccu r a t
0 = e o 4 - r v 1 a / Z f .  =  B n - V v ( 2 . .  ( 6 . 6 )
S ince Oq must be eq u a l to  an in te g e r  m u l t ip le  o f  Tf , and k  i s  odd, t h i s  
v a lu e  o f  th e  t r u e  anom aly does n o t  co rresp o n d  to  e i t h e r  o f  th e  a p se s  o f  
th e  p rim ary  o r b i t ,  and so th e  s tr o n g  p e r io d i c i t y  c r i t e r i o n  i s  n o t s a t i s f i e d .  
The n e x t t r u e  m ir ro r  c o n f ig u r a t io n ,  s a t i s f y i n g  th e  re q u ire m e n t t h a t  th e  
p r im a r ie s  be lo c a te d  a t  e i t h e r  p e r i a p s i s  o r  a p o a p s is ,  does n o t o ccu r u n t i l
0  ~  2. “  0 o +  ktT, (6-7)
and s in c e  th e  i n t e r v a l  betw een s u c c e s s iv e  m ir ro r  c o n f ig u ra t io n s  i s  a  
m u lt ip le  o f  th e  h a l f - p e r io d  (Tq/ 2 ) ,  r a t h e r  th a n  th e  q u a r te r - p e r io d  (Tq/ 4 ) ,  
th e s e  m irro r  c o n f ig u ra t io n s  must b o th  be o f  th e  same ty p e . Thus, a  
doubly-sym m etric p e r io d ic  o r b i t  o f  th e  c i r c u l a r  r e s t r i c t e d  problem  
s a t i s fy in g ,  th e  com rnensurabil i t y  k /n ,  such t h a t  k  i s  odd, may be re g a rd e d  
a s  e i t h e r  an ax isy m m etric  o r  a  p la n e  sym m etric o r b i t  o f  th e  e l l i p t i c  
r e s t r i c t e d  problem  f o r  e -  0 , a c c o rd in g  to  th e  ch o ice  o f  s t a r t i n g  p o in t  
on th e  o r b i t .  For z e ro  e c c e n t r i c i t y  o f  th e  p r im a r ie s ,  th e s e  two o r b i t s  
a re  e s s e n t i a l l y  i d e n t i c a l ,  b u t a s  th e  e c c e n t r i c i t y  i s  in c re a s e d  to  non­
zero  v a lu e s ,  d i s t i n c t  o r b i t s  o f  d i f f e r e n t  symmetry c l a s s e s  w i l l  be o b ta in e d .
I t  i s  e a s i l y  shown t h a t ,  once a g a in , th e r e  a re  two and o n ly  two ways in
w hich a  commensurable p e r io d ic  o r b i t  o f  t h i s  c a te g o ry  can be co n tin u ed  in to  
th e  e l l i p t i c  problem , one fa m ily  o f  s im ply -sym m etric  o r b i t s  a r i s i n g  from 
each o f  th e  f,ax isy m m etric !l and "p lan e  sym m etric" form s o f  th e  commensurable 
o r b i t .  The re a so n  f o r  t h i s  i s  t h a t  a s  we saw in  S e c tio n  2.4> th e  two 
m ir ro r  c o n f ig u ra t io n s  s e p a ra te d  by h a l f  o f  th e  p e r io d  in  a  doubly-sym m etric  
o r b i t  a re  m ir ro r  im ages o f  one a n o th e r  in  th e  ( x ,y ) - p la n e .  The co n fig u ­
r a t i o n s  Cq and a re  th e r e f o r e  e s s e n t i a l l y  i d e n t i c a l  ( a p a r t  from  a  
r e f l e c t i o n  in  th e  h o r iz o n ta l  p la n e )  and th e  p a i r s  o f  f a m i l i e s  c o rre sp o n d in g  
to  th e  v a r io u s  com binations  o f  m ir ro r  c o n f ig u ra t io n s  in  Cases 2 and 3 o f 
T able 6 .1  a r e  im ages o f  one a n o th e r  in  th e  ( x ,y ) - p la n e :  t h i s  i s  th e
u n iv e r s a l  p ro p e r ty  o f  th re e -d im e n s io n a l p e r io d ic  o r b i t s  m entioned  e a r l i e r .
( i i i )  D oubly-sym m etric (k  even)
For even v a lu e s  o f  k  (k  = 2 , 4 > 6 , . . . ) ,  th e  v a lu e  o f  th e  t r u e  anomaly 9 
g iv en  by E q u a tio n  (6*6) i s  an in te g e r  m u l t ip le  o f  TV , and th e r e f o r e  c o r r e s ­
ponds to  one o r  o th e r  o f  th e  a p se s  o f  th e  p rim ary  o r b i t  when th e  e c c e n t­
r i c i t y  e i s  in c re a s e d  to  n o n -ze ro  v a lu e s .  M oreover, s in c e  th e  in te g e r s  
k and n in  th e  com rnensurab ility  c o n d it io n  (6*2) must be m u tu a lly  p rim e, 
n i s  n e c e s s a r i ly  odd f o r  t h i s  c a te g o ry  o f  com mensurable o r b i t s :  t h i s
means th a t  su c c e s s iv e  m ir ro r  c o n f ig u ra t io n s  o f  th e  e = 0 o r b i t  o f  th e  
e l l i p t i c  problem  must be o f  o p p o s ite  ty p e , and th e  o r b i t a l  symmetry i s  
th e r e f o r e  d o u b le . The two f a m i l i e s  o f  doub ly -sym m etric  p e r io d ic  o r b i t s  
o f  th e  e l l i p t i c  r e s t r i c t e d  problem  a r i s i n g  from  t h i s  c a te g o ry  o f  commen­
s u ra b le  o r b i t  can be c l a s s i f i e d  a s  c o n s i s t i n g  o f  " p e r ia p s i s  o r b i t s "  and 
"a p o ap s is  o r b i t s " ,  a c c o rd in g  to  th e  lo c a t io n  o f  th e  p r im a r ie s  a t  a  g iven  
m irro r  c o n f ig u ra t io n  ( th e  ty p e  ( a) c o n f ig u r a t io n ,  s a y ) .
Few r e s u l t s  have been p u b lish e d  on th e  n u m erica l .c o n tin u a tio n  o f  th r e e -  
d im ensional sym m etric p e r io d ic  o r b i t s  in to  th e  e l l i p t i c  r e s t r i c t e d  problem . 
K a ts ia r i s  ( 1973) o f f e r s  some r e s u l t s  on th e  c o n t in u a tio n  o f  s im p ly - 
sym m etric o r b i t s ,  w h ile  th e  ca se  o f  doub ly -sym m etric  p e r io d ic  o r b i t s  h a s  
been e x p lo re d  by M aoris e t  a l .  (1975)• In  th e  n e x t s e c t io n ,  nu m erica l 
exam ples a re  g iven  f o r  each o f  th e  th r e e  c a te g o r ie s  o f  sym m etric commen­
s u ra b le  o r b i t s  l i s t e d  above.
6 .4  N um erical Examples
In  t h i s  s e c t io n ,  n u m erica l r e s u l t s  a r e  p re s e n te d  to  i l l u s t r a t e  th e
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c o n tin u a tio n  o f  th re e -d im e n s io n a l p e r io d ic  o r b i t s  o f  th e  c i r c u l a r  r e s t r i c t e d  
problem  in to  th e  e l l i p t i c  c a s e : f i r s t l y ,  c a te g o r ie s  ( i )  and ( i i )  o f
com m ensurable, sym m etric p e r io d ic  o r b i t s ,  bo th  o f  w hich g iv e  r i s e  to  
sim ply-sym m etric  o r b i t s  o f  th e  e l l i p t i c  r e s t r i c t e d  prob lem , and seco n d ly , 
c a te g o ry  ( i i i ) ,  g iv in g  r i s e  to  doub ly -sym m etric  o r b i t s .
E xam ination  o f  T a b le s  5*1 -  5*8 shows t h a t ,  w ith  th e  e x c e p tio n  o f  
fam ily  each o f  th e  v e r t i c a l  b ran ch e s  o f  fa m ily  f  g iv en  in  th e
p re v io u s  c h a p te r  c o n ta in s  an o r b i t  o f  p e r io d  T = 2TT 6*283): t h a t
i s ,  in  th e  com rnensurabil i t y  l / l  w ith  th e  p e r io d  o f  th e  p r im a r ie s .  We 
ta k e  th e  T = 2iT o r b i t s  o f  th e  f a m i l ie s  a s  s t a r t i n g  p o in ts
f o r  num erical c o n t in u a t io n  in to  th e  th re e -d im e n s io n a l e l l i p t i c  r e s t r i c t e d  
problem , to  ex em p lify  th e  two p o s s ib le  ways in  w hich f a m i l i e s  o f  s im p ly - 
sym m etric p e r io d ic  o r b i t s ,  p a ra m e tr is e d  by th e  e c c e n t r i c i t y  o f  th e  
p r im a r ie s ,  may be e s t a b l i s h e d .  The o r b i t  o f  p e r io d  T = 12TT/5 b e lo n g in g  
to  th e  fam ily  i s  u sed  a s  an example o f  a  c a te g o ry  ( i i i )  coraraensur-
a b i l i t y ,  from w hich two f a m i l i e s  o f  doub ly -sym m etric  p e r io d ic  o r b i t s  
o f  th e  e l l i p t i c  r e s t r i c t e d  problem  can be e s ta b l i s h e d .
( i )  C o n tin u a tio n  o f  th e  l /L  Commensurable O rb it  o f  Fam ily
Fam ily c o n s i s t s  o f  ax isym m etric  p e r io d ic  o r b i t s ,  and so th o se
o r b i t s  o f  t h i s  fa m ily  w ith  commensurable p e r io d s  b e lo n g  to  c a te g o ry  ( i )  
(s im p ly -sy m m etric ) o f  com m ensurable, sym m etric p e r io d ic  o r b i t s ,  and can 
be c l a s s i f i e d  in to  C ases 1 , 2 and 3 o f  T ab le  6 .1  a c c o rd in g  to  th e  
comrnensurabil i t y  k /n . .  The l / l  com rnensurabil i t y ,  in  p a r t i c u l a r ,  comes 
un d er Case 2: th e  two f a m i l i e s  o f  ax isy m m etric  p e r io d ic  o r b i t s  w hich a re
o b ta in e d  by c o n t in u a t io n  o f  t h i s  o r b i t  in to  th e  e l l i p t i c  problem  a re  
d is t in g u is h a b le  a c c o rd in g  to  th e  lo c a t io n  o f  th e  m a ss le s s  p a r t i c l e  a t  
p e r i a p s i s  o f  th e  p r im a r ie s .  T h is  i s  p e rh ap s  th e  m ost co n v en ien t c l a s s i ­
f i c a t i o n ,  s in c e  th e  m ir ro r  c o n f ig u ra t io n s  o f  a l l  o f  th e  o r b i t s  e s ta b l i s h e d  
by num erical c o n t in u a t io n  a r e  o f  ty p e  ( a) ( o n - a x i s ) , and th e  two p e rp en ­
d ic u la r  a x is  c r o s s in g s  o c c u r a t  c o n ju n c tio n  and a t  o p p o s it io n  r e l a t i v e  
to  th e  p r im a r ie s .  We th e r e f o r e  have a  " c o n ju n c tio n "  fa m ily  and an 
"o p p o s itio n "  fa m ily : th e  fo rm er r e s u l t s  from  ta k in g  th e  m a ss le ss  p a r t i c l e
to  be a t  th e  c o n ju n c tio n  a x i s - c r o s s in g  a t  p e r i a p s i s ,  and th e  l a t t e r  from  
ta k in g  th e  p a r t i c l e  to  be a t  th e  o p p o s i t io n  c ro s s in g  when th e  p r im a r ie s  
a r e  a t  p e r i a p s i s .  (The a l t e r n a t i v e  c l a s s i f i c a t i o n ,  t h a t  o f  B roucke, 
would be to  s p e c ify  w h eth er th e  p r im a r ie s  a re  a t  p e r i a p s i s  o r  a t  a p o a p s is
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T ab le 6 .2  : C on junc tion  Fam ily G enerated  from  th e  l / l  C om rnensurability
o f  Fam ily ^  ( r  = 0*00095)
e S01 S05 s06
m
0 0*961227 0*046428 0.170391 5
0*005 0*961156 0*046575 0*170053 5
0*01 0*961088 0*046713 0*169730 5
0-05 0*960679 0*047552 0*167685 5
0*1 0 *960482 0 *048074 0-166252 5
0*2 0 *960949 0*047675 0*165938 5
0*3 0*962306 0*045368 0*167965 5
0*4 O.96436O 0*042674 0*171657 4
0*5 0*966764 0*043908 0*175895 4
0 -6 0-969095 0*053580 0*178901 4
0*7 0*971096 0*075153 0*177527 4
0*8 0.972519 0*114708 0*162577 4
0 -9 0*972653 0*189644 . 0*077942 4
T able 6 .3 : O p p o sitio n  Fam ily G enera ted  from  th e  l / l  Comme 
o f  Fam ily (}* = 0*00095)
e S01 S05 s06
m
0 1 .036944 - 0*048406 0*168970 5
0*005 1*037017 -0*048474 0*168645 5
0*01 1*037086 -0*048533 0*168339 5
0*05 ■ 1*037488 - 0*048692 0*166508 5
0*1 1*037618 - 0*048232 0*165561 5
0 -2 1 *036807 -0  *045621 0*166797 5
0-3 1 -034930 -0*041379 0*170721 5
. 0*4 1 *032385 - 0*038369 0*176126 4
0-5 1*029809 - 0*042788 0*180966 4
0 -6 1*027689 -0*057885 0*182663 4
0*7 1*026180 - 0*084616 0*177447 4
0*8 1 -025573 -0*126738 0*155008 . 4
! 0*891 1 *026493 -0*187517 0*075217 4
i
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a t  th e  i n s t a n t  th e  m a ss le ss  p a r t i c l e  was a t ,  say , c o n ju n c tio n ) .
N um erical d a ta  f o r  th e  c o n ju n c tio n  fa m ily  g e n e ra te d  from th e  l / l  
comrnensurabil i t y  o f  fa m ily  a re  g iv en  in  T ab le  6 .2 ,  and f o r  th e
o p p o s itio n  fa m ily  in  T able 6 . 5. The o n -a x is  i n i t i a l  c o n d it io n s  (sq^»
Sq^) f o r  th e  e = 0 members o f  th e  two f a m i l i e s  a r e ,  n a t u r a l l y ,  th o se  f o r  
th e  c o n ju n c tio n  and o p p o s it io n  a x i s - c r o s s in g s  o f  th e  commensurable o r b i t .  
The i n i t i a l  c o n d it io n s  g iv en  f o r  each o r b i t  o f  bo th  f a m i l i e s  co rresp o n d  
to  p e r ia p s i s  o f  th e  p r im a r ie s  (9q -  0 ) ,  and th e  p e r io d  o f  each o r b i t  i s ,  
o f  c o u rse , T -  2tr . S ince  th e  e = 0 o r b i t  i s  e q u iv a le n t  to  a  s in g le  
d e s c r ip t io n  o f  th e  com mensurable o r b i t  o f  th e  c i r c u l a r  problem  (n  = l ) ,  
th e  m u l t i p l i c i t y  ra i s  i n i t i a l l y  equal to  t h a t  o f  th e  commensurable o r b i t ,  
t h a t  i s ,  m = 5» t h i s  f a l l s  to  ra -  4 a t  abou t e = 0-36  f o r  th e  c o n ju n c tio n  
fa m ily , and e = 0*34 f o r  th e  o p p o s it io n  fa m ily . The o r b i t s  o f  bo th  
f a m i l ie s  rem ain  d i s t i n c t l y  th re e -d im e n s io n a l in  c h a ra c te r  th ro u g h o u t, th e  
i n i t i a l  z-com ponent o f  v e lo c i ty  Sq^ r e t a i n i n g  a  n o n -ze ro  v a lu e , and 
showing l i t t l e  v a r i a t io n  e x c e p t a t  v a lu e s  o f  th e  p aram ete r e above abou t 
0*8. N um erical c o n t in u a tio n  o f  th e  o r b i t s  beyond e s s 0*9 was found to  
be in c re a s in g ly  d i f f i c u l t  b ecause  o f  n u m erica l d i f f i c u l t i e s  a s s o c ia te d  
w ith  h ig h  o r b i t a l  i n s t a b i l i t y .  In d eed , c a lc u la t io n  o f  th e  in d ic e s  k^ , 
k„ and k ,  by th e  m ethods d e s c r ib e d  in  C h ap te rs  3 and 4 in d ic a te d  th a t  th e  
o r b i t s  o f  bo th  f a m i l ie s  a r e  e n t i r e l y  u n s ta b le ,  th e  i n s t a b i l i t y  in c r e a s in g  
w ith  th e  e c c e n t r i c i ty  e o f  th e  p r im a r ie s .
T yp ica l o r b i t s  o f  bo th  th e  c o n ju n c tio n  and o p p o s it io n  f a m i l i e s  a re  
p lo t te d  in  F ig u re s  A25 -  A36 , in  th e  Appendix.
( i i )  C o n tin u a tio n  o f  th e  l / l  Commensurable O rb i t  o f  Fam ily
The o r b i t  o f  p e r io d  T -  2TT ( th e  l / l  com rnensurabil i t y )  b e lo n g in g  to  
fa m ily  o f  doub ly -sym m etric  o r b i t s  i s  an example o f  c a te g o ry  ( i i )
(doub ly -sym m etric , k  odd) o f  commensurable sym m etric p e r io d ic  o r b i t s  o f  
th e  c i r c u la r  r e s t r i c t e d  problem . T h is  o r b i t  can th e r e f o r e  be co n tin u e d  
in to  th e  e l l i p t i c  problem  to  p roduce two f a m i l i e s  o f  sim ply-sym m etric  
p e r io d ic  o r b i t s ,  one c o n s i s t in g  o f  ax isy m m etric  o r b i t s  and th e  o th e r  o f  
p la n e  sym m etric o r b i t s .  N um erical d a ta  f o r  th e s e  two f a m i l i e s  a r e  g iv en  
in  T ab les 6 .4  and 6 . 5 .
The i n i t i a l  c o n d it io n s  g iv e n  in  each  o f  th e  t a b le s  co rresp o n d  to
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T ab le  6 .4  : A xisym m etric Fam ily  G enerated  from  th e  l / l  C om rnensurability
o f  Fam ily = 0*00095)
e S01 S05 s06
m
0 0*966059 0*046917 0-176984 6
0*005 0*965892 0*047043 0-176269 6
0*01 0*965746 0*047165 0*175568 6
0*05 0*964612 0*048029 0*170478 6
0*1 0-965368 0 *048779 0*165578 6
0*2 0*961870 0*048837 0*160690 6
0*5 0*961859 0*046073 0*160905 6
0*4 0*963215 . 0 -039465 0*164758 6
0*5 0-965776 0*030820 0-171315 5
0*6 0*968776 0*030328 0*178633 5
0*7 0*971196 0-047742 0*182769 5
0*8 0*972722 0 *086331 0*175945 5
0*9 0*972503 0-160158 0*121971 5
T ab le  6 .5 : P lane-S ynnnetric  F am ily  G en era ted  from  th e  l / l  






0 0-997095 0-032160 -0*174842 6
0*005 0*997077 0 -032283 -0-174148 6
0*01 0*997057 0-032405 -0-175461 6
0*05 0*996855 0-033419 -0*168086 6
0*1 0*996452 0*034853 -0*161261 6
0*2 0*994896 0-039218 -0*144155 6
0*3 0*995624 0*047659 -0-121075 6
0*4 0*995270 0-057763 -0-104231 6
0*5 0*997441 0 -068109 -0-092587 6
0*6 0*998367 0-079869 -0-081706 6
0*7 0*997525 0 *094550 -0*069555 6
0*8 0-995545 0*113705 -0*057558 6
0*9 0*997195 0 *141005 -0*054517 6
0*98 0*998515 0*187258 -0*052248 6
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p e r ia p s i s  o f  th e  p r im a r ie s  (9^ — 0 ) ,  and th e  o r b i t a l  p e r io d  i s  once a g a in  
in  every  case  T = 2 tt . The o r b i t a l  m u l t i p l i c i t y  m, i n i t i a l l y  equal to  
th a t  o f  th e  commensurable o r b i t  (m = 6 ) ,  d ro p s  to  m =  5 f o r  th e  ax isym m etric  
fam ily  a t  abou t e = 0*40, b u t r e t a i n s  i t s  i n i t i a l  v a lu e  th ro u g h o u t th e  
p la n e  sym metric fa m ily . The o r b i t s  a r e  a g a in  d i s t i n c t l y  th re e -d im e n s io n a l,  
th e  i n i t i a l  z - v e lo c i ty  Sq^ f o r  th e  ax isy m m etric  fa m ily  and th e  i n i t i a l  
z-com ponent Sq^ f ° r  th e  p la n e  sym m etric fa m ily  re m a in in g  n o n -ze ro  th ro u g h ­
o u t .  The o r b i t s  o f  b o th  f a m i l i e s  w ere found  to  be e n t i r e l y  u n s ta b le ,  
th e  p la n e  sym m etric o r b i t  f o r  a  g iv en  v a lu e  o f  th e  p rim ary  e c c e n t r i c i t y  
b e in g  somewhat l e s s  u n s ta b le  th a n  th e  c o rre sp o n d in g  ax isym m etric  o r b i t .
For t h i s  re a so n , i t  was p o s s ib le  to  t r a c e  th e  p la n e  sym m etric fa m ily  to  a  
h ig h e r  v a lu e  o f  th e  e c c e n t r i c i t y ,  b e fo re  n u m erica l d i f f i c u l t i e s  a s s o c ia te d  
w ith  h ig h ly  u n s ta b le  o r b i t s  made f u r t h e r  p ro g re s s  im p r a c t ic a l .
T yp ical o r b i t s  o f  b o th  th e  ax isy m m etric  and p la n e  sym m etric f a m i l ie s  
a re  p lo t te d  in  F ig u re s  A37 -  M 8 , in  th e  A ppendix.
( i i i )  C o n tin u a tio n  o f  th e  6 /5  Commensurable O rb it  o f  Fam ily
Two f a m i l ie s  o f  doub ly -sym m etric  p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  r e s t r i c t e d  
problem  a re  now p re s e n te d  to  i l l u s t r a t e  th e  c o n t in u a t io n  o f  a  commensurable 
o r b i t  o f  c a te g o ry  ( i i i )  (d o u b ly -sy m m etric , k even) a s  th e  e c c e n t r i c i t y  
o f  th e  p r im a r ie s  i s  in c re a s e d  from  z e ro  to  n o n -z e ro  v a lu e s .  The doub ly - 
symmetric o r b i t  chosen  f o r  t h i s  p u rpose  was th e  T = 1 2 tt/ 5 (^ 7 * 5 4 0 )  member 
o f  fam ily  ^ 6 ^ * c o rre sp o n d in g  to  th e  6 /5  com rnensurabil i t y ;  t h i s  in  f a c t  i s  
th e  lo w e s t-o rd e r  com rnensurabil i t y  w ith  an even v a lu e  o r  k  o f  any o f  th e  
fo u r  doubly-sym m etric v e r t i c a l  b ran ch e s  g iv en  in  C hap ter 5. S ince  th e  
commensurable o r b i t  o f  th e  c i r c u l a r  fa m ily  h a s  m u l t i p l i c i t y  s ix ,  and th e  
e ~ 0 o r b i t  o f  th e  e l l i p t i c  fa m ily  i s  e q u iv a le n t  to  a  f i v e - f o l d  d e s c r ip t io n  
o f  t h i s  o r b i t ,  th e  o r b i t s  o f  th e  e l l i p t i c  f a m i l i e s  a r e  o f  m u l t i p l i c i t y  
m = 30.
As was shown in  S e c tio n  6.3» th e  two f a m i l i e s  o f  p e r io d ic  o r b i t s  a r i s i n g  
from  a  comrnensurabil i t y  o f  c a te g o ry  ( i i i )  can be c l a s s i f i e d  a s  th e  " p e r i ­
a p s is "  and " a p o a p s is"  f a m i l i e s .  In  th e  n u m erica l d e te rm in a tio n  o f  bo th  
f a m i l ie s  g e n e ra te d  from  th e  6 /5  com rnensurabil i t y  o f  fa m ily  same
s t a r t i n g  p o in t  was chosen f o r  th e  m a ss le ss  p a r t i c l e ,  nam ely , th e  ty p e  (A) 
m irro r  c o n f ig u ra t io n ,  c o rre sp o n d in g  to  c o n ju n c tio n  w ith  th e  p r im a r ie s ;  
th e  p e r ia p s i s  and a p o a p s is  f a m i l i e s  w ere e s ta b l i s h e d  by ta k in g  th e  p r im a r ie s
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Table 6 .6  : P e r ia p s i s  Fam ily G enerated  from th e  6 /5  C om m ensurability
o f  Fam ily (jut = 0-00095)
801 S05 S06
0 0-961406 0 -190405 0-065856 30
0-005 0-961216 0-189915 0-065524 30
0-01 0-961025 0-189425 0-065255 30
0-05 0-959406 0-185425 0-061648 30
0-1 0-957178 0-180588 0-061281 30
0 -2 0-952065 0-170975 0-064250 30
0-5 0-946458 0-165439 0 -070107 30
0-4 0-941078 0-157554 0-078520 30
0-5 0-936537 0-151298 0-090172 30
0-6 0-931126 0-147843 0-102295 30
Table 6 .7  J A poapsis Fam ily G enerated  from  th e  6 /5  C om m ensurability  
o f  Fam ily -  0-00095)
S01 s05 S06 m
0 0 -961406 0-190405 0-065856 30
0-005 0-961593 0-190893 0-064171 30
0-01 0-961779 0-191377 0 -064528 30
0-05 0-965186 0-195128 0 -068205 30
0-1 0-964758 0-199398 0-074876 30
0 -2 0-967408 0-206205 0 -094807 30
0-3 0*969738 0-211085 0-125109 30
0-4 0-971969 0-214877 0-159850 30
0-5 0-974049 0-218859 0-205257 30
0-6 0-975956 0-229215 0-260065 30
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to  be i n i t i a l l y  a t  p e r i a p s i s  (0^ -  0 ) and a p o a p s is  (9 q = H ) ,  r e s p e c t iv e ly .  
N um erical d a ta  f o r  th e  two f a m i l i e s  o f  doub ly-sym m etric  o r b i t s  a re  g iven  
in  T ab les  6 .6  and 6 .7 .
The common p e r io d  o f  th e  o r b i t s  o f  th e  p e r i a p s i s  and a p o a p s is  f a m i l ie s
i s  T -  12T r; th e  o r b i t a l  m u l t i p l i c i t y  r e t a i n s  th e  i n i t i a l  v a lu e  m -  30
f o r  a l l  o f  th e  o r b i t s  which have been d e te rm in ed . The o r b i t s  o f  both
f a m i l i e s  become g e n e ra l ly  more in c l in e d  to  th e  h o r iz o n ta l  p la n e  w ith
in c re a s in g  e c c e n t r i c i t y  o f  th e  p r im a r ie s ,  th e  i n i t i a l  z - v e lo c i ty  s c showing
06
a t r e n d  tow ards in c re a s e d  v a lu e s .  C a lc u la t io n  o f  th e  s t a b i l i t y  in d ic e s  
in d i c a te s  th a t  th e  o r b i t s  a re  w ith o u t e x c e p tio n  u n s ta b le ,  th e  deg ree  o f  
i n s t a b i l i t y  becom ing ex trem ely  hig£i a t  v a lu e s  o f  th e  e c c e n t r i c i t y  o f  abou t 
0*3 o r  0*4 ( th e  m agnitude o f  one o f  th e  s t a b i l i t y  in d ic e s  f o r  th e  f i n a l  
o r b i t  o f  Table 6 .6  i s  o f  o rd e r  10 ) ;  because  o f  t h i s ,  th e  o r b i t s  cou ld  
n o t be co n tin u ed  to  such la r g e  e c c e n t r i c i t i e s  a s  th o se  o f  th e  p re v io u s  
s e c t io n .  A smooth t r a n s i t i o n  i s  e v id e n t in  th e  i n i t i a l  c o n d it io n s  
^s0 1 *S05*s06^ be^ween th e  p e r i a p s i s  and a p o a p s is  f a m i l i e s  a c ro s s  th e  
e = 0 o r b i t ,  which i s  common to  b o th  f a m i l i e s ;  t h i s  b eh av io u r w i l l  be 
d is c u s se d  f u r th e r  in  th e  n e x t s e c t io n .
6 .5  Remarks
( l )  An im p o rtan t f e a tu r e  o f  th e  c o n t in u a t io n  o f  sym m etric p e r io d ic  o r b i t s  
in to  th e  e l l i p t i c  p rob lem , d is c u s s e d  in  S e c tio n s  6 .2  and 6.3» i s  t h a t  
th e r e  a re  e x a c tly  two ways in  w hich any com mensurable p e r io d ic  o r b i t  o f  
th e  c i r c u l a r  r e s t r i c t e d  p roblem  can be c o n tin u e d , so t h a t  each such o r b i t  
a lw ays g iv e s  r i s e  to  two (an d  on ly  two) f a m i l i e s  o f  p e r io d ic  o r b i t s  o f  th e  
e l l i p t i c  r e s t r i c t e d  p rob lem , p a ra m e tr is e d  by th e  e c c e n t r i c i t y  o f  th e  
p rim ary  o r b i t .  As we saw in  C hap ter 3» t h i s  i s  a ls o  a  c h a r a c t e r i s t i c  
f e a tu r e  o f  th e  c o n t in u a tio n  o f  v e r t i c a l  s e l f - r e s o n a n t  (n o t v e r t i c a l - c r i t i c a l )  
o r b i t s  o f  th e  p la n a r  i n to  th e  th re e -d im e n s io n a l ca se  o f  th e  r e s t r i c t e d  
p rob lem . In d eed , an an a lo g y  can be drawn betw een th e  c o n t in u a t io n  o f  a  
v e r t i c a l  s e l f - r e s o n a n t  o r b i t  o f  th e  p la n a r  r e s t r i c t e d  problem  in to  th e  
th re e -d im e n s io n a l r e s t r i c t e d  p rob lem , and th e  c o n t in u a t io n  o f  a  commensurable 
o r b i t  o f  th e  p la n a r  c i r c u l a r  r e s t r i c t e d  problem  in to  th e  e l l i p t i c  prob lem , 
in v o lv in g  th e  c l a s s i f i c a t i o n s  o f  th e  p a i r s  o f  f a m i l i e s  g e n e ra te d  in  each 
c a s e , a s  we now show.
F a m ilie s  o f  sym m etric p e r io d ic  o r b i t s  can be c l a s s i f i e d  in  te rm s o f  th e
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ty p e s  o f  m irro r  c o n f ig u r a t io n s  d e f in in g  each member o r b i t .  The p a i r  o f  
v e r t i c a l  b ran ch es  a r i s i n g  from  each ty p e  o f  v e r t i c a l  b i f u r c a t io n  o r b i t  
can be c l a s s i f i e d ,  a c c o rd in g  to  th e  v a lu e  o f  th e  in t e g e r  m in  th e  s e l f -  
reso n an ce  c o n d itio n  (4*54)» &s fo llo w s  (s e e  Table 4 * l) s
f a b le  6 .8
Case m m/2 I n i t i a l  M irro r 
Conf ig u r a t  io n
F in a l  M irro r 
Conf ig u r a t  io n




2 even odd (a) C0 (p ) ^ ( A )
(b ) Cq(A) ^ ( P )
5 even even (a) c0 ( p ) O O
0 0 ^ ( P ) CX(A)
The co rresp o n d in g  c l a s s i f i c a t i o n  f o r  th e  p a i r s  o f  f a m i l i e s  o f  p e r io d ic  
o r b i t s  g e n e ra te d  from  a  com mensurable o r b i t  o f  th e  p la n a r  c i r c u l a r  problem  
h a s  a lre a d y  been g iv e n  in  T ab le 6 .1  (S e c tio n  6 .2 ) .  Comparison o f  T ab les
6 .1  and 6 .8  shows a  d i r e c t  o n e - to -o n e  co rresp o n d en ce  betw een th e  ty p e s  o f  
m irro r  c o n f ig u ra tio n  c h a r a c te r i s in g  each fa m ily  in  th e  v a r io u s  c a te g o r ie s  
o f  v e r t i c a l  s e l f - r e s o n a n t  and commensurable o r b i t s .  ( I t  i s  im p o rta n t 
to  remember, how ever, t h a t  in  T able 6 .8  th e  m ir ro r  c o n f ig u ra t io n s  a r e  
" th re e -d im e n s io n a l" , w h ile  in  T ab le 6 .1  th e  m ir ro r  c o n f ig u ra t io n s  a r e  
co n fin ed  to  th e  h o r iz o n ta l  p la n e  and a r e  d is t in g u is h e d  a c c o rd in g  to  th e  
s t a t e  o f  th e  p r im a r ie s  a t  th e  ep o ch ).
(2 ) As Broucke ( 1969) found  in  th e  ca se  o f  p la n a r  p e r io d ic  o r b i t s  o f  
th e  e l l i p t i c  problem , th e  p e r i a p s i s  and a p o a p s is  f a m i l i e s  o r ig i n a t i n g  
from th e  same com mensurable o r b i t  o f  th e  p la n a r  c i r c u l a r  problem  co n n ec t 
to g e th e r  sm oothly and c o n tin u o u s ly  a t  th e  common e -  0 o r b i t .  A f u r t h e r  
i l l u s t r a t i o n  o f  t h i s  p ro p e r ty  in  th e  ca se  o f  th re e -d im e n s io n a l o r b i t s  i s  
g iven  in  F ig u re  6 .1 ,  w hich shows th e  c o n tin u o u s  v a r i a t i o n  o f  th e  i n i t i a l  
c o n d itio n s  ( sq^»sq^*sq^) betw een th e  p e r i a p s i s  and a p o a p s is  f a m i l i e s  
g iven  in  T ab les  6 .6  and 6 .7 -














Figure 6,1 : —0*4 —0*2 0'2 0*4
C h a r a c te r i s t i c s  o f  th e  p e r i a p s i s  and a p o a p s is  f a m i l i e s  g e n e ra te d  from  th e  
6 /5  com m ensu rab ility  o f  fa m ily
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The re a so n  f o r  t h i s  l i e s  in  th e  f a c t  t h a t  th e  e q u a t io n s  o f  m otion o f 
th e  e l l i p t i c  r e s t r i c t e d  problem  w ith  r e s p e c t  to  th e  r o t a t i n g - p u l s a t i n g  
c o o rd in a te  system  and w ith  th e  t r u e  anomaly 0 a s  th e  in d ep en d en t v a r ia b le  
(E q u a tio n s  (1 * 3 8 )) , c o n ta in  th e  e c c e n t r i c i t y  e and t r u e  anomaly 9 o f  th e  
p r im a r ie s  on ly  in  th e  form  o f  a  m u l t ip ly in g  f a c t o r
e ( o )  -  ( j 'f -e .C b S # )  } (6 -8 )
which i s  in v a r i a n t  u nder th e  tra n s fo rm a tio n
e.1 * — e
e 1 *  a  - i r .
The e q u a tio n s  o f  m otion  a re  fo rm a lly  id e n t i c a l  w hether e x p re sse d  in  term s
o f  ( 0 ,e )  o r ( 0 * ,e * ) ,  and an o r b i t  s t a r t i n g  a t  a p o a p s is  (9 q = TT ) o f  th e
p r im a r ie s  f o r  some g iv e n  v a lu e  o f  e can e q u iv a le n t ly  be in te g r a te d  w ith  
a  change o f  in d ep en d en t v a r ia b le  from  0 to  0* ( s in c e  d 0 ' = d 0 ) , s t a r t i n g  
a t  0^ -  0 , and w ith  th e  p rim ary  e c c e n t r i c i t y  h a v in g  th e  new v a lu e  e* .
The p e r i a p s i s  and a p o a p s is  f a m i l i e s  can th e r e f o r e  be re g a rd e d  a s  th e  two 
segm ents o f a  s in g le  fa m ily , c o rre sp o n d in g  to  e > 0  and e < 0  r e s p e c t iv e ly ,
0q b e in g  k e p t f ix e d  a t  z e ro . As th e  two segm ents a r e  co n n ec ted  a t  e = 0
and th e  e c c e n t r i c i t y  v a r i e s  c o n tin u o u s ly  from  one o r b i t  to  th e  n e x t ,  th e  
p e r ia p s i s  and a p o a p s is  f a m i l i e s  must connec t in  a  c o n tin u o u s  fa s h io n ,  
th rough  th e  c o n t in u i ty  p r o p e r t i e s  o f  th e  s o lu t io n s  o f  th e  d i f f e r e n t i a l  
eq u a tio n s  o f  m otion . T h is  i s  e v id e n t ly  a  g e n e ra l p ro p e r ty  o f  th o se  p a i r s  
o f f a m i l ie s  ( o r  s e r i e s )  o f  sym m etric p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  
r e s t r i c t e d  problem  (p la n a r  and th re e -d im e n s io n a l)  w hich have a  common 
e = 0 member; f u r t h e r  exam ples o f  t h i s  w i l l  be g iv e n  in  th e  n e x t c h a p te r .
( 3) In  th e  p re v io u s  s e c t io n ,  a t t e n t i o n  was drawn to  th e  f a c t  t h a t  th e  
o r b i t s  o f  a l l  six : f a m i l i e s  o b ta in e d  by n u m erica l c o n t in u a t io n  from  th r e e -  
d im ensional p e r io d ic  o r b i t s  o f  th e  c i r c u l a r  r e s t r i c t e d  problem  rem ain  
d i s t i n c t l y  th re e -d im e n s io n a l in  c h a ra c te r  a s  th e  e c c e n t r i c i t y  o f  th e  
p r im a r ie s  i s  in c re a s e d ,  and th e r e  i s  no in d ic a t io n  t h a t  any o f  th e s e  
f a m il ie s  i s  d i r e c t l y  co n n ec ted  w ith  a  fa m ily  (o r  f a m i l i e s )  o f  p la n a r  
p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  problem  th ro u g h  a  v e r t i c a l  b i f u r c a t io n  
o r b i t  ( t h i s  a ls o  a p p e a rs  to  be th e  case  w ith  th e  fa m ily  g iv e n  in  T able I  
o f K a t s i a r i s ,  1973 ) .  I t  seems l i k e l y  t h a t  f a m i l i e s  o f  th re e -d im e n s io n a l 
symmetric p e r io d ic  o r b i t s  g e n e ra te d  by th e  two m ethods d e s c r ib e d  in  t h i s
(6-9)
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t h e s i s ,  namely (a )  by c o n tin u a tio n  o f  commensurable p e r io d ic  o r b i t s  o f  
th e  th re e -d im e n s io n a l c i r c u l a r  problem  in to  th e  e l l i p t i c  c a s e ,  and (b ) by 
c o n tin u a tio n  o f  v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  o f  th e  p la n a r  e l l i p t i c  
problem  in to  th r e e  d im ensions (C h ap te r j ) , may be u n co n n ec ted , a t  l e a s t  
f o r  a  f ix e d  v a lu e  o f  th e  mass p a ra m e te r . T h is  would im ply th a t  th e  
su p p o s itio n  th a t  a l l  f a m i l i e s  o f  th re e -d im e n s io n a l p e r io d ic  o r b i t s  can 
be g e n e ra te d  from  v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  o f  th e  p la n a r  r e s t r i c t e d  
problem  ( e .g .  Zagouras and K alogeropou lou , 1978) can n o t be ex tended  from 
th e  c i r c u l a r  to  th e  e l l i p t i c  r e s t r i c t e d  problem . (A p o s s ib le  ex c e p tio n  
to  t h i s  r u le  in  th e  c i r c u l a r  problem  w i l l  be d is c u s s e d  in  C hapter 8 ) .
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7. VERTICAL BIFURCATION SERIES
7 .1  In tro d u c t io n
In  p re v io u s  c h a p te rs ,  th e  im p o rta n t c l a s s  o f  p e r io d ic  o r b i t s  known a s  
v e r t i c a l  b i f u r c a t io n  o r b i t s  h a s  been d is c u s s e d , w ith  p a r t i c u l a r  r e fe re n c e  
to  th e  c o n t in u a tio n  o f  such o r b i t s  from  th e  p la n a r  r e s t r i c t e d  problem  
in to  th r e e  d im ensions . The d is c u s s io n  h a s  been b ased  on th e  assum ption  
t h a t  th e  mass p a ram eter ym i s  f ix e d ,  and v e r t i c a l  b i f u r c a t io n  o r b i t s  have 
been id e n t i f i e d  a s  d i s c r e t e  members o f  th e  v a r io u s  f a m i l i e s  o f  p la n a r  
p e r io d ic  o r b i t s  s a t i s f y i n g  th e  v e r t i c a l  s e lf - r e s o n a n c e  c o n d it io n  (E quation  
(4 -5 4 ) )
a v = cm5 ^  ^
f o r  some in te g e r s  ra and n . In  t h i s  c h a p te r ,  we exam ine th e  p o s s i b i l i t y  
o f  d e te rm in in g  a  co n tin u o u s  s e r i e s  o f  v e r t i c a l  b i f u r c a t io n  o r b i t s  over a  
ra n g e  o f  v a lu e s  o f  th e  mass p a ra m e te r: in  o th e r  w ords, a  s p e c ia l  k in d  o f
fa m ily  o f  p la n a r  p e r io d ic  o r b i t s  f o r  which th e  v e r t i c a l  s t a b i l i t y  in d ex  . 
a v> r a t h e r  th a n  th e  mass p a ram ete r p ,  i s  a  c o n s ta n t .  T h is  w i l l  be 
r e f e r r e d  to  a s  a  " v e r t i c a l  b i f u r c a t io n  s e r i e s ” . (The n u m e rica l d e te r ­
m in a tio n  o f  v e r t i c a l  b i f u r c a t io n  s e r i e s  c o n s i s t in g  o f  asym m etric  v e r t i c a l -  
c r i t i c a l  o r b i t s  h a s  been d is c u s s e d  by M ark e llo s  ( 1977b ) ) .
The p r a c t i c a l  u s e fu ln e s s  o f  v e r t i c a l  b i f u r c a t io n  s e r i e s ,  and th e  
im portance  o f  t h e i r  r o l e  in  th e  s t r u c tu r e  o f  sym m etric p e r io d ic  o r b i t s  
o f  th e  r e s t r i c t e d  problem  (o v e r th e  ran g e  o f  a l l  p o s s ib le  v a lu e s  o f  jC) 
i s  e v id e n t,  s in c e  every  o r b i t  b e lo n g in g  to  such a  s e r i e s  i s  th e  in t e r s e c t i o n  
o f  a  fam ily  o f  p la n a r  p e r io d ic , o r b i t s  w ith  e i t h e r  one o r  two f a m i l ie s  o f  
th re e -d im e n s io n a l o r b i t s .  As w e ll a s  p ro v id in g  an i n f i n i t e  number o f  
s t a r t i n g  o r b i t s  f o r  c o n t in u a tio n  in to  th r e e  d im en sio n s , a  v e r t i c a l  
b i f u r c a t io n  s e r i e s  a l s o  y ie ld s  in fo rm a tio n  on th e  s t a b i l i t y  p r o p e r t i e s  
o f  th e  th re e -d im e n s io n a l o r b i t s ,  a t  l e a s t  in  th e  neighbourhood  o f  th e  
b i f u r c a t io n .  S e r ie s  o f  v e r t i c a l  s e l f - r e s o n a n t  o r b i t s ,  and p a r t i c u l a r l y  
v e r t i c a l - c r i t i c a l  o r b i t s ,  a r e  a ls o  u s e f u l  f o r  d i s t i n g u i s h in g  th e  v e r t i c a l l y  
s t a b l e  from  th e  v e r t i c a l l y  u n s ta b le  segm ents o f  a  fa m ily  o f  p la n a r  
p e r io d ic  o r b i t s  ( f o r  f ix e d  t t ) ,  a s  h a s  been shown by Henon (1 9 7 3 a ).
A v e r t i c a l  b i f u r c a t io n  s e r i e s  o f  th e  p la n a r  c i r c u l a r  r e s t r i c t e d  problem
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c o n s is t s  o f  o r b i t s  whose i n i t i a l  c o n d i t io n s  ( x ^ y ^ x ^ y ^ )  s a t i s f y  th e  
c o n d itio n s  o f  p e r io d i c i t y  and v e r t i c a l  s e l f - r e s o n a n c e .  S ince we a re  
concerned on ly  w ith  sym m etric p e r io d ic  o r b i t s ,  th e  p e r io d i c i t y  c o n d itio n s  
have th e  form  ( 2 -15 )* th e  i n i t i a l  c o n d it io n s  y^ and x^ b e in g  equ a l to  zero , 
The p e r io d i c i t y  c o n d i t io n s  may th e r e f o r e  be w r i t t e n  a s
a (*o>3o j T/2 i r) " °
* '  ( * c , 3 o  j r / 2  } p . )  -  o ,  ( 7 ' 2 )
where T i s  th e  o r b i t a l  p e r io d ,  and th e  dependence on th e  mass p aram ete r 
i s  in d ic a te d  e x p l i c i t l y ;  th e  v a lu e s  o f  th e  t r u e  anom aly 0 a t  th e  i n i t i a l  
and f i n a l  epochs a re  0 ^ - 0  and 0^ -  T /2 , r e s p e c t iv e ly .
VJe saw in  C hap ter 3 t h a t  th e  v e r t i c a l  s t a b i l i t y  in d e x  a^  o f  a  sym m etric 
p e r io d ic  o r b i t  i s  r e l a t e d  to  th e  e lem en ts  (Av ,Bv ,Cv ,Dv ) o f  th e  v e r t i c a l  
v a r ia t io n a l  m a tr ix  V e v a lu a te d  a t  th e  h a l f - p e r io d  (0  = T /2) by (E q u atio n
(3 -8 7 ))
C V  S* f tv l> v  -h  Cur . ( 7 . 3)
Since V (T /2 ) depends o n ly  on th e  i n i t i a l  c o n d i t io n s  and p e r io d ,  we may 
w r ite
^  3 5/^ j  > (7*4)
where once a g a in  th e  mass p a ram e te r  a p p e a rs  e x p l i c i t l y ;  t h i s  i s  n e c e ssa ry  
because we w ish to  v a ry  th e  v a lu e  o f  p .  The v e r t i c a l  s e lf - r e s o n a n c e  
c o n d itio n  can th e r e f o r e  be e x p re sse d  in  th e  form
<v(*o; y j  3 T / 2- j / ,v) =  °-Vo> (7 .5 )
where
CVo =* Cos ( Q jrr\/r
T ogether, E q u a tio n s  (7*2) and (7*5) form  a  system  o f  th r e e  s im u ltan eo u s  
eq u a tio n s  in  th e  fo u r  unknowns (xQ ,yQ ,T ,p .); t h i s  system  i s  u n d e rd e te r ­
mined, w ith  one d eg ree  o f  freedom , and so s o lu t io n s  o ccu r in  co n tin u o u s  
m onoparam etric s e t s .  The s i t u a t i o n  in  th e  p la n a r  e l l i p t i c  problem  i s  
very  s im i la r :  th e  p e r io d i c i t y  c o n d i t io n s  (7*2) become
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3  5 / * ; « - )  = o
x ' C x o y J  ) / * > £ )  ®  ° ;  ( 7 ' 7 )
where e i s  th e  e c c e n t r i c i t y  o f  th e  o r b i t  o f  th e  p r im a r ie s ,  and th e  v e r t i c a l  
s e lf - re s o n a n c e  c o n d itio n  (7*5) becomes
( * o  j y J  ) / * ;  € . )  =■ ) (7 -8 )
w ith  a ^  g iv en  by E q u a tio n  (7 * 6 ) , a s  b e fo re .  The p rim ary  e c c e n t r i c i t y  e 
r e p la c e s  th e  o r b i t a l  p e r io d  T a s  a  v a r ia b le  p a ram e te r  a lo n g  th e  s e r i e s ,  
and once a g a in  we have a  c o n tin u o u s  m onoparam etric  s e t  o f  s o lu t io n s .
N otice  t h a t  b o th  o f  th e  p a ra m e te rs  JX and e v a ry  a lo n g  a  v e r t i c a l  b i f u r c a t io n  
s e r ie s  o f  th e  e l l i p t i c  r e s t r i c t e d  prob lem .
In  S e c tio n  7*2, p r e d ic to r - c o r r e c t o r  a lg o ri th m s  f o r  th e  n u m erica l d e te r ­
m ination  o f  v e r t i c a l  b i f u r c a t io n  s e r i e s  o f  b o th  th e  c i r c u l a r  and e l l i p t i c  
problem s a re  d ev e lo p ed , and n u m e rica l exam ples a re  g iv en  in  S e c tio n s  7*3 
( c i r c u l a r  problem ) and 7*4 ( e l l i p t i c  p ro b lem ). The c h a p te r  i s  concluded 
w ith  a  number o f  rem arks in  S e c tio n  7 -5 -
7 .2  N um erical D e te rm in a tio n
7 .2 .1  C ir c u la r  R e s t r i c te d  Problem
The system  o f  th r e e  s im u ltan e o u s, e q u a t io n s  d e f in in g  a  v e r t i c a l  b i f u r c a t io n  
o r b i t  (E q u a tio n s  (7*2) and (7 * 5 ))  i*1 "the c i r c u l a r  r e s t r i c t e d  problem  i s  
fo rm a lly  v e ry  s im i la r  to  th e  system  o f  e q u a t io n s  ( 4 *19 )» th e  p e r io d i c i t y  
c o n d itio n s  f o r  a  th re e -d im e n s io n a l sym m etric p e r io d ic  o r b i t  o f  th e  c i r c u l a r  
r e s t r i c t e d  p rob lem ; th e  m ethods d e s c r ib e d  in  C hap ter 4 f o r  th e  n u m erica l 
d e te rm in a tio n  o f  f a m i l i e s  o f  th re e -d im e n s io n a l p e r io d ic  o r b i t s  can e a s i l y  
be m odified  f o r  th e  n u m erica l d e te rm in a tio n  o f  v e r t i c a l  b i f u r c a t io n  s e r i e s ,  
a s  we now show. (The d e te rm in a tio n  o f  v e r t i c a l  b i f u r c a t io n  s e r i e s  o f  
th e  e l l i p t i c  r e s t r i c t e d  problem  w i l l  be d e a l t  w ith  l a t e r ) .  For conven ience , 
th e  s ta t e  v e c to r  n o ta t io n  (s^  -  x , s^  s  y , e t c . )  w i l l  be u se d .
M. £.
Suppose t h a t  approx im ate  v a lu e s  so i» s0 5 >^  c o n d i t io n s
and  h a l f - p e r io d  (T /2 )  o f  a  v e r t i c a l  s e l f - r e s o n a n t  o r b i t  o f  th e  c i r c u l a r  
r e s t i i c t e d  p rob lem , c o rre sp o n d in g  to  th e  v a lu e  jx  = ^  o f  th e  mass p a ra m e te r ,
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a re  known. In  o rd e r  to  im prove th e  accu racy  o f  th e se  e s t im a te d  v a lu e s ,  
a  d i f f e r e n t i a l  c o r r e c to r  a lg o rith m  i s  r e q u ir e d ;  t h i s  i s  c o n s tru c te d  in  
much th e  same way a s  t h a t  d e s c r ib e d  in  S e c tio n  4.3* I f  th e  " e r r o r s "
J 80i»  ^ t  and <T^ l, t h a t  i s ,  th e  d i f f e r e n c e s  betw een th e  e s tim a te d
and e x a c t s o lu t io n s  o f  E q u a tio n s  (7*2) and (7*5)* a re  s u f f i c i e n t l y  sm all 
fo r  second and h ig h e r  o rd e r s  in  th e  T ay lo r s e r i e s  exp an sio n  to  be n e g le c te d , 
we may w r ite
$ 2 ,  <fs0, +- Jsqs +  5 ^  S t +- = - s i
•fco, ‘te *  05 At ((«  "  ^
- - 4
•JSoi ^Sb5 Air A/* ' (7 -9 )
5 ^  <&>, +  J sos +■ * ■  +• ^  ,
^ s e1 te c e  A t-  A p
where ( s  , s . , a  ) a re  th e  f i n a l  c o n d it io n s  and v e r t i c a l  s t a b i l i t y  in d ex
e v a lu a te d  a t  9 = t  on th e  o r b i t  w ith  i n i t i a l  c o n d it io n s  ( s ^  , s  ) ,  and
01 05
w ith  th e  v a lu e  j r  o f  th e  mass p a ra m e te r . T h is  i s  th e  b a s ic  form  o f  th e  
d i f f e r e n t i a l  c o r r e c to r  e q u a tio n s  f o r  a  v e r t i c a l  b i f u r c a t io n  s e r i e s  o f  th e  
c i r c u la r  r e s t r i c t e d  problem  ( " c i r c u l a r  s e r i e s " ) .  The q u a n t i t i e s  on th e  
r i ^ i t - h a n d  s id e s  o f  E q u a tio n s  (7*9) a re  c a lc u la te d  by t r i a l  in t e g r a t i o n ;  
to  a llo w  th e  system  o f  c o r r e c to r  e q u a tio n s  to  be s o lv e d , th e  v a r io u s  
c o e f f i c ie n t s  a p p e a r in g  on th e  l e f t - h a n d  s id e s  must a l s o  be e v a lu a te d . The 
c o e f f i c i e n t s  on th e  l e f t - h a n d  s id e s  o f  th e  f i r s t  two o f  E q u a tio n s  (7*9) a re  
a lre a d y  known: th e s e  a r e  th e  e lem en ts  v 25* v4i
v a r ia t io n a l  m a tr ix  V, th e  com ponents f ^  and f ^  o f  th e  v e c to r  fu n c tio n  £ ,  
and th e  com ponents and v .  o f  th e  v e c to r  a l l  o f  w hich have been 
d e fin e d  in  C hapter 3. I t  rem a in s  o n ly  to  o b ta in  e x p re s s io n s  f o r  th e  fo u r  
c o e f f i c ie n t s  3 av /  3 sq^ ,  3 a d a ^ / d t  and dav /dp. a p p e a r in g  in  th e  
t h i r d  o f E q u a tio n s  (7*9)» i*1 a  form  s u i ta b le  f o r  n u m erica l in t e g r a t i o n .
We r e c a l l  th d t  th e  v e r t i c a l  s t a b i l i t y  in d e x  av o f  a  sym m etric p e r io d ic  
o r b i t  i s  g iv en  by
(kv  “  8 y  Cy j (7*10)
where A . B , C ,D a re  th e  e lem en ts  o f  th e  v e r t i c a l  v a r i a t i o n a l  m a tr ix  V v v v v  v
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e v a lu a te d  a t  th e  h a l f - p e r io d  (9 = t ) .  We may th e r e f o r e  w r ite
=  l b s  2 IV  ^  » R TXV
^ * 1  ^©1 ?£b| ^ *3Soj  ^ ( 7 *11 )
w ith  s im i la r  e x p re s s io n s  f o r  'ba.^/ 3 sq^» d a ^ /d t  and dav /d p , The v a lu e s  
o f  A , B . C and D a re  known from  th e  n u m e rica l in t e g r a t i o n ,  and we
V V  V  V °  9
r e q u i r e  to  e v a lu a te  t h e i r  d e r iv a t iv e s  w ith  r e s p e c t  to  sq^ , t  and p .
D i f f e r e n t i a t i n g  E q u a tio n  (3*46) w ith  r e s p e c t  to  we o b ta in
'& l \ 1 =  25 : Vv +• F „ , ( ,.12)
“^Sol I 3So| 3Soj
w ith  s im i la r  e x p re s s io n s  f o r  th e  d e r iv a t iv e s  o f  m a tr ix  V w ith  r e s p e c t  tov
th e  p a ra m e te rs  s^ ^ , p ;  th e  d e r iv a t iv e  w ith  r e s p e c t  to  t  i s  g iv en  d i r e c t l y  
by E quation  (3 * 4 6 ). For a  p la n a r  p e r io d ic  o r b i t  o f  th e  c i r c u l a r  r e s t r i c t e d
problem , th e  m a tr ix  i s  g iv en  by
fv  = L _ i  / - J  > (7-13)
where A i s  a  f u n c t io n  on ly  o f  th e  c o o rd in a te s  ( 5^ , 82) and th e  mass p aram ete r 
JX9 g iven  by E q u a tio n  ( l« 4 4 ) .  In  o rd e r  to  n u m e ric a lly  in t e g r a te  E quation  
( 7 *12) ,  and th e  c o rre sp o n d in g  e q u a tio n s  f o r  3 Vv /  3Sq^ and dV ^/dp, 
e x p re s s io n s  f o r  th e  d e r iv a t iv e s  o f  th e  fu n c t io n  A w ith  r e s p e c t  to  th e  
i n i t i a l  c o n d it io n s  ( sQq*s0 ip  mass p a ra m e te r  p  m ust be found . The
re q u ire d  e x p re s s io n s  a re
3So| ^ o i  *3SbJ
=  A | V,J +~ ;
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e __ cfe|
d f a
+  M  + -
2 ^  c/^i
— A, VXp  4- A^VC  ^ -h A/a ;
V 4 r ( 7 *16)
where
A ,=  3 C|7*X s i'Va) ' +. 3 / a f a - l - b u )
c r
A -
A _  3 ( l - r )(S!+^) +  y f c - h ^ )  ^  _L L
° l 3
(7 -17 )








(7 -1 8 )
3 kfefc
/^ So|
f  ^ +  ( « - 0  •
2tSo|
2vo
T h is  system  o f  fo u r  s im u ltan e o u s  o rd in a ry  d i f f e r e n t i a l  e q u a tio n s  can be 
in te g r a te d  n u m e ric a lly  a lo n g  w ith  th e  e q u a t io n s  o f  m otion and th e  e q u a tio n s  
f o r  th e  v a r i a t i o n a l  m a tr ix .  The i n i t i a l  c o n d i t io n s  f o r  th e s e  e q u a tio n s  
a re
'2v- = ’2v-2 k
* b i  L 2so|
=  & 3 . )  =  0 .
a so i / o  V ^ So1 (7-19)
Two s im i la r  system s o f  e q u a tio n s  can be w r i t t e n  down f o r  th e  e lem en ts  o f  
* V  3 s05 and dV df '  th e  i n i t i a l  v a lu e s  o f  each e lem en t b e in g  ze ro . 
N um erical in t e g r a t i o n  o f  a  t r i a l  s o lu t io n  s t a r t i n g  from  th e  e s tim a te d  
i n i t i a l  c o n d it io n s  C3^ * 3^ )  UP e s t im a te d  h a l f - p e r io d  0 -  t^" y ie ld s
th e  q u a n t i t i e s  needed in  th e  c o r r e c to r  e q u a tio n s  (7*9)» w hich can th e n  be 
so lv ed  by s e t t i n g  one o f  th e  q u a n t i t i e s  ^ sq^» ^ s0 5 * ^  o r  z e r0 »
ac c o rd in g  to  th e  ch o ice  o f  s e r i e s  p a ra m e te r .
C orrespond ing  to  th e  system  (7*9) o f  c o r r e c to r  e q u a t io n s ,  we may w r ite  
down th e  ( l i n e a r )  p r e d ic to r  e q u a tio n s
^  As0, 4- ^  asos +  5 0
"2>So| ^5qS d p
bs0\ 4- Uses 4" A*fr 4- Ap -  0  (7*20)
Afo, +- AsoS +  2 ^  Air 4- Am =. «D .
<iSo| " f tS d S
The p r e d ic to r  i s  a p p l ie d  by a s s ig n in g  a  f ix e d  (s m a ll)  in c rem en t to  th e  
s e r i e s  param eter (ja ,say ) and s o lv in g  f o r  th e  c o rre sp o n d in g  in c re m en ts  in  
th e  o th e r  th r e e  q u a n t i t i e s .  The m ethods d e s c r ib e d  in  C hap ter 4 f o r  
q u a d ra t ic  p r e d ic t io n  and , i f  d e s i r e d ,  s e le c t io n  o f  th e  " lo c a l"  s e r i e s  
p a ram e te r, can e a s i l y  be ad o p ted  to  s u i t  th e  p r e s e n t  problem .
The p r e d ic to r  and c o r r e c to r  a lg o r i th m s  a r e  u sed  to g e th e r  to  t r a c e  o u t 
a  s e r i e s  o f  v e r t i c a l  b i f u r c a t io n  o r b i t s  p a ra m e tr is e d  by (s a y )  p 9 th e  
mass p a ram eter o f  th e  p r im a r ie s ,  in  an  an a lo g o u s  way to  th e  d e te rm in a tio n  
o f  a  v e r t i c a l  b ranch  o f  a  p la n a r  fa m ily . In  o rd e r  to  s t a r t  th e  p ro c e d u re , 
approxim ate v a lu e s  o f  th e  i n i t i a l  c o n d i t io n s  and p e r io d  o f  a  v e r t i c a l  
s e l f - r e s o n a n t  o r b i t ,  w ith  v e r t i c a l  s t a b i l i t y  in d e x  a ^  g iv en  by E qu a tio n  
(7*6) f o r  g iven  m and n , c o rre sp o n d in g  to  a  p a r t i c u l a r  v a lu e  o f  p 9 must 
be known.
7 .2 .2  E l l i p t i c  R e s t r i c te d  Problem
The main d i f f e r e n c e  betw een a  v e r t i c a l  b i f u r c a t io n  s e r i e s  o f  th e
e l l i p t i c  r e s t r i c t e d  problem  ( " e l l i p t i c  s e r i e s " )  and a  c i r c u l a r  s e r i e s  i s  
t h a t  th e  e c c e n t r i c i t y  o f  th e  p rim ary  o r b i t  r e p la c e s  th e  o r b i t a l  p e r io d  
o f  th e  m a ss le ss  p a r t i c l e  in  th e  p e r io d i c i t y  and s e lf - r e s o n a n c e  c o n d it io n s .  
The system  o f  e q u a tio n s  (7*7) and (7*8) i s  fo rm a lly  v e ry  s im i la r  to  th e  
system  ( 4 *27) o f  p e r io d i c i t y  c o n d i t io n s  f o r  a  th re e -d im e n s io n a l p e r io d ic  
o r b i t  o f  th e  e l l i p t i c  p rob lem , and th e  an a lo g o u s c o r r e c to r  e q u a tio n s  can 
im m ediately  be w r i t t e n  a s
3 % , & 0| +  2 5 .  ^  y  4  ^  =  - s f
2 v  & , +- <Js«s +" ^  y  +■ fkt =•_ j l  <»01^  ^   r  ^  ( 7 . a )
^  & 61 +  1 2 k ^  y  + .  2 ^
'B S o j focS d p  cl(L
where th e  s t a r r e d  q u a n t i t i e s  a re  th o se  computed a t  th e  h a l f - p e r io d  on th e  
o r b i t  w ith  i n i t i a l  c o n d i t io n s  ( s m , s * l )  ap p ro x im a te ly  s a t i s f y i n g  th e
j tp e r io d i c i t y  and v e r t i c a l  s e lf - r e s o n a n c e  c o n d i t io n s  f o r  v a lu e s  and e 
o f  th e  mass p a ram e te r  and e c c e n t r i c i t y  o f  th e  p r im a r ie s .  The o r b i t a l  
p e r io d  i s ,  o f  c o u rse , c o n s ta n t  a lo n g  any s e r i e s ,  and m ust be eq u a l to  an 
in te g e r  m u l t ip le  o f  th e  p e r io d  o f  th e  p r im a r ie s .
W ith th e  e x c e p tio n  o f  th e  q u a n t i ty  day^de, a l l  o f  th e  c o e f f i c i e n t s  on 
t h e l e f t - h a n d  s id e s  o f  E q u a tio n s  (7*21) a r e  known; th e s e  in c lu d e  th e  
components v^e and v^e o f  th e  v e c to r  d e f in e d  in  S e c tio n  5*3* and th e  
d e r iv a t iv e s  o f  a^  w ith  r e s p e c t  to  Sq^, s^^ and p ,  f o r  whifch e x p re s s io n s  
have a lre a d y  been o b ta in e d  in  t h i s  s e c t io n ^ . The c o e f f i c i e n t  d a^ /d e  can 
be c a lc u la te d  from
v
jlO ' Jlg- do* cl& de ,  (7*22)
where th e  d e r iv a t iv e s  on th e  r ig h t -h a n d  s id e  o f  E q u a tio n  (7*22) a re  th e  
s o lu t io n s  o f  th e  d i f f e r e n t i a l  e q u a tio n s
"j'since E i s  no lo n g e r  equ a l to  u n i ty ,  how ever, th e  q u a n t i ty  A in  th e se  e x p re s s io n s  
must be re p la c e d  by th e  p ro d u c t AE.
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. J<L )  c*&-
,d « , I  ^
I , (7 -2 3 )
Jut, A = A ^ e j v a - t -  ( f l E - i ) p ^
ole. “«•o k. 
*\b = .jL  (A f j  ^  4-
e v a lu a te d  a t  th e  h a l f - p e r io d ,  s t a r t i n g  from  i n i t i a l  c o n d it io n s
(7 -2 4 )
A M  =  t o . )  =  / M )  =  _  0
\o / e  / o  \ A / o  W .  \ ^ e - / 0
N ote th e  appearance  o f  th e  fu n c t io n  E in  E q u a tio n  (7 * 2 3 ): f o r  e ^ O ,  E (e,Q )
i s  no lo n g e r  equal to  u n i ty ,  a s  in  th e  c i r c u l a r  problem . Prom E q u a tio n s
(1 -4 4 ) ,  we have
1 .  .  / 'd f t  ok, ,  ^  °Lsz  \  cAE
*■  E ( V l ( t 4- A2v l e  -  f i e  Cos9 ^
(7 -2 5 )
Onoe a g a in , th e  system  (7*23) o f  fo u r  s im u ltan eo u s  d i f f e r e n t i a l  e q u a tio n s  
can be in te g r a te d  n u m e r ic a l ly ,  and th e  v a lu e s  o b ta in e d  a t  th e  h a l f - p e r io d  
s u b s t i tu t e d  in to  E q u a tio n  (7 * 2 2 ), to g e th e r  w ith  th e  v a lu e s  o f  th e  e lem en ts  
o f  V a t  th e  same epoch , to  g iv e  d a ^ /d e . In  th e  c o r r e c to r  e q u a tio n s  (7 * 2 l) ,  
th e  chosen s e r i e s  p a ram e te r  {j i o t  e ,  say) i s  k e p t f ix e d  and th e  c o r r e c t io n s  
in  th e  rem a in in g  th r e e  q u a n t i t i e s  com puted; th e  c o r r e c to r  i s  a p p l ie d  
i t e r a t i v e l y ,  u n t i l  th e  p e r i o d i c i t y  and s e lf - re s o n a n c e  e r r o r s  s a t i s f y  some 
a p p ro p r ia te  c r i t e r i o n .
The p r e d ic to r  e q u a tio n s  f o r  th e  e l l i p t i c  case  a re  th e  same a s  f o r  th e  
c i r c u l a r  r e s t r i c t e d  problem  (E q u a tio n s  (7 * 2 0 )) , ex cep t t h a t  th e  e c c e n t r i c i t y  
e r e p la c e s  th e  h a l f - p e r io d  t .
S u ita b le  s t a r t i n g  o r b i t s  f o r  th e  d e te rm in a tio n  o f  v e r t i c a l  b i f u r c a t io n
s e r i e s  can be found in  a  number o f  d i f f e r e n t  w ays, such a s
( i )  by t r a c in g  o u t a  fa m ily  o f  p la n a r  p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  
problem  (^ jl f ix e d ,  e v a ry in g ) ,  and id e n t i f y in g  th o se  o r b i t s  which 
s a t i s f y  th e  v e r t i c a l  s e lf - r e s o n a n c e  c o n d itio n  f o r  some in te g e r s  m, n ;
( i i )  by e s t a b l i s h in g  a  v e r t i c a l  b i f u r c a t io n  s e r i e s  o f  th e  c i r c u l a r  
r e s t r i c t e d  p rob lem , and id e n t i f y in g  th o se  o r b i t s  which have commen­
su ra b le  p e r io d s ,  and can th e re f o r e  be co n tin u ed  in to  th e  e l l i p t i c  
problem . •
N um erical exam ples o f  v e r t i c a l  b i f u r c a t io n  s e r i e s  s t a r t e d  from  commen­
s u ra b le ,  v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  o f  th e  c i r c u l a r  r e s t r i c t e d  problem  
(method ( i i ) )  a re  p re s e n te d  in  S e c tio n  7*4*
7 .3  R e s u l ts :  C ir c u la r  R e s t r i c te d  Problem
In  t h i s  s e c t io n ,  n u m erica l r e s u l t s  a re  p re s e n te d  to  i l l u s t r a t e  th e  
fo re g o in g  d is c u s s io n  o f  v e r t i c a l  b i f u r c a t io n  s e r i e s  o f  th e  p la n a r  c i r c u l a r  
r e s t r i c t e d  problem . Four s e r i e s  have been  d e te rm in ed  o v er a l l  p o s s ib le  
v a lu e s  0 < ^ i < l  o f  th e  mass p a ra m e te r ; f o r  th e  o r b i t s  o f  th e s e  s e r i e s
be lo n g  to  S trdm gren1s  c l a s s  f  ( r e t r o g r a d e  s a t e l l i t e  o r b i t s ) ,  and f o r  
J i y h  c l a s s  h  ( r e t r o g r a d e  p la n e ta ry  o r b i t s ) .  These d i s t i n c t i o n s  a r e ,  
o f  c o u rse , somewhat a r b i t r a r y ,  and th e  two d e s ig n a t io n s  w i l l  be used  
i n t  e r  chan g eab ly .
The fo u r  s e r i e s  com prise  s im p le -p e r io d ic ,  v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  
h av in g  v a lu e s  o f  th e  v e r t i c a l  s t a b i l i t y  in d ex  av -  cos  2 i r / 5  (4 :0 -3 0 9 0 2 ) , 
av -  cos tT /3  ( = 0 - 5 ) ,  av = cos 2 ir /7  (— 0-62349) and av  -  co s  if  /4  
(a: 0 -7 0 7 1 1 )> r e s p e c t iv e ly .  Each s e r i e s  was s t a r t e d  from  th e  known o r b i t  
co rre sp o n d in g  to  th e  S u n -Ju p ite r  v a lu e  jj1 = 0-00095 o f  th e  mass p a ra m e te r ; 
th e se  o r b i t s  were u sed  in  C hapter 5 in  th e  d e te rm in a tio n  o f  th e  v e r t i c a l  
b ran ch es  o f  fa m ily  f ,  and d e s ig n a te d  f vl5* f v l6 ’ f v l7  and i*v^Q- The 
d e s ig n a t io n  o f  each  o f  th e s e  fo u r  s t a r t i n g  o r b i t s  w i l l  be a p p l ie d  to  th e  
e n t i r e  s e r i e s  to  which i t  b e lo n g s : th u s ,  we r e f e r  to  th e  s e r i e s  *
a  p a r t i c u l a r  o r b i t  o f  t h a t  s e r i e s  b e in g  d e s ig n a te d , f o r  exam ple, th e  
fK -  0-1 o r b i t  o f  s e r i e s
N um erical d a ta  f o r  th e  fo u r  v e r t i c a l  b i f u r c a t io n  s e r i e s  a re  g iv e n  in
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T ab les  7-1 -  7*4» and th e  c h a r a c t e r i s t i c s  o f  each s e r i e s  a re  p ro je c te d  in  
th e  (^* ,x )-p lane  in  F ig u re  7*1* The l i m i t i n g  o r b i t  o f  each s e r i e s ,  
co rre sp o n d in g  to  th e  v a lu e  ji = 1 o f  th e  mass p a ra m e te r , i s  a  r e tro g ra d e  
c i r c u l a r  K e p le ria n  o r b i t ;  i t  can be shown t h a t  th e  l i m i t i n g  o r b i t  o f
= l*n 7  (7 *26)
s e r i e s  r h a s  r a d iu s  vnm
( e .g .  H§non and Guyot, 1970 and H£non, 1 9 7 4 ^ , ' '
F ig u re  7-1 shows th a t  th e  s iz e s  o f  th e  o r b i t s  d e c re a se  very  slow ly  w ith  
jn, u n t i l  th e  mass p aram ete r re a c h e s  a  v a lu e  o f  ab o u t 0 *025, when a  r a p id  
c o n t ra c t io n  o f  th e  o r b i t s  becomes a p p a re n t w ith  d e c re a s in g  jx. As 
th e  o r b i t s  te n d  tow ards v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  o f  H i l l ' s  problem .
In  a d d i t io n  to  th e  v e r t i c a l  s t a b i l i t y  in d ex  av o f  th e  o r b i t s  b e lo n g in g  
to  th e  fo u r  s e r i e s ,  th e  h o r iz o n ta l  s t a b i l i t y  in d ex  a  was c a lc u la te d ;  i t  
was found th a t  a l l  fo u r  s e r i e s  c o n s is t  e n t i r e l y  o f  s ta b le  o r b i t s .  I t  
i s  th e re fo re  p o s s ib le  t h a t  th e  v e r t i c a l  b ran ch es  which b i f u r c a te  from 
p la n a r  o r b i t s  b e lo n g in g  to  th e s e  s e r i e s  c o n s is t  a t  l e a s t  p a r t l y  o f  s ta b le  
th re e -d im e n s io n a l p e r io d ic  o r b i t s  (a lth o u g h  f o r  th e  v a lu e  jx = 0*00095 o f  
th e  mass p a ra m e te r , n u m erica l r e s u l t s  in d ic a te  t h a t  th e  th re e -d im e n s io n a l 
o r b i t s  a re  m ain ly  u n s ta b le ,  a s  we saw in  C hapter 5 ) .
For th e  l i m i t i n g  v a lu e  p  = 1 o f  th e  mass p a ra m e te r , th e  synod ic  o r b i t a l
p e r io d s  ( t h a t  i s ,  w ith  r e s p e c t  to  th e  r o t a t i n g  c o o rd in a te  system ) 
co rre sp o n d in g  to  th e  r a d i i   ^ g iv en  by E q u a tio n  (7*26) f o r  each  s e r i e s  a re
T  =  l i r n / m  ,  ( 7 -27)
where n = 1 , and m -  5» 6 , 7 o r  8 , r e s p e c t iv e ly .  E xam ination  o f  T ab les
7 .1  -  7*4 shows th a t  a s  jX d e c re a se s  a lo n g  each s e r i e s ,  th e  o r b i t a l  p e r io d  
in c re a s e s  from  t h i s  n/m co m m en su rab ility , and i t  i s  found th a t  f o r  non­
zero  m asses o f  th e  two p r im a r ie s  ( 0 < J I < 1 ) ,  th e  lo w e s t-o rd e r  commensur­
a b i l i t y  o c c u r r in g  in  s e r i e s
T  =  2.1r /  ( < * ' 0  . (7 -28 )
The c o m m e n su ra b ilitie s  l / ( m - l )  b e lo n g  to  e i t h e r  Case 2 o r  Case 3 o f





0 .001 0.951115 0.203315 1.706373
0.002 0.93771+2 0 . 256U63 1.70681+9
0.005 0.9131+02 0 . 3U8768 1.707213
0 .01 0 . 8871+60 0.1+1+021+1+ 1.706527
0 .0 2 0.851337 0.555872 1.703339
0 .0 5 0.777173 0.756677 1.688785
0 .1 0.685609 0 .95I+891+ 1.659508
0 .2 0.537331 1 . 202701+ 1.598875
0 .3 0 . 1+06570 1.373969 I . 5U206O
0.1+ 0.283836 1.507955 1.1+90371+
0 .5 0.165668 1.618813 1.1+1+31+55
0 .6 0.050381 1.713359 1 . 1+00612
0 .7 - 0.062987 1 .7953 69 1.361138
0 .8 - 0 . 17501+9 1.867072 1.321+381
0 .9 - 0.286229 1.929796 1.28971+0
1 .0 - 0.396850 I . 98I+251 1.256637
-  It)U -
1
T able 7 .2 : S e r ie s  f  ^
0.001 0.960195 0.206371 1.291+937
0.002 0 . 9^9158 0.260235 1.291+965
0.005 0.928835 0.353715 1.291+727
0.01 0.906812 0.1+1+6285 1.293939
0 .02 0.875517 0.563250 1.291822
0.05 0.809217 O .7665H 1.283996
0 .1 0 . 721+1+03 0.967827 1.2691+61
0 .2 0.582603 1.221396 1.239593
0 .3 0 . 1+5U9U3 1.398365 1.210675
0.1+ 0.333956 1.538030 1.183288
0 .5 0.216900 1.651+570 1.1571+8U
0 .6 0.1021+20 1.751+872 1.133158
0 .7 -0 .010273 1.81+2801+ l.H O ll+ 9
0 .8 -0 .121685 1.920729 1.088277
0 .9 -0 .232171 1.990139 1.067357
1 .0 - 0 . 31+1995 2.051971 1.01+7198
-  161 -
T able 7#3: S e r ie s  „----------------------------------v l7
0.001 0.965628 0 . 211581+ 1.058086
0.002 0.955989 O.266763 I . 0580I+7
0.005 0.938069 0 . 3621+82 1.057785
0 .01 0.918392 0.1+57227 1.057173
0 .0 2 0 . 890001+ 0.576895 1 .055708
0 .05 O .8285I+3 0.781+827 1.050660
0 .1 0.71+8137 0.990912 1.01+1590
0 .2 0.61111+5 1.251090 1.023095
0 .3 0 . 1+86278 1.1+33362 1.005021
0 . 1+ 0.367175 1.577809 O .98765O
0 .5 0 .251513 I . 69889I+ 0.971033
0 .6 0.13811+0 . 1 .803657 0.95511+5
0 .7 0 .026387 1.896081 0.939930
0 .8 -0.081+177 1.978630 0.925319
0 .9 -0 .1 9 3 8 5 0 2.052907 0.911235
1 .0 -0 .3 0 2 8 5 3 2.119971+ 0.879598
-  162 -
T able 7«4t S e r ie s  * ^ 8
y s 01 S05 T
0 .001 0 .9 6 9 b lk 0.217375 0.898593
0 .002 0 . 96071+9 0 . 271+032 O .8985I+I+
0 .005 0 . 91+1+507 0.372281+ O.898318
0 .01 0 . 9261+72 0 . 1+69505 O.89 781+9
0 .0 2 0 . 900121+ 0.592262 O .89678O
0 .0 5 0.81+2088 0.805505 0.893228
0 .1 0 . 76H875 1.016876 0.886959
0 .2 0.631525 1.283972 0.871+239
0 .3 0 .508907 1 . 1+711+1+3 0.861753
o .l; 0 .391^11 1.620353 O .8U9660
0 .5 0.276988 1.71+5521+ 0.837993
0 .6 0 . 161+629 1.851+177 O .8267U8
0 .7 0 . 05371*6 1.9501+17 0.815900
0 .8 - 0.056037 2.036801 O .805I+18
0 .9 - 0 . 161+981 2.115011+ 0.795261+
1 .0 - 0.273276 2.186207 0.785398
CJ • 
£ /









l  i  iF ig u re  7*1 : C h a r a c te r i s t i c s  o f  th e  c i r c u l a r  s e r i e s  f  f  ,_ f  and— °------- —  n v l5  v l6 ’ v l7
p ro je c te d  in  th e  ( p ,x ) - p la n e .  Each s e r i e s  i s  r e p re s e n te d
by two c u rv e s , c o rre sp o n d in g  to  th e  two p e rp e n d ic u la r  c ro s s in g s
o f  th e  x - a x is .  The b roken  l i n e s  in d ic a te  th e  p o s i t io n s  o f
th e  p r im a r ie s  (x  = -jj() and m2 (x «  1-jO*
T ab le  6 .1 ,  depend ing  on th e  v a lu e  o f  m: f o r  s e r i e s  f \ r and f \ _ th ev l 5 v l7
lo w e s t-o rd e r  c o m m e n su ra b ilitie s  a re  1 /4  and 1 /6 ,  r e s p e c t iv e ly  (Case 3) ,
and f o r  s e r i e s  f \ ,  and f  \  0 th e  lo w e s t-o rd e r  c o m m e n su ra b ilitie s  a re  v l 6 v l8
r e s p e c t iv e ly  1 /5  and 1 /7  (c o r re sp o n d in g  to  Case 2 ) .  These fo u r  commen­
s u ra b le ,  v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  (one from  each o f  th e  fo u r  
c i r c u l a r  s e r i e s )  w ere u sed  a s  s t a r t i n g - p o i n t s  in  th e  d e te rm in a tio n  o f  
v e r t i c a l  b i f u r c a t io n  s e r i e s  o f  th e  e l l i p t i c  r e s t r i c t e d  problem ; th e  
r e s u l t s  o f  t h i s  p ro ced u re  a re  d is c u s s e d  in  th e  n e x t s e c t io n .
7*4 R e s u lts :  E l l i p t i c  R e s t r i c te d  Problem
The r e s u l t s  g iv en  in  t h i s  s e c t io n  i l l u s t r a t e  th e  te c h n iq u e  o f  e s ta b ­
l i s h i n g  v e r t i c a l  b i f u r c a t io n  s e r i e s  in  th e  e l l i p t i c  r e s t r i c t e d  problem  
by c o n tin u a tio n  o f  com m ensurable, v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  o f  th e  
c i r c u l a r  r e s t r i c t e d  problem  to  n o n -ze ro  v a lu e s  o f  th e  e c c e n t r i c i t y  o f  
th e  p r im a r ie s .  The s t a r t i n g  o r b i t s  chosen f o r  t h i s  pu rpose  were th e  
fo u r  lo w e s t-o rd e r  c o m m e n su ra b ilitie s  from  each o f  th e  fo u r  c i r c u l a r  s e r i e s  
g iven  in  th e  p re v io u s  s e c t io n :  a s  we have j u s t  se e n , t h i s  i s  th e  l / ( m - l )
com m ensu rab ility  o f  s e r i e s  f*Lra, where m = 5> 6 , 7 and 8 . S ince th e  
o r b i t s  o f  th e  fo u r  c i r c u l a r  s e r i e s  a re  a l l  s im p le -p e r io d ic ,  t h a t  i s ,  
c ro s s in g  th e  x - a x is  tw ic e  in  each  o r b i t a l  p e r io d ,  th e  c o rre sp o n d in g  o r b i t s  
o f  th e  e l l i p t i c  problem  f o r  ze ro  e c c e n t r i c i t y  o f  th e  p r im a r ie s  have 
m u l t i p l i c i t y  equal to  m-1 , and p e r io d  2if .
The v e r t i c a l  s t a b i l i t y  in d ex  f o r  th e  o r b i t s  o f  s e r i e s  f ^ m  g iv en  by
f t i /  COS
th u s  th e  v a lu e  o f  av  f o r  th e  e -  0 o r b i t  e q u iv a le n t  to  an ( m - l ) - f o ld  
d e s c r ip t io n  o f  th e  co m m en su rab ility  l / ( m - l )  o r b i t  i s
m  V w '/ ‘ (7 -3 0 )
The o r b i t s  o f  th e  e l l i p t i c  s e r i e s  o b ta in e d  by c o n t in u a t io n  from  th e  e = 0 
o r b i t s  th e r e f o r e  h av e , in  t h i s  p a r t i c u l a r  c a s e ,  th e  same v a lu e  o f  th e  
v e r t i c a l  s t a b i l i t y  in d e x  a s  th e  o r b i t s  o f  th e  c i r c u l a r  s e r i e s  from  which 
th e y  o r ig i n a te .  (T h is  i s  n o t  th e  ca se  in  g e n e ra l f o r  e l l i p t i c  s e r i e s  
g e n e ra te d  from  o th e r  c o m m e n s u ra b il i t ie s ) .
I t  was shown in  C hap ter 6 t h a t  th e r e  a r e  a lw ays two d i s t i n c t  ways o f
-  165 -
c o n tin u in g  a  com mensurable o r b i t  o f  th e  p la n a r  c i r c u l a r  case  o f  th e  
r e s t r i c t e d  problem  in to  th e  e l l i p t i c  c a s e ,  g iv in g  r i s e  to  two f a m i l ie s  o f  
p e r io d ic  o r b i t s .  I t  i s  found th a t  t h i s  i s  s t i l l  th e  case  when in s te a d  
o f  f ix in g  th e  mass p a ram e te r j i ,  we a llo w  ji to  v a ry  and keep th e  v e r t i c a l  
s t a b i l i t y  index  av c o n s ta n t ,  a s  confirm ed  by th e  r e s u l t s  o f  n u m erica l 
c o n t in u a tio n . The two s e r i e s  o f  v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  o f  th e  
e l l i p t i c  problem  g e n e ra te d  from  each o f  th e  fo u r  commensurable o r b i t s  
a lre a d y  m entioned can be c l a s s i f i e d  a s  c o n s i s t in g  o f  " c o n ju n c tio n "  and 
"o p p o s itio n "  o r b i t s ,  a c c o rd in g  to  w hether th e  m a ss le ss  p a r t i c l e  i s  a t  th e  
c o n ju n c tio n  o r  o p p o s it io n  a x i s - c r o s s in g  a t  p e r i a p s i s  o f  th e  p r im a r ie s .
R e p re s e n ta tiv e  o r b i t s  o f  th e  e ig h t  e l l i p t i c  s e r i e s  a re  g iv en  in  T ab les
7 .5  ~ 7 .1 2 . Those marked w ith  th e  l e t t e r  "S" s a t i s f y  th e  s t a b i l i t y  
c r i t e r i a  in  te rm s o f  th e  ( h o r iz o n ta l )  s t a b i l i t y  in d ic e s  p and q , a s  
d e f in e d  in  C hap ter 3 ( th e  o r b i t s  a r e ,  o f  c o u rse , a u to m a tic a l ly  v e r t i c a l l y  
s ta b le  s in c e  th e y  a re  v e r t i c a l  s e l f - r e s o n a n t ) .  The c h a r a c t e r i s t i c s  o f
th e  e i ^ i t  s e r i e s  a r e  p r o je c te d ,  in  fo u r  p a i r s ,  in  th e  ( p ,e ) - p la n e  in  
F ig u re s  7*2 -  7«5» i t  i s  seen  t h a t  in  each o f  th e  fo u r  p r o je c t io n s ,  
th e  two cu rv es  r e p r e s e n t in g  th e  two s e r i e s  o r ig i n a t i n g  from  th e  same 
commensurable o r b i t  a r e  d i s t i n c t ,  and on ly  i n t e r s e c t  a t  th e  s t a r t i n g  
p o in t  on th e  p - a x i s .  Of th e  e ig h t  s e r i e s  in v e s t ig a te d ,  one ( th e  oppo­
s i t i o n  s e r i e s  a r i s i n g  from  th e  1 /4  com m en su rab ility  o f  s e r i e s  * ^ 5) h a s  
been de term ined  in  i t s  e n t i r e t y ,  s t a r t i n g  and f i n i s h i n g  a t  e « 0 in  
commensurable o r b i t s  o f  th e  c i r c u l a r  r e s t r i c t e d  p rob lem . The te rm in a t io n  
o r b i t  o f  t h i s  s e r i e s ,  c o rre sp o n d in g  to  th e  l a s t  e n try  o f  Table 7 -6 , h a s  
been id e n t i f i e d  a s  a  v e r t i c a l  s e l f - r e s o n a n t  q u a d ru p le -p e r io d ic  o r b i t ,  
o f  p e r io d  2if , b e lo n g in g  to  th e  h o r iz o n ta l  b ranch  h ^  o f  fa m ily  h ,  f o r  
f * 0  •798528. T h is  o r b i t  i s  in  th e  co m m en su rab ility  l / l ,  and so 
co rresp o n d s  to  Case 2 o f  T ab le  6 .1 ; by c o n t r a s t ,  th e  s t a r t i n g  o r b i t  
o f  th e  s e r i e s  i s  in  th e  co m m en su rab ility  l / 4  and so comes u n d er Case 3«
From th e  c o n s id e ra t io n s  o f  S e c tio n  6 .2 ,  th e  te rm in a t io n  o r b i t  o f  th e  
o p p o s itio n  s e r i e s  g e n e ra te d  from  th e  1 /4  co m m en su rab ility  o f  s e r i e s  
m ust a ls o  be th e  te rm in a t io n  o f  a n o th e r  v e r t i c a l  b i f u r c a t io n  s e r i e s  o f  
th e  e l l i p t i c  r e s t r i c t e d  prob lem : i t  can be p r e d ic te d  t h a t  th e  o r b i t s  o f
t h i s  second s e r i e s  w i l l  be q u a d ru p le -p e r io d ic  ( t h a t  i s ,  o f  m u l t i p l i c i t y  
f o u r ) ,  o f  p e r io d  2 if  , and have v e r t i c a l  s t a b i l i t y  in d e x  a  = cos( 2 tt .4 /5 )  
= cos 2 t t / 5 .
The rem a in in g  seven  o f  th e  e i ^ i t  v e r t i c a l  b i f u r c a t io n  s e r i e s  have n o t
Table 7 .5 : C o n ju n c tio n  s e r i e s  g e n e ra te d  from  1 /4  com m ensu rab ility
o f  s e r i e s  f \  r
y e S01 S05
0.248314 0 O.472798 1.291561 S
0.248534 0 .0 1 0.472271 1.290604 S
0.253802 0 .0 5 0.464037 1.294139 S
0 . 27010T 0 .1 0.440868 1.314740 S
0.331498 0 .2 0.361349 1.398568 S
0.421149 0 .3 0.260280 1.517923 S
0.535145 0 .4 O.161182 1.688813
0 .7 0.489840 0.115764 2.293181
0 .8 0 .496910 0.146384 4.436017
0.831 0.479279 0.147331 7.167914
Table 7*6: O p p o s itio n  s e r i e s
o f  s e r i e s  f \  v l5




0.248314 0 1.047901 -1 .2 3 0 2 6 1
0.248533 0 .0 1 1.053509 - 1.220206
0.253362 0 .0 5 1.074192 - 1.191696
0.266002 0 .1 1 .096202 -1 .1 7 8 2 9 7
0.309967 0 .2 1.133414 -1 .202482
0.456048 0 .4 1 .221498 -1 .374554
O.689678 0 .6 0.974782 -1 .577432
0.894119 0 .7034 0.668962 - 1.751216
0.925561 0 .6 0 .481090 -1 .9 0 4 4 4 3
O .89017O 0 .4 0 .397658 -2 .1 5 1 5 4 7
0.835776 .0 .2 0 .368427 -2 .536875
0.811982 0 .1 0 .347668 -2 .913524
0.803765 0 .0 5 0.330110 -3 .232135
0.799349 0 .0 1 0.311161 -3 .6 2 1 2 3 7
0.798528 0 0.305617 - 3 . 75OOII
Table 7 .7 : C o n ju n c tio n  s e r i e s  g e n e ra te d  from  1 /5  com m ensu rab ility
o f  s e r i e s   ^v l6
y e S01 s05
0 .1 U28U5 0 0.660935 1.09101+7 S
0 . 11+3088 0 .0 1 0.660367 1.0901+70 S
0 . 1U8663 0 .0 5 O.6509U9 1.098563 S
0 . 161+358 0 .1 0.625321 1.125512 s
0 . 2193U0 0 .2 0.51+0271+ 1.2151*1+9 s
0.302355 0 .3 0.1+25501+ 1.338987 s
0 . 1+11266 0 . 1+ 0.299819 1.1+9 51+01+ s
0 .6 0.512910 0.171+536 1.922996
0 . 6501+ 0.523302 0.1731+32 2.218021
Table 7 .8 ; O p p o s itio n  s e r i e s  g e n e ra te d  from  1 /5  co m m ensu rab ility  
o f  s e r i e s  f v l6
u e s01 s05
0.11+281+5 0 1.061117 . - 1 .056091
0 . 11+3088 0 .0 1 1.061+81+7 - 1 .01+5897
0.11+8591 0 .0 5 1.078101 - 1.019868
0.163173 0 .1 1.091611 - 1 . 013090'
J
0.210321 0 .2 1.113007 - 1 . 01+9783
0.381515 0 . 1+ 1.158275 -1.21+1*332
0.586859 0 .6 1.253105 -1.523081+
0 .92 0 . 77531+ s . 0.656820 - 1 .757868
0.922962 0 .6 0 . 1+16882 -1.981+365
O.868OOO 0 . 1+ 0 . 3571+62 -2.321+362
0 . 80961+9 0 .2 0.317321 -3 .127789
T able 7 .9 s C o n ju n c tio n  s e r i e s  g e n e ra te d  from  1 /6  co m m ensu rab ility
o f  s e r i e s  f  , „
y e rHOCO S05
0.069361 0 0.795600 0.876150 S
0.069578 0 .0 1 0.791+735 0.871+771 s
0 . 071+683 0 .0 5 0.781*126 0.886270 s
0.089797 0 .1 0.7561*1*6 0.9291+17 s
0 . 1I+1+050 0 .2 0.665299 1.057728 s
0 . 2256U1 0 .3 O .5I+O8IO 1.202762 s
0 . 331^32 0 . 1* 0.398821 1 .36001*1+ s
0 . 1+66610 0 .5 0.257891 I . 5688UO
0 .6 3 0 .561323 0.192168 2 . 11+2006
Table 7 .1 0 : O p p o sitio n  s e r i e s  g e n e ra te d  from  1 /6  co m m en su rab ility
o f  s e r i e s  f  , „  v l7
y e
S01 S05
0.069361 0 1 .06901*0 -0 .8 5 7 7 1 8
0.069578 0 .0 1 1.071215 -0.85001*9
0 . 071+680 0 .0 5 1.079156 - 0 .837612
0 . 089651+ 0 .1 1.087711+ - 0 .852733
0 . 11*1306 0 .2 1.100785 - 0.928530 .
0.321767 0 . 1* 1.120038 - 1.150328
0 . 56681+3 0 .6 1 .218315 - 1 . 1*55623
0.935 0 .822902 0.668607 - 1.760727
0.918617 0 .6 0 .373237 - 2 .0691*33
0 . 851*023 0.1+ 0.320618 - 2.572262
0.801126 0 .2 0 .266733 -1*. 2 87916
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Table 7 » H : C o n ju n c tio n  s e r i e s  g e n e ra te d  from l / 7  commensur a b i l i t y
o f  s e r i e s  f \  v l8
y e 801 S05
0.0121+55 0 0.919231 0.505337 s
0.012682 0 .0 1 0.918101 0.505891 s
0.017989 0 .0 5 0.902066 0.558251 s
0.033579 0 .1 0.861+799 O .67I+571 s
0.089559 0 .2 0.760036 0.905602 s
0.172819 0 .3 0.626392 1.096608 s
O.27905U 0 . 1+ O.I+72538 1.266789 s
0.1+07365 0 .5 0.315317 1 . 1+50562 s
0 .6 0.593251+ 0.191352 1.928257
Table 7 .1 2 : O p p o s itio n  s e r i e s  g e n e ra te d  fro m .1 /7  co m m ensu rab ility




0.0121+55 0 1.056653 - 0 . 50021I+
0.012682 0 .0 1 1.057739 - 0 . 1+98882
0.017989 0 .0 5 1.065536 - 0 . 51+1211+
0.033572 0 .1 1.077258 - 0 .637357
0.089010 0 .2 1 . 0911+87 - 0.813790
0 . 27628"6 0 . 1+ 1.095355 - 1 .082563
0.51+1+082 0 .6 1.160130 - 1.386880
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F ig u re  7«4 i C h a r a c te r i s t i c s  o f  th e  c o n ju n c tio n  (-------) and O p p o sitio n  ( -------)
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F ig u re  7»5 : C h a r a c te r i s t i c s  o f  th e  c o n ju n c tio n  (-------) and o p p o s it io n  ( ------- )
s e r i e s  g en e ra ted  from  th e  1 /7  co m m en su rab ility  o f  s e r i e s
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been com p le te ly  d e te rm in e d , because  o f  n u m erica l d i f f i c u l t i e s  r e s u l t i n g  
from c lo se  ap p ro ach es  o f  th e  o r b i t s  to  th e  p rim ary  m^. I t  i s  thou g h t
l i k e l y  t h a t  th e  ’’o p p o s i t io n 11 s e r i e s  te rm in a te  a t  e  s  0 w ith o u t p a s s in g  
th rough  c o l l i s i o n  o r b i t s ,  a lth o u g h  v e ry  c lo s e  ap p ro ach es  to  th e  p rim ary  
may o ccu r. By c o n t r a s t ,  a l l  fo u r  o f  th e  ’’c o n ju n c tio n ” s e r i e s  appear 
to  te rm in a te  a t  n o n -ze ro  v a lu e s  o f  th e  e c c e n t r i c i t y  in  c o l l i s i o n  o r b i t s  
w ith  m^; c o n t in u a t io n  o f  th e se  s e r i e s  th ro u g h  th e  c o l l i s i o n  w ould r e q u ire  
r e g u la r i s a t i o n  o f  th e  e q u a tio n s  o f  m otion and th e  v e r t i c a l  s t a b i l i t y  
e q u a tio n s .
R e p re s e n ta tiv e  o r b i t s  o f  th e  c o n ju n c tio n  and o p p o s i t io n  s e r i e s  g en e ra ted  
from th e  1 /4  co m m en su rab ility  o f  s e r i e s  ^ 1 5  are  P lo t t e d  in  F ig u re s  A49 -  
A56, in  th e  A ppendix.
7 .5  F u r th e r  R e s u l ts
The e l l i p t i c  s e r i e s  d is c u s s e d  in  S e c tio n  7*4 w ere o b ta in e d  by 
c o n tin u in g  com m ensurable, v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  o f  th e  c i r c u l a r  
r e s t r i c t e d  problem  in to  th e  e l l i p t i c  prob lem , s t a r t i n g  from  e = 0 and 
p ro g re s s in g  to  n o n -z e ro  v a lu e s  o f  th e  e c c e n t r i c i t y  o f  th e  p r im a r ie s .
T his te ch n iq u e  h a s  th e  l i m i t a t i o n  t h a t  i t  can o n ly  be  u sed  to  e s t a b l i s h  
e l l i p t i c  s e r i e s  w hich have members c o rre sp o n d in g  to  e * . 0 ; we now 
o f f e r  an example o f  a  v e r t i c a l  b i f u r c a t io n  s e r i e s  o f  th e  e l l i p t i c  r e s t r i c t e d  
problem  w hich h a s  no e * 0 o r b i t ,  and i s  th e r e f o r e  n o t  d i r e c t l y  a c c e s s ib le  
from th e  c i r c u l a r  r e s t r i c t e d  prob lem . The s t a r t i n g  o r b i t  o f  t h i s  s e r i e s ,  
c o rre sp o n d in g  to  th e  v a lu e  jti ® 0»5 o f  th e  mass p a ra m e te r , and e*fO -45* 
was computed by D r. Y. M ark e llo s  a s  a  r e s u l t  o f  h i s  work in  th e  g e n e ra l 
th re e -b o d y  prob lem . The s e r i e s  i s  d e s ig n a te d  ^  b ecau se  i t  i s  u n iq u e ly  
l in k e d  w ith  th e  v e r t i c a l - c r i t i c a l  o r b i t  o f  th e  p la n a r  c i r c u l a r  
problem  f o r  jx = 0 -5  (Henon, 1975b) v ia  th e  v e r t i c a l  b i f u r c a t io n  s e r i e s
£ o f th e  g e n e ra l th re e -b o d y  problem  (M a rk e llo s , 1 9 8 0 ).3v
The s e r i e s  co m p rises  o r b i t s  o f  S trfJm gren 's  c l a s s  -C, t h a t  i s , ' o r b i t s  
around b o th  p r im a r ie s ,  th e  sense  o f  m otion b e in g  r e t r o g r a d e  w ith  r e s p e c t  
to  th e  r o t a t i n g  fram e and d i r e c t  w ith  r e s p e c t  to  th e  i n e r t i a l  fram e; 
n u m erica l d a ta  a r e  g iv e n  in  T ab le 7.15* The o r b i t s  a r e  s im p le -p e r io d ic  
and have p e r io d  T ^  4tT , c o rre sp o n d in g  to  th e  2 /1  co m m en su rab ility  w ith  
th e  p e r io d  o f  th e  p r im a r ie s ,  and s in c e  th e  m ir ro r  c o n f ig u r a t io n s  alw ays 
occu r a t  p e r i a p s i s  o f  th e  p r im a r ie s  (9q = 0 ) ,  t h i s  i s  a  ’’p e r i a p s i s ” s e r i e s .
T able 7 .13s The v e r t i c a l  b i f u r c a t i o n  s e r i e s------------------ <s- — .— - —  3 v
t(a  = + l)  o f  th e  e l l i p t i c  r e s t r i c t e d  problem
P e Sqi
0.0005 0.1*71*1*82 -3.6761*51 3.296529
0 .001 0.1*71*381 -3.675081+ 3.295131
0.005 0.1*73651 -3.661*81*5 3.281*699
0 .0 1 0.1*72755 - 3.652185 3.271796
0 .0 2 0.1*70998 - 3.627222 3.21*6337
0 .0 5 0 . 1*66000 -3.551*960 3.1721*87
0 .1 0.1*5851*1* -3.1*1*2727 3.057261
0 .1 5 0 . 1+52101+ -3.339671* 2.950737
0 .2 0 . 1*1*6620 -3.21*1*768 2.851826
0 .2 5 0.1*1*201+1+ -3 .157139 2.759597
0 .5 0.1*3831*1 -3.07601*7 2.67321*5
0 .3 5 0.1*351*85 -3 .0 0 0 8 5 8 2.592067
0.U 0 . 1*331*57 -2 .9 3 1 0 1 7 2.5151*38
0.1*5 0 . 1*3221*5 -2 .8 6 6 0 3 8 2.1*1*2796
0 .5 0.1*3181*2 - 2 . 805I+85 2.373630
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The v e r t i c a l  s t a b i l i t y  in d ex  h a s  th e  c o n s ta n t  v a lu e  = +1 a lo n g  th e  
s e r i e s ,  and th e  p a ram e te r  Bv i s  z e ro ; th u s ,  a  s in g le  fa m ily  o f  ax isym m etric  
p e r io d ic  o r b i t s  o f  th e  th re e -d im e n s io n a l e l l i p t i c  r e s t r i c t e d  problem  
b ranches from each  o r b i t  o f  th e  s e r i e s  (s e e  S e c tio n
I t  can be seen  from  T able 7*15 t h a t  ov er th e  e n t i r e  ran g e  o f  v a lu e s  o f  
th e  mass p a ram ete r from  a lm o s t ze ro  to  ji * th e  e c c e n t r i c i t y  e o f  th e  
p r im a r ie s  v a r ie s  o n ly  s l i g h t l y  betw een abou t 0*45 and. 0*47 ( s e e  a ls o  
F ig u re  7 .6 ) ;  in  p a r t i c u l a r ,  a s  a l re a d y  em phasised , s in c e  e n e v e r  re a c h e s  
ze ro , th e  s e r i e s  does n o t co n n ec t d i r e c t l y  w ith  th e  c i r c u l a r  problem  v ia  
a  commensurable, v e r t i c a l - c r i t i c a l  o r b i t .  The s p e c ia l  symmetry p ro p e r ty  
o f  th e  o r b i t s  o f  Strdragren* s c l a s s  €  in  th e  p la n a r  c i r c u l a r  problem , 
whereby th e  o r b i t s  f o r  j i > J  a r e  id e n t i c a l  ( a p a r t  from  a  180° r o t a t i o n  
abou t th e  o r ig in )  to  th o se  f o r  p i< i  (Henon and G uyot, 1 9 70 ), a p p l ie s  a ls o  
in  th e  e l l i p t i c  r e s t r i c t e d  p rob lem , and th e  fl  s  i  o r b i t  o f  th e  s e r i e s  i s  
sym m etrical w ith  r e s p e c t  to  b o th  c o o rd in a te  a x e s .
The te rm in a tio n  o r b i t  o f  th e  s e r i e s  ^ v » c o rre sp o n d in g  to  p. *  0 , i s  an 
e l l i p t i c a l  o r b i t  o f  th e  tw o-body prob lem , o f  p e r io d  /[XT ; we conclude th a t  
th e  s e r i e s  co m p rises  o r b i t s  o f  P o in c a re 's  second k in d . C a lc u la t io n  o f
th e  s t a b i l i t y  in d ic e s  showed th a t  th e  s e r i e s  c o n s i s t s  e n t i r e l y  o f  h o r iz o n ­
t a l l y  u n s ta b le  o r b i t s .
The d e te rm in a tio n  o f  a  s e r i e s  o f  v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  in  
e i t h e r  th e  c i r c u l a r  o r  e l l i p t i c  c a s e s  o f  th e  r e s t r i c t e d  problem  a llo w s  an 
i n f i n i t e  number o f  f a m i l i e s  o f  sym m etric th re e -d im e n s io n a l p e r io d ic  o r b i t s  
to  be found, s in c e  a  v e r t i c a l  b ranch  can be s t a r t e d  from  any member o r b i t  
o f  th e  s e r i e s .  T h is  can be done by k eep in g  th e  mass p a ra m e te r  f ix e d  a lo n g  
a  g iv en  branch  and a l lo w in g  th e  o r b i t a l  p e r io d  o r  e c c e n t r i c i t y  of* th e  
p r im a r ie s  to  v a ry , u s in g  th e  n u m e rica l te c h n iq u e s  d e s c r ib e d  in  C hap ter 4 .
In  th e  d e te rm in a tio n  o f  th re e -d im e n s io n a l p e r io d ic  o r b i t s  o f  th e  e l l i p t i c  
r e s t r i c t e d  p rob lem , th e  c o n t in u a t io n  o f  v e r t i c a l  b i f u r c a t io n  o r b i t s  in to  
th r e e  d im ensions i s  an a l t e r n a t i v e  approach  to  t h a t  d e s c r ib e d  in  C hapter 6 , 
in  w hich com mensurable th re e -d im e n s io n a l o r b i t s  o f  th e  c i r c u l a r  problem  
a re  co n tin u ed  in to  th e  e l l i p t i c  problem  by in c r e a s in g  th e  e c c e n t r i c i t y  e 
from  ze ro  to  n o n -z e ro  v a lu e s .  In  o rd e r  to  i l l u s t r a t e  th e  c o n t in u a tio n  
o f  p e r io d ic  o r b i t s  o f  th e  p la n a r  e l l i p t i c  p roblem  in to  th r e e  d im en sio n s, 
two o r b i t s  b e lo n g in g  to  th e  s e r i e s  w ere s e le c te d  and th e  i n i t i a l
T ab le  1 ,1 4 : The fa m ily  o f  th r e e -d im e n s io n a l  p e r io d ic  o r b i t s  o f
th e  e l l i p t i c  :r e s t r i c t e d  p rob lem  b ra n c h in g  from s e r i e s






0.1*72753 -3 .6 5 2 1 7 6 3.271788 0 .0 0 1
0.1*72750 , -3 .6 5 2 1 5 1 3.271765 0 .0 0 2
O.I472736 -3 .6 5 2 0 5 0 3.271672 o.ooi*
0.1*72711* -3 .6 5 1 8 8 1 3.271517 0 .0 0 6
0 . 1*72682 -3.6516U 6 3.271301 0 .0 0 8
0.1*7261*1 -3 .6513U 3 3.271023 0 .0 1 0
T ab le  7 .15  s The fa m ily  o f  th re e -d im e n s io n a l  p e r io d ic  o r b i t s  o f  th e
e l l i p t i c  r e s t r i c t e d  p rob lem  b ra n c h in g  from  s e r i e s  _
f o r  y = 0.1*.
.3 V







-2 .9 3 1 0 1 3
-2 .9 3 1 0 0 0
-2 .9 3 0 9 5 1
-2 .9 3 0 8 6 9
-2 .9 3 0 7 5 ^
-2 .9 3 0 6 0 6
2 .515^35  ' 
2 .515^25  
2.515381* 
2 .515316  
2 .515220  
2 .515098
0 .0 0 1  
0 .0 0 2  
o.ooi* 
0 .0 0 6  - 
0 .0 0 8  
0 .0 1 0
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segment o f  th e  v e r t i c a l  b ranch  a r i s i n g  from each o r b i t  was d e te rm in ed .
The two o r b i t s  u sed  were th o se  co rre sp o n d in g  to  th e  v a lu e s  p  = 0*01 and 
p  = 0*4 o f  th e  mass p a ram e te r ( s e e  T able 7*13)» n um erica l d a ta  f o r  th e  
two b ranches a re  p re se n te d  in  T ab les  7*14 and 7»15*
Since th e  v e r t i c a l  s t a b i l i t y  in d ex  o f  th e  o r b i t s  o f  s e r i e s  i s  
a  = +1, we have a  "sim ple  b i f u r c a t i o n 11; th e  th re e -d im e n s io n a l o r b i t s  
a re  o f  th e  same m u l t i p l i c i t y  a s  th e  p la n a r  o r b i t s ,  and a re  th e re fo re  
s im p le -p e r io d ic .  The o r b i t a l  p e r io d  i s  a l s o  th e  same a s  t h a t  o f  th e  
v e r t i c a l - c r i t i c a l  o r b i t s ,  equal to  4if • The branch  o r b i t s  have t h e i r  
p e rp e n d ic u la r  c ro s s in g s  o f  th e  x - a x is  ( ty p e  (A) m irro r  c o n f ig u ra t io n s )  
when th e  p r im a r ie s  a re  a t  p e r i a p s i s ,  a s  i s  th e  case  f o r  th e  p la n a r  o r b i t s .  
Both o f  th e  v e r t i c a l  b ran ch e s  w ere t r a c e d  o u t o f  th e  h o r iz o n ta l  p la n e  
by u s in g  th e  i n i t i a l  z - v e lo c i ty  Sq^ a s  th e  fa m ily  p a ra m e te r , to  en su re  
t h a t  g en u in e ly  th re e -d im e n s io n a l o r b i t s  w ere o b ta in e d . S t a b i l i t y  
c a lc u la t io n s  f o r  th e  th re e -d im e n s io n a l o r b i t s  in d ic a te d  t h a t  th e se  a re  
a l l  u n s ta b le ,  a s  would be ex p ec ted  from  th e  f a c t  th a t  th e  b i f u r c a t io n  
o r b i t s  a re  u n s ta b le .
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8 .  BIFURCATION IN THREE DIMENSIONS
8 .1  In tro d u c t io n
The m ajor p a r t  o f  th e  work p re s e n te d  in  t h i s  t h e s i s  i s  concerned  w ith  
th e  phenomenon o f  v e r t i c a l  b i f u r c a t io n :  t h a t  i s ,  th e  b i f u r c a t io n  o f
p la n a r  w ith  th re e -d im e n s io n a l p e r io d ic  o r b i t s  o f  th e  r e s t r i c t e d  problem . 
A n a ly tic a l and n u m erica l s tu d y  o f  v e r t i c a l  b i f u r c a t io n  i s  g r e a t ly  
f a c i l i t a t e d  by th e  s p e c ia l  p ro p e r ty  o f  s e p a r a b i l i t y  o f  th e  v a r i a t io n a l  
m a tr ix  in to  " h o r iz o n ta l"  and " v e r t i c a l "  p a r t s  and th e  co rre sp o n d in g  
d eco u p lin g  o f  th e  v a r i a t i o n a l  e q u a t io n s .  T h is  p a r t i c u l a r  type  o f  
b i f u r c a t io n  i s  a l s o  im p o rta n t b ecau se  i t  le a d s  to  th e  g e n e r a l i s a t io n  in to  
th re e  d im ensions o f  e x i s t i n g  n u m erica l r e s u l t s  in  th e  p la n a r  r e s t r i c t e d  
problem , and a llo w s  g e n e a lo g ic a l r e l a t i o n s h i p s  to  be e s ta b l i s h e d  betw een 
f a m i l ie s  o f th re e -d im e n s io n a l, p e r io d ic  o r b i t s  and th e  p la n a r  f a m i l ie s  
from which th e y  may be g e n e ra te d . A s tu d y  o f  th e  s t r u c tu r e  o f  p e r io d ic  
s o lu t io n s  o f  th e  r e s t r i c t e d  problem  would be in c o m p le te , how ever, w ith o u t 
some m ention b e in g  made o f  th e  more g e n e ra l ty p e  o f  b i f u r c a t io n  o f  f a m i l i e s  
o f  sym m etric p e r io d ic  o r b i t s ,  t h a t  i s ,  b i f u r c a t io n  in  th r e e  d im ensions.
In  t h i s  c h a p te r  we p r e s e n t  some p re l im in a ry  n u m erica l r e s u l t s  i l l u s t r a t i n g  
th e  o ccu rren ce  o f  t h i s  ty p e  o f  b i f u r c a t io n .
The two exam ples o f  th re e -d im e n s io n a l b i f u r c a t io n  d is c u s s e d  in  th e  
n e x t s e c t io n  w ere d is c o v e re d  a s  a  r e s u l t  o f  n u m erica l in v e s t ig a t io n s  o f
th e  fa m ily  » one v e r ' t i ca l  b ra n c h e s  o f  fa m ily  f  d is c u s s e d  in
C hapter 5* T h is  fa m ily  h a s  th e  p e c u l ia r  p ro p e r ty  o f  tu r n in g  back on
i t s e l f  a t  a  c e r t a i n  p o in t  in  th r e e  d im en sio n s , r a t h e r  th a n  r e tu r n in g  to
th e  h o r iz o n ta l  p la n e  and c o n n e c tin g  w ith  a  fa m ily  o f  p la n a r  o r b i t s ,  a s  
do th e  o th e r  b ra n c h e s  d e s c r ib e d  in  C hap ter 5* The e f f e c t iv e  te rm in a t io n  
o r b i t  o f th e  b ran ch  was found  to  be a  tw o fo ld  d e s c r ip t io n  o f  a  p la n e  
sym m etric, s im p le -p e r io d ic  o r b i t ,  b e lo n g in g  to  an unknown fa m ily  o f
was d ec id ed  to  i n v e s t i g a t e  t h i s  fa m ily  n u m e ric a lly  w ith  a  view  to  i t s  
i d e n t i f i c a t i o n ;  th e  r e s u l t s  o f  t h i s  i n v e s t ig a t io n  a r e  p re s e n te d  in  th e  
n e x t s e c tio n .
such o r b i t s  b i f u r c a t in g  w ith th e  fa m ily I t
The g en e ra l c o n d i t io n  f o r  th e  o c c u rre n c e  o f  a  b i f u r c a t io n  o f  two 
f a m i l ie s  o f p e r io d ic  o r b i t s  was g iv e n  in  S e c tio n  3*5 a s  (E q u a tio n  (3*69 ))
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k* -IcasC^H,
where k i s  one o f  th e  l i n e a r  s t a b i l i t y  in d ic e s ,  and m, n  a re  in t e g e r s .
In  th e  p re se n t c a se , we have a  doub le  b i f u r c a t io n :  th e  te rm in a t io n  o r b i t
o f  1^25 ^ as  ^ou^ e th e  m u l t i p l i c i t y  and tw ic e  th e  p e r io d  o f  th e  b i f u r «  
c a t io n  o r b i t .  T h is  co rre sp o n d s  to  th e  v a lu e s  m -  2 , n -  1 in  E qu a tio n  
( 8 -1 ) ,  g iv in g  k = +2; d i r e c t  c a lc u la t io n  o f  th e  s t a b i l i t y  in d ic e s  o f  
th e  s im p le -p e r io d ic  b i f u r c a t io n  o r b i t  gave a  v a lu e  o f  one o f  th e  in d ic e s  
in  agreem ent w ith  t h i s  p r e d ic t io n .  (One o f  th e  s t a b i l i t y  in d ic e s  o f  
th e  te rm in a tio n  o r b i t  o f  th e  v e r t i c a l  b ranch s*Cp) was found to  be equalv lp
to  -2 ,  a s  would be ex p ec ted  from  E q u a tio n  (3*67)» w ith  m — 2 ) . The use  
o f  E quation  (8 * l)  in  id e n t i f y i n g  p ro b a b le  th re e -d im e n s io n a l b i f u r c a t io n  
o r b i t s  w il l  be d is c u s se d  f u r th e r  in  S e c tio n  8.3»
8 .2  Num erical R e s u lts
The th re e -d im e n s io n a l b i f u r c a t io n  o r b i t  c o rre sp o n d in g  to  th e  te rm in a t io n  
o f  th e  v e r t i c a l  b ranch  ^ 2 5  ^ was c o n tin u ed  n u m e ric a lly  in  o rd e r  to  t r a c e  
o u t th e  fam ily  o f  p la n e  sym m etric o r b i t s  to  which i t  b e lo n g s . S ince 
t h i s  o r b i t  i s  somewhere in  th e  "m id d le '1 o f  th e  fa m ily , i t  was n e c e s s a ry  
to  con tin u e  i t  in  two o p p o s ite  d i r e c t io n s  so t h a t  th e  two "ends" o f  th e  
fam ily  could  be found . N um erical d a ta  f o r  th e  fa m ily  a re  g iv en  in  T able 
8 .1 ;  th e  b i f u r c a t io n  o r b i t  w ith  fa m ily  *^25 ^’ ap p ro x im a te ly
to  the  e n try  marked w ith  an a s t e r i s k ,  i s  p lo t t e d  in  F ig u re  A60 in  th e  
Appendix (se e  a ls o  F ig u re  8 .1 ) .
I t  was found t h a t  c o n t in u a t io n  a lo n g  th e  fa m ily  from th e  b i f u r c a t io n  
tow ards low er v a lu e s  o f  th e  o r b i t a l  p e r io d  T r e s u l t s  f i r s t l y  in  an 
in c re a s e  in  th e  m u l t i p l i c i t y  from  1 to  3> and s h o r t ly  a f t e r  in  a  d rop  in  
m u l t ip l ic i ty  from 3 to  2. C o n tin u in g  in  t h i s  d i r e c t io n ,  a  " r e f l e c t io n "  
o r b i t  i s  en co u n te red : t h a t  i s ,  th e  fa m ily  b e g in s  to  tu r n  back on i t s e l f ,
th e  tu rn in g  p o in t  o r  " r e f l e c t i o n "  o c c u r r in g  when th e  two ty p e  (p ) m irro r  
c o n f ig u ra tio n s  d e f in in g  th e  o r b i t s  become e x a c t ly  c o in c id e n t .  As in  
th e  case  o f  fam ily *v l5^  (S e c t io n  5 *2 ), t h i s  in d i c a te s  a  b i f u r c a t io n  
w ith  an o th e r fam ily  o f  th re e -d im e n s io n a l p e r io d ic  o r b i t s .  The t e r ­
m ination  o r b i t  a t  t h i s  b i f u r c a t io n ,  c o rre sp o n d in g  a p p ro x im a te ly  to  th e  
f i r s t  e n try  o f  T able 8 .1 ,  i s  a  tw o fo ld  d e s c r ip t io n  o f  a  s im p le -p e r io d ic ,  
p lan e  symmetric o r b i t .  I n v e s t i g a t io n  showed t h a t  t h i s  o r b i t  b e lo n g s
Table 8 .1  Fam ily  o f  P lan e  Symmetric P e r io d ic  O rb its  B i f u r c a t in g  w ith
Fam ily in  Three D im ensions {fx = 0*00095)
s01 S03 s05
T C m
1*005886 0*074370 -0*021505 2*635984 3*016876 2
1*019954 0*073142 - 0*019252 2.740713 3*018044 2
1*032667 0 *066788 0*000597 3*276811 3*021852 3
1*034431 0*064560 0*013472 3*613052 3*022704 1
1 *022965 0*066370 0*063599 4*847426 3-017639 1
1*012989 0 *068787 0*084693 5*417080 3*013106 3
0*959727 0*111152 0*136418 10*002877 2*985634 3
0*903315 0*376199 0*145344 12*304728 2*840827 4
0*860711 0*470564 0*181883 12.416191 2*747747 4
0*723696 0*666794 0*310978 12*511294 2*459661 4
0*292082 0*942179 0*735518 12*555049 1*571928 4
0*008672 0 *986447 1 -017379 12*561477 0*992779 4
-0*440717 0 *880630 1*466559 12*566355 0*075419 4
-0*802063 0*560049 1*832139 12*571112 -0*667305 4
-0*626735 0*764444 1*648865 14*291673 -0*301416 4
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to  a  v e r t i c a l  b ranch  o f  th e  p la n a r  fa m ily  a  ( p e r io d ic  o r b i t s  around th e  
Lagrange c o l l i n e a r  e q u i l ib r iu m  p o in t  L ^ ). The v e r t i c a l  b i f u r c a t io n  
o r b i t  o f  fam ily  a  from  which t h i s  b ranch  i s  g e n e ra te d  was found to  be 
th e  v e r t i c a l - c r i t i c a l  o r b i t  a^v ( in  th e  n o ta t io n  o f  Henon, 1973t>)» th a t  
i s ,  th e  f i r s t  v e r t i c a l - c r i t i c a l  o r b i t  o f  fam ily  a  to  be en co u n te red  a s  
th e  fam ily  e v o lv e s  from in f in i t e s im a l  o r b i t s  around L^; th e  v e r t i c a l  
b ranch  was th e r e f o r e  d e s ig n a te d  A^v , fo llo w in g  th e  n o ta t io n  o f  Zagouras 
and M arkello s  (1977)•
N um erical d a ta  f o r  th e  fa m ily  A_^ v a r e  g iv en  in  T ab le  8 .2 ;  th e  l e t t e r  
"S" in d ic a te s  o r b i t a l  s t a b i l i t y ,  and th e  e n try  marked w ith  an a s t e r i s k  
co rresp o n d s ap p ro x im a te ly  to  th e  b i f u r c a t io n  o r b i t ,  which once ag a in  h a s  
a  s t a b i l i t y  in d e x  equal to  +2 (doub le  b i f u r c a t io n ) .  The b i f u r c a t io n  
o r b i t  i s  p lo t t e d  in  F ig u re  A57 in  A ppendix. The fa m ily  A^v ap p ea rs  
to  te rm in a te  in  a  c o l l i s i o n  o r b i t  w ith  th e  p rim ary  s h o r t ly  a f t e r  t h i s  
b i f u r c a t io n ;  i t  i s  i n t e r e s t i n g  to  n o te  th a t  th e  h ig h ly - in c l in e d ,  h ig fr ly -  
e c c e n tr ic  o r b i t s  o f  th e  f i n a l  segment o f  fa m ily  A^v a re  l i n e a r l y  s ta b le ,  
d e s p ite  th e  c lo s e  approach  to  th e  p rim ary  m^.
On c o n tin u in g  th e  f i r s t  ( a s  y e t  u n id e n t i f i e d )  fa m ily  in  th e  o th e r  
d i r e c t io n  from  i t s  b i f u r c a t io n  w ith  th e  v e r t i c a l  b ran ch  f K p > tow ardsv l5
in c re a se d  v a lu e s  o f  th e  o r b i t a l  p e r io d ,  two f u r th e r  m u l t i p l i c i t y  reg im es 
( m u l t i p l i c i t y  3 and 4) a re  en co u n te red . There i s  a  r a d i c a l  change in  
th e  c h a r a c t e r i s t i c s  o f  th e  o r b i t s  a lo n g  th e  fa m ily , a s  i l l u s t r a t e d  by 
th e  s e r i e s  o f  o r b i t  p l o t s  a t  i n t e r v a l s  a lo n g  th e  fa m ily  g iv en  in  F ig u re s  
A58 -  A69 in  th e  A ppendix; t h i s  can a l s o  be seen  from  th e  e n t r i e s  o f  
Table 8 .1 .  B eg in n in g  w ith  e s s e n t i a l l y  s a t e l l i t e  o r b i t s  around  th e  
l e s s  m assive p rim ary  ( J u p i t e r ) ,  th e s e  e v e n tu a lly  become o r b i t s  o f  th e  
p la n e ta ry  ty p e  ab o u t th e  more m assive p rim ary  m^  (S u n ); th e  m otion  in  
th e se  l a t e r  o r b i t s  i s  v e ry  n e a r ly  c i r c u l a r  K e p le r ia n  m otion ex ce p t f o r  
a  s h o r t  i n t e r v a l  o f  each  o r b i t  in  which th e  m a ss le ss  p a r t i c l e  h a s  a  c lo se  
en co u n te r w ith  th e  p rim ary  and e x p e r ie n c e s  a  s i g n i f i c a n t  p e r tu r b a t io n .  
As th e  fa m ily  e v o lv e s  tow ards te rm in a t io n ,  th e  o r b i t s  develop  two d i s ­
t i n c t  p a r t s ,  one v e ry  n e a r ly  p la n a r  and th e  o th e r  th re e -d im e n s io n a l ( s e e  
F ig u re  A69) .  The m a ss le ss  p a r t i c l e ,  i n i t i a l l y  in  an  a lm o st p la n a r  o r b i t ,  
h a s  a  c lo se  app roach  above th e  p rim ary  w hich sends i t  in to  a  h ig fc ly - 
in c l in e d  o r b i t  ab o u t m  ^ ( r a th e r  re m in is c e n t o f  an o u t - o f - e c l i p t i c  m iss io n  
o r b i t ) .  The th re e -d im e n s io n a l p a r t  o f  th e  o r b i t  co m p rises  th r e e  lo o p s , 
one above and two below  th e  h o r iz o n ta l  p la n e , c o n n e c tin g  to g e th e r  c lo se
T able 8 .2  Fam ily o f  P lan e  Symmetric O rb i ts  (ji -  0*00095)
S01 S03 S05
T C m
1-077821 0-002685 - 0-063143 3*223310 3*034961 1
1-077724 0-007685 -0-064083 3-221611 3*034687 1
1-075305 0-032685 -0-077965 3-186339 3*029728 1
1 -060668 0-071685 -0-099939 2-925641 3*013929 1
1-038612 0 -084742 -0  -086509 2-220504 3-008201 1
1 -015666 0-080156 -0  -045509 1*551854 3-013027 1
1 -005699 0-074365 -0-021443 1*317964 3*016876 1
1 -003954 0-072271 -0-016831 1-263272 3*018046 1
1-000240 0-060880 -0-006112 1-007276 3-024640 1
0-999723 0-055880 - 0-004299 0-898827 3*028026 1
T able 8 .3 Fam ily o f  P lan e  Symmetric P e r io d ic  O rb i ts  G enerated  from 






1-000115 0-059951 -0-005711 3*948288 3*025239 . 4
1-000215 0*059952 -0  -005688 3*948255 3*025239 4
1 -000415 0*059955 -0-005643 3*948314 3*025239 4
1-000823 0*059958 -0-005549 3*948429 3.025241 4
1-001619 0-059956 -0-005362 3*948926 3*025247 4
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to  th e  p rim ary  E v e n tu a lly ,  th e  m a ss le ss  p a r t i c l e  h a s  a n o th e r  c lo se
en co u n te r w ith  which r e n d e r s  th e  m otion once a g a in  very  n e a r ly  p la n a r .  
I t  seems l i k e l y  t h a t  th e  fa m ily  te rm in a te s  in  a  p la n a r  c o l l i s i o n  o r b i t  
w ith  m^; th e  te rm in a t io n  o r b i t  h a s  n o t been id e n t i f i e d .
C a lc u la t io n  o f  th e  s t a b i l i t y  in d ic e s  o f  th e  o r b i t s  o f  t h i s  u n id e n t­
i f i e d  fam ily  in d ic a te d  th a t  th e y  a re  a l l  u n s ta b le ,  th e  deg ree  o f  
i n s t a b i l i t y  becom ing v e ry  h i ^ i  tow ards th e  te rm in a t io n  o r b i t .
8 .5  Remarks
(1 ) The n u m erica l r e s u l t s  g iven  in  th e  p re v io u s  s e c t io n  i l l u s t r a t e  th e  
im portance o f  th re e -d im e n s io n a l b i f u r c a t io n  in  th e  s t r u c tu r e  o f  p e r io d ic  
o r b i t s .  We saw in  C hapter 5 t h a t  th e  p la n a r  f a m i l i e s  f ,  g^ and g^ a re  
connec ted  th ro u g h  v e r t i c a l  b i f u r c a t io n  w ith  f a m i l i e s  o f  th re e -d im e n s io n a l 
p e r io d ic  o r b i t s ;  th e  l i n k  betw een f a m i l i e s  f  and a  d is c u s s e d  in  th e  
p re v io u s  s e c t io n ,  how ever, in v o lv e s  b o th  v e r t i c a l  and th re e -d im e n s io n a l 
b i f u r c a t io n s .  The u n id e n t i f i e d  fa m ily  which b i f u r c a te s  w ith  th e  v e r t i c a l  
b ran ch es  JL and p i(p ) can n o t be e s ta b l i s h e d  from  a  v e r t i c a l  s e l f -i v  v l5
re s o n a n t o r b i t ,  and i t  seems l i k e l y  t h a t  t h i s  i s  m erely  one example o f  a 
whole c l a s s  o f  such f a m i l i e s  g e n e ra te d  from  b i f u r c a t io n s  in  th r e e  
d im ensions. There i s  c l e a r l y  a  g r e a t  d e a l o f  scope f o r  f u r t h e r  i n v e s t i ­
g a t io n  in  t h i s  a r e a .
(2 )  The f a m i l i e s  m entioned  in  S e c tio n  8 .2  a l l  c o n s i s t  o f  p la n e  
sym m etric o r b i t s .  I t  i s  easy  to  see  t h a t  in  a  b i f u r c a t io n  o f  two 
f a m i l ie s  o f  th re e -d im e n s io n a l sym m etric p e r io d ic  o r b i t s ,  th e  symmetry 
p r o p e r t i e s  o f  th e  o r b i t s  o f  bo th  f a m i l i e s  must be th e  same, s in c e  th e  
ty p e  o f  m irro r  c o n f ig u ra t io n  cannot a l t e r .  Thus, a  fa m ily  o f  p la n e  . 
sym m etric o r b i t s  can on ly  b i f u r c a te  w ith  a n o th e r  p la n e  sym m etric fa m ily , 
and an ax isym m etric  fa m ily  w ith  a n o th e r  ax isym m etric  fa m ily ; one o f  th e  
f a m i l i e s ,  how ever, may have a d d i t io n a l  symmetry, and b i f u r c a t io n s  o f  
s irap ly -sym m etric  w ith  doub ly -sym m etric  f a m i l i e s  w ould ap p ea r to  be 
p o s s ib le .
( 5) The f i r s t - o r d e r  tre a tm e n t o f  b i f u r c a t io n  o u t l in e d  in  S e c tio n  3*5 
p r e d ic t s  th e  o c c u rre n c e  o f  i n f i n i t e  num bers o f  b i f u r c a t io n s  a lo n g  th o se  
segm ents o f  f a m i l i e s  o f  th re e -d im e n s io n a l p e r io d ic  o r b i t s  f o r  which one 
o f  th e  s t a b i l i t y  in d ic e s  s a t i s f i e s  th e  s t a b i l i t y  c r i t e r i o n .  R ote t h a t  
t h i s  does n o t r e q u i r e  a c tu a l  s t a b i l i t y  o f  th e  o r b i t s ,  s in c e  th e  o th e r
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in d ic e s  need n o t s a t i s f y  th e  s t a b i l i t y  c r i t e r i o n  ( f o r  exam ple, in  th e  
s p e c ia l  case  o f  v e r t i c a l  b i f u r c a t io n s ,  a  fa m ily  o f  th re e -d im e n s io n a l 
o r b i t s  can a r i s e  from  a  h o r iz o n ta l ly  u n s ta b le  p la n a r  o r b i t ) .  The 
d en sen ess  o f  b i f u r c a t io n s  o f  p e r io d ic  o r b i t s ,  r e l a t e d  to  P o in c a re 's  
famous c o n je c tu re  (V ol. I  o f  "M ethodes N o u v e lle s " ) , h a s  been d is c u s s e d  
by K a t s i a r i s  and Goudas (1 9 7 3 ).
( 4 ) The r e s u l t s  p re s e n te d  in  t h i s  c h a p te r  a re  o f  a  p re lim in a ry  n a tu re ,  
p ro v id in g  n u m erica l ev id en ce  f o r  th e  o c c u rre n c e  o f  f a m i l i e s  o f  sym m etric 
p e r io d ic  o r b i t s  in  th r e e  d im en sio n s . C le a r ly ,  an a n a l y t i c a l  th e o ry  
o f  th re e -d im e n s io n a l b i f u r c a t io n  i s  r e q u ir e d ,  and th e r e  i s  a  la rg e  amount 
o f  scope f o r  n u m erica l in v e s t ig a t io n  o f  th e  phenomenon. The g e n e ra l 
b i f u r c a t io n  c o n d itio n  (E q u a tio n  ( 8 * l ) )  can be u sed  to  i d e n t i f y  p ro b ab le
!
| b i f u r c a t io n  o r b i t s ,  and in d i c a te s  th e  o rd e r  o f  th e  b i f u r c a t io n  ( t h a t  i s ,
| th e  v a lu e  o f  th e  in te g e r ,  m); th e  b i f u r c a t io n  c o n d it io n  i s  n o t s p e c i f i c
i
!
to  sym m etric p e r io d ic  o r b i t s ,  how ever, and an a n a ly s i s  s im i la r  to  t h a t  
o f  S ec tio n  3*6, e x p lo i t in g  th e  p ro p e r ty  o f  o r b i t a l  symmetry, would a llo w  
d e ta i le d  p r e d ic t io n s  abou t th e  mechanism o f  b i f u r c a t io n  in  th e  case  o f  
sym m etric o r b i t s .
The p o s s i b i l i t y  o f  th e  o c c u rre n c e  o f  b i f u r c a t io n  o f  h ig h e r  o rd e r  th an  
th e  second, t h a t  i s ,  b i f u r c a t io n  from  a  s e l f - r e s o n a n t ,  n o n - c r i t i c a l  o r b i t  
w ith  one s t a b i l i t y  index  s a t i s f y i n g  E q u a tio n  (8 » l)  f o r  m 7 2 , was in v e s t ­
ig a te d  n u m e ric a lly . An o r b i t  b e lo n g in g  to  th e  fa m ily  A^v  (T ab le  8 .2 )  
w ith  one s t a b i l i t y  index  equ a l to  ze ro  (m -  4» n a  1 in  E q u a tio n  ( 8 * l ) )  
was chosen f o r  t h i s  p u rp o se . T h is  o r b i t  b e lo n g s  to  th e  s ta b l e  f i n a l  
segment o f  th e  fa m ily , and f a l l s  between th e  l a s t  two e n t r i e s  o f  T able 
8 .2 .  A ttem pts to  e s t a b l i s h  n u m e ric a lly  a  fa m ily  o f  q u a d ru p le -p e r io d ic  
I  p la n e  sym m etric o r b i t s  in  th e  neighbourhood  o f  th e  p r e d ic te d  b i f u r c a t io n
| y ie ld e d  th e  r e s u l t s  g iven  in  T ab le  8 .3»  w hich c o n ta in s  o r b i t s  b e lo n g in g
i
j to  th e  i n i t i a l  segment o f  th e  fa m ily  in  th e  ne ighbourhood  o f  th e  b i f u r -
| c a t io n .  In  o rd e r  to  check t h a t  t h i s  fa m ily  does in  f a c t  o r ig i n a te  from
a  b i f u r c a t io n  in  th r e e  d im en sio n s , th e  fa m ily  was t r a c e d  back  tow ards 
th e  s t a r t i n g  o r b i t .  The c h a r a c t e r i s t i c  " r e f l e c t io n "  phenomenon was 
once ag a in  en co u n te red , th e  p a ra m e te rs  o f  th e  r e f l e c t i o n  o r b i t  c o r r e s ­
ponding  c lo s e ly  to  th o se  o f  th e  b i f u r c a t io n  o r b i t  o f  f a m ily  t h i s
was co n s id e re d  to  be a  s a t i s f a c t o r y  c o n f irm a tio n  o f  th e  o c c u rre n c e  o f  
th e  b i f u r c a t io n .
The f i n a l  o r b i t  o f  T able 8 .3  i s  p l o t t e d  in  F ig u re  A70, in  th e  Appendix.
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9. SUGGESTIONS FOR FURTHER WORK
(1) As h a s  a l re a d y  been p o in te d  o u t,  th e  p la n a r  ca se  o f  th e  r e s t r i c t e d  
problem  h a s  been e x p lo re d  much more e x te n s iv e ly  th a n  th e  th re e -d im e n s io n a l 
c a se . A g re a t  d e a l o f  work rem ains  to  be done in  th e  g e n e r a l i s a t io n  o f  
e x i s t in g  n u m erica l in fo rm a tio n  on th e  p e r io d ic  o r b i t s  o f  th e  p la n a r  
c i r c u l a r  problem  in to  th r e e  d im en sio n s , by t r a c in g  th e  v e r t i c a l  b ranches 
o f  f a m i l i e s  o f  p la n a r  o r b i t s .
There i s  a  s im i la r  p a u c i ty  o f  n u m erica l r e s u l t s  on th e  p e r io d ic  o r b i t s
o f  th e  e l l i p t i c  r e s t r i c t e d  prob lem , p a r t i c u l a r l y  in  th e  th re e -d im e n s io n a l 
c a se , and i t  i s  c l e a r  from th e  d is c u s s io n  o f  C h ap te rs  6 and 7 th a t  th e re  
i s  an abundance o f  s u i t a b le  s t a r t i n g  o r b i t s  f o r  c o n t in u a tio n  from  th e  
j  c i r c u l a r  in to  th e  e l l i p t i c  prob lem , and from  th e  p la n a r  to  th e  th r e e -  
| d im ensional e l l i p t i c  problem . A m ajor c o m p u ta tio n a l e f f o r t  i s  r e q u ire d  
I  to  map o u t th e  f a m i l i e s  o f  p e r io d ic  o r b i t s  o b ta in a b le  by th e s e  m ethods, 
and to  su rv ey  th e  s t a b i l i t y  and o th e r  p r o p e r t i e s  o f  th e  o r b i t s .
(2 ) The p o s s i b i l i t y  o f  e s t a b l i s h in g  s e r i e s  o f  p e r io d ic  o r b i t s  p a ra ­
m e tr is e d  by th e  mass p a ram ete r j i  h a s  been  d e a l t  w ith  in  C hap te rs  3 and 7* 
b u t h a s  n o t  been d is c u s s e d  in  d e t a i l .  H^non and Guyot (1970) have 
p re s e n te d  a  su rv ey  o f  th e  ( h o r iz o n ta l )  s t a b i l i t y  o f  p la n a r  p e r io d ic  o r b i t s  
o f  th e  c i r c u l a r  r e s t r i c t e d  problem  f o r  a l l  p o s s ib le  v a lu e s  o f  th e  mass 
p aram ete r 0 ^ j i < 1 ,  and o th e r  a u th o rs  ( e .g .  B e n e s t, 1976, 1977; B roucke, 
1968, 1969 ; S h e lu s , 1972; H§non, 1973a; K a t s i a r i s ,  1972; M ark e llo s  e t  a l . ,  
1974> 1975a ,  b) have c o n s id e re d  th e  e f f e c t  o f  v a ry in g  th e  mass p aram ete r
on th e  s t r u c tu r e  and s t a b i l i t y  o f  p e r io d ic  o r b i t s .  T h is  i s  a n o th e r
im p o rta n t a r e a  f o r  n u m e rica l e x p lo ra t io n ;  th e  s ig n i f ic a n c e  o f  th e  mass
I p a ram ete r in  th e  o v e r a l l  s t r u c tu r e  o f  th e  s o lu t io n s  o f  th e  r e s t r i c t e d  
problem  i s  u n d e r l in e d  by th e  e x is te n c e  o f  c e r t a in  c r i t i c a l  v a lu e s  o f  JJL 
| a t  which changes in  th e  to p o lo g y  o f  th e  s o lu t io n  space  ta k e  p la c e  ( s e e ,  
e .g .  M ark e llo s  e t  a l . ,  1974).
( 3) M ark e llo s  (1974a, b , 1975)> M ark e llo s  and Z agouras (1977) and 
B enest (1976, 1977) have in v e s t ig a te d  th e  r e l a t i o n s h ip  betw een l i n e a r l y  
s ta b le  re g io n s  o f  f a m i l i e s  o f  p e r io d ic  o r b i t s  and th e  s t a b i l i t y  p r o p e r t i e s  
( in  a  more g e n e ra l sen se )  o f  s e m i-p e r io d ic  m otion c lo s e  to  th e  p e r io d ic  
o r b i t s .  F u r th e r  work (n u m erica l a n d /o r  a n a l y t i c a l )  would be o f  g r e a t  
v a lu e  in  th e  a p p l ic a t io n  o f  r e s u l t s  on th e  s t a b i l i t y  o f  p e r io d ic  o r b i t s
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to  r e a l  a s tro n o m ic a l p rob lem s, such a s  th e  s t a b i l i t y  o f  th e  o u te r  Jo v ian  
s a t e l l i t e  system . An o u ts ta n d in g  q u e s tio n  w orthy o f  some a t te n t io n  
co n ce rn s  th e  r e s u l t s  r e p o r te d  by H un ter ( 1967) on th e  anom alous r e l a t i o n ­
s h ip  betw een s t a b i l i t y  and in c l in a t io n  o f  r e t r o g r a d e  s a t e l l i t e s  o f  
J u p i t e r .
( 4 ) The n u m erica l com p u ta tio n s  p re s e n te d  in  t h i s  t h e s i s  were perform ed 
u s in g  n o n - r e g u la r is e d  e q u a t io n s ,  w ith  th e  r e s u l t  t h a t  i t  was n o t p o s s ib le  
to  c o n tin u e  c e r t a in  f a m i l ie s  and s e r i e s  o f  p e r io d ic  o r b i t s  a s  f a r  a s  o r  
beyond c o l l i s i o n  w ith  one o f  th e  p r im a r ie s .  In  most c a s e s ,  t h i s  i s  n o t 
a  s e r io u s  d is a d v a n ta g e , s in c e  a  c o l l i s i o n  o r b i t  r e p r e s e n t s  a  n a tu r a l  
te rm in a t io n  o f  a  fa m ily  o f  p e r io d ic  o r b i t s ,  and from  th e  p r a c t i c a l  p o in t  
o f  v iew , c o l l i s i o n  o r  n e a r - c o l l i s i o n  o r b i t s  a r e  o f  l im i te d  i n t e r e s t .
From th e  m ath em atica l p o in t  o f  v iew , how ever, i t  i s  im p o rta n t to  e s t a b l i s h  
c o n n e c tio n s  betw een v a r io u s  f a m i l i e s  (o r  d i f f e r e n t  p h ases  o f  th e  same 
fa m ily )  v ia  c o l l i s i o n  o r b i t s ,  and t h i s  n e c e s s i t a t e s  th e  u se  o f  r e g u la r i s e d  
e q u a tio n s . There i s  a  s u b s t a n t i a l  l i t e r a t u r e  on th e  s u b je c t  o f  r e g u l a r i -  
s a t io n ;  a  d e t a i l e d  d is c u s s io n  o f  v a r io u s  m ethods, in c lu d in g  r e g u la r i s a t i o n  
te c h n iq u e s  f o r  th e  v a r i a t i o n a l  e q u a t io n s ,  h a s  been g iv en  by T ay lo r (1 9 7 9 ).
( 5) The i d e n t i f i c a t i o n  o f  th e  j i  = 0 te rm in a t io n  o r b i t  o f  th e  v e r t i c a l  
b i f u r c a t io n  s e r i e s  o f  th e  e l l i p t i c  r e s t r i c t e d  problem , d e s c r ib e d  in  
S e c tio n  7«5» w ith  an e l l i p t i c  o r b i t  o f  th e  tw o-body problem  h a v in g  a  
p e r io d  commensurable w ith  t h a t  o f  th e  p r im a r ie s ,  and an e c c e n t r i c i t y  o f  
ab o u t 0*47, r a i s e s  th e  q u e s tio n  o f  th e  c o n t in u a t io n  o f  e l l i p t i c  K ep le rian  
o r b i t s  in to  th e  r e s t r i c t e d  th re e -b o d y  p rob lem , th e  mass p a ram ete r b e in g  
in c re a s e d  from  zero  to  n o n -ze ro  v a lu e s ,  in  o rd e r  to  g e n e ra te  a  s e r i e s  o f  
v e r t i c a l  b i f u r c a t io n  o r b i t s .  The ca se  o f  c i r c u l a r  o r b i t s  h a s  been 
c o n s id e re d  by H^non and Guyot (1970) and H^non (1 9 7 4 ); th e  fo u r  v e r t i c a l  
b i f u r c a t io n  s e r i e s  o f  th e  c i r c u l a r  problem  g iv e n  in  S e c tio n  7»3 were 
found , in  th e  l i m i t  J i* ^ l, to  be v e r t i c a l  s e l f - r e s o n a n t  c i r c u l a r  o r b i t s  
o f  th e  two-body problem . Commensurable e l l i p t i c  tw o-body o r b i t s ,  
g iv in g  r i s e  to  p e r io d ic  o r b i t s  o f  P o in c a r e 's  second k in d , a r e  known to
be o f  c r i t i c a l  s t a b i l i t y  and would th e r e f o r e  r e s u l t  in  s e r i e s  o f  v e r t i c a l -  
c r i t i c a l  o r b i t s  upon c o n t in u a t io n  in to  th e  r e s t r i c t e d  problem . F u r th e r  
s tudy  o f  t h i s  type  o f  a n a l y t i c a l  c o n t in u a t io n  would be an i n t e r e s t i n g  and 
w orthw hile  e x e rc is e ,  le a d in g  to  th e  p o s s i b i l i t y  o f  e s t a b l i s h in g  a  
co n n ec tio n  between e l l i p t i c  two-body o r b i t s  and th re e -d im e n s io n a l p e r io d ic  
o r b i t s  o f  th e  e l l i p t i c  r e s t r i c t e d  p rob lem .
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(6 ) The p re lim in a ry  r e s u l t s  o f  C hapter 8 in d i c a te  t h a t  th re e -d im e n s io n a l 
b i f u r c a t io n s  o f  f a m i l i e s  o f  p e r io d ic  o r b i t s  a r e  o f  g r e a t  im portance in  
th e  s t r u c tu r e  o f  sym m etric p e r io d ic  s o lu t io n s  o f  th e  r e s t r i c t e d  problem . 
N um erical and a n a ly t i c a l  work in  t h i s  a r e a  would a lm o st c e r t a in l y  le a d
to  an im proved u n d e rs ta n d in g  o f  th e  s t r u c tu r e  o f  p e r io d ic  o r b i t s  (s e e  
th e  d is c u s s io n  o f  S e c tio n  8 .3 ) .
(7 ) A grow ing body o f  l i t e r a t u r e  on th e  p e r io d ic  o r b i t s  o f  th e  g en e ra l 
th re e -b o d y  problem  h a s  app ea red  in  re c e n t  y e a r s .  One o f  th e  ways o f  
d e te rm in in g  such p e r io d ic  o r b i t s  i s  by n u m e rica l c o n t in u a tio n  from  th e  
r e s t r i c t e d  problem , th e  mass o f  th e  t h i r d  body o f  th e  system  b e in g  
in c re a s e d  from  zero  to  n o n -ze ro  v a lu e s ; r e s u l t s  o b ta in e d  by t h i s  method 
have been g iven  by , f o r  exam ple, H ad jid em e trio u  and C h r is t id e s  (1 9 7 5 ).
T h is  te ch n iq u e  can be re g a rd e d  a s  a  f u r th e r  g e n e r a l i s a t io n  o f  th e  
p e r io d ic  o r b i t s  o f  th e  p la n a r  and th re e -d im e n s io n a l c a se s  o f  th e  
r e s t r i c t e d  problem , in  bo th  th e  c i r c u l a r  and e l l i p t i c  c a s e s ,  and th e re  
i s  a g a in  p le n ty , o f  scope f o r  f u r th e r  work.
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11. APPENDIX: ORBIT PLOTS
T h is  Appendix c o n ta in s  com puter p l o t s  o f  r e p r e s e n ta t iv e  p e r io d ic  o r b i t s  
b e lo n g in g  to  th e  new f a m i l i e s  and s e r i e s  g iv en  in  C hap te rs  5 -  Q> re fe re n c e  
shou ld  be made to  th e  r e le v a n t  t e x t  in  each  c a se . The f ig u r e s  a re  num­
b e red  A l, A2, A3 •••»  and a r e  a rra n g e d  by c h a p te r  in to  fo u r  g roups a s  fo llo w s
Group (a )  : F ig u re s  Al -  A24 (C h ap te r 5 )
Group (b ) : F ig u re s  A25 -  A48 (C h ap te r 6)
Group (c )  : F ig u re s  A49 -  A56 (C h ap te r 7 )
Group (d ) : F ig u re s  A57 -  A70 (C h ap te r 8)
The f ig u r e  c a p t io n s  a re  g iv en  a t  th e  b e g in n in g  o f  each  group o f  f ig u r e s .
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Group ( a ) :  F ig u re s  Al -  A24
In  F ig u re s  Al -  A24, o r b i t s  r e p r e s e n t in g  v a r io u s  p a r t s  o f  th e  v e r t i c a l  
b ran ch es  o f  fa m ily  f  d e s c r ib e d  in  C hap ter 5 a re  p lo t t e d  w ith  r e s p e c t  to  
c o o rd in a te s  (X ,Y ,Z) (n o t to  be con fused  w ith  th e  i n e r t i a l  c o o rd in a te  
system  used  in  C hapter l )  d e f in e d  by
x = x -  (1 -fO = x -  0-99905
Y = y 
Z = z ,
where ( x ,y ,z )  a r e  th e  u s u a l b a r y c e n tr ic  c o o rd in a te s  r o t a t i n g  w ith  th e  
p r im a r ie s ,  w ith  u n i t  o f  le n g th  equal to  th e  d is ta n c e  betw een th e  p r im a r ie s  
( " r o ta t in g - p u ls a t in g "  c o o r d in a te s ) .  Thus, th e  o r ig in  o f  th e  p lo t  coord ­
in a te s  i s  lo c a te d  a t  th e  p rim ary  m  ^ ( J u p i t e r )  (x  = l - p ) .  The s c a le  o f  
th e  p lo t s  i s  such th a t  th e  le n g th  o f  th e  p o s i t i v e  h a l f  o f  each a x i s  i s  0*1, 
in  u n i t s  o f  th e  S u n -Ju p ite r  d is ta n c e .  The o r b i t s  a r e  p r o je c te d  o rth o g o ­
n a l ly  on th e  (X ,Y ), (X ,Z) and (Y,Z) p la n e s .  F ig u re  Al6 i s  an is o m e tr ic  
p r o je c t io n ,  t h a t  i s ,  an o rth o g o n a l p r o je c t io n  on a  p la n e  p e rp e n d ic u la r  
to  th e  v e c to r  ( l , l , l ) ;  th e  p o s i t i v e  h a l f  o f  th e  Z -a x is  in  t h i s  case  h a s
le n g th  0 -1 , w h ile  th e  p o s i t i v e  X and Y h a l f - a x e s  a re  lo n g e r  by a  f a c t o r
2/vT .
F ig u re s  Al -  A9:
F ig u re s  A10 -  A16:
F ig u re s  A17 -  A22:
T y p ica l o r b i t s  o f  fa m ily  F ^ 5  F ig u re s  Al -  A3 a re  
p r o je c t io n s ,  in  th e  (X ,Y ), (X ,Z) and (Y ,Z) p la n e s ,  o f  
an o r b i t  b e lo n g in g  to  th e  m = 5 segment o f  th e  fa m ily ; 
F ig u re s  A4 -  A6 a r e  th e  th r e e  p r o je c t io n s  o f  a  
r e p r e s e n ta t iv e  q u ad ru p le  (m = 4) member, and F ig u re s  
A7 -  A9 th e  p r o je c t io n s  o f  a  r e p r e s e n ta t iv e  t r i p l e -  
p e r io d ic  (m ^ 3 ) member.
T y p ica l o r b i t s  o f  f a m ily  F ig u re s  A10 -  A12 a re
th e  (X ,Y ), (X,Z) and (Y ,Z) p r o je c t io n s  o f  an o r b i t  b e ­
lo n g in g  to  th e  m -  5 segm ent, and F ig u re s  A13 -  A15 a re  
th e  p r o je c t io n s  o f  a  r e p r e s e n ta t iv e  o r b i t  o f  th e  m = 3 
segm ent. F ig u re  Al6 i s  a  " th re e -d im e n s io n a l"  is o m e tr ic  
p r o je c t io n  o f  a  d o u b le -p e r io d ic  o r b i t  n e a r  th e  
te rm in a t io n  o f  th e  fa m ily .
T y p ica l o r b i t s  o f  fa m ily  F ^ 6 ^ ’ F ig u re s  A17 -  A19 and 
A20 -  A22 a r e  th e  th r e e  p la n e  p r o je c t io n s  o f  o r b i t s  
r e p r e s e n t in g  th e  m = 6 and m = 4 segm ents o f  th e  fa m ily , 
r e s p e c t iv e ly .
-  194 -
F ig u res  A23* A24: A ty p ic a l  o r b i t  o f th e  m -  6 segm ent o f  fa m ily  F ^ ^ ,
in  (X,Y) and (X ,Z) p r o je c t io n s .  T h is  o r b i t  i s  a lm ost 
th e  m ir ro r  image in  th e  (Y,Z) p la n e  o f  th e  o r b i t  
b e lo n g in g  to  p lo t t e d  in  F ig u re s  A17 -  A19* The
o r b i t s  o f  th e  q u ad ru p le  segment o f  F ^ ^ ,  n o t p lo t t e d  
h e r e ,  a r e  s im i la r ly  a lm o st m irro r  im ages o f  th o se  
b e lo n g in g  to  th e  co rre sp o n d in g  p a r t  o f  F ^ ^ .
-  195 -
F ig u re  Al
F ig u re  A2
F ig u re  A3
YF ig u re  A4
-  ±yy -
F ig u re  A5
-  200 -
F ig u re  A6
YF ig u re  A7
-  202 -
F ig u re  A8
zF ig u re  A9

-  205 -
I
F ig u re  A ll
-  20 b -
F ig u re  A12
YF ig u re  A13
-  208 -
F ig u re  A14
-  209 -
F ig u re  A15
-  210 -
F ig u re  A l6
-  211 -
F ig u re  A17
F ig u re  A18
zF ig u re  A19
-  214 -
F ig u re  A20
.F igure  A21
F ig u re  A22
YF ig u re  A23
-  218 -
F ig u re  A24
-  219 -
Group (b ) :  F ig u re s  A25 ~ A4Q
Computer p l o t s  o f  r e p r e s e n ta t iv e  p e r io d ic  o r b i t s  o f  th e  th r e e -  
d im ensional e l l i p t i c  r e s t r i c t e d  problem  o b ta in e d  by c o n t in u a t io n  o f  
commensurable o r b i t s  o f  th e  c i r c u l a r  problem  to  n o n -z e ro  v a lu e s  o f  
th e  p rim ary  e c c e n t r i c i t y  e . Each o r b i t  i s  p lo t t e d  in  (X ,Y ), (X ,Z) 
and (Y,Z) p r o je c t io n s .  The p lo t  c o o rd in a te s  (X ,Y ,Z) a re  th e  same 
a s  th o se  f o r  th e  p re v io u s  group o f  p l o t s :  t h a t  i s ,  w ith  o r ig in  a t
m  ^ ( J u p i t e r )  and r o t a t i n g  w ith  th e  p r im a r ie s .  The p lo t t e d  o r b i t s  
can be i d e n t i f i e d  from  th e  fo llo w in g  t a b le :
F ig u re s  T able P rim ary  E c c e n t r i c i ty
A25 -  A27 6 .2 0-1
A28 -  A}0 6 .2 0-7
A31 -  A33 6 .3 0-1
A34 -  A}6 6 .3 0*7
A37 -  A29 6 .4 0*1
A40 -  M 2 6 .4 0*7
M 3 -  A45 6 .5 0-1
M 6 -  M 8 6 .5 0-7
F ig u re  A25

-  222 -
Y
F ig u re  A27
YF ig u re  A28
-  224  -
X
F ig u re  A29
-  225
F ig u re  A^O
F ig u re  A}1
-  227
F ig u re  A32
-  228 -
i
| F ig u re  A33
4
-  229 -
F ig u re  A34
-  230  -
F ig u re  A35
-  231 -
F ig u re  A36
F ig u re  A37
-  233  -
F ig u re  A38
-  234  -
F ig u re  A39
F ig u re  A40
-  236  -
|
F ig u re  A41
-  237 -
F ig u re  A42
Y
-  239  -
F ig u re  A44
F ig u re  A45
-  241 -
X
F ig u re  A46
-  242  -
F ig u re  A47
-  243 -
F ig u re  A48
-  244 -
Group ( c ) :  F ig u re s  A49 ~ A56
R e p re s e n ta tiv e  v e r t i c a l  s e l f - r e s o n a n t  o r b i t s  o f  th e  p la n a r  e l l i p t i c  
problem , b e lo n g in g  to  th e  c o n ju n c tio n  and o p p o s it io n  s e r i e s  g e n e ra te d  
from  th e  1 /4  co m m ensu rab ility  o f  s e r i e s  (S e c tio n  7* 4 ). The p lo t
c o o rd in a te s  (X,Y) a re  i d e n t i c a l  to  th e  c o o rd in a te s  (x ,y )  o f  th e  r o t a t i n g -  
p u l s a t in g  system , w ith  o r ig in  a t  th e  c e n tr e  o f  mass o f  th e  p r im a r ie s .
The t i c k s  on th e  X -ax is  in d i c a te  th e  p o s i t io n s  o f  th e  p r im a r ie s  (on 
th e  l e f t ,  X «  ,-jO  and m  ^ (on th e  r ig ^ i t ,  X = 1 - p ) .
F ig u re  A49 • S t a r t in g  o r b i t  f o r  b o th  s e r i e s ,  th e  1 /4  com m ensu rab ility
o f  c i r c u l a r  s e r i e s  f \ c ,v lp
F ig u re s  A50 -  A52: E v o lu tio n  a lo n g  th e  c o n ju n c tio n  s e r i e s .
F ig u re s  A53 -  A55s E v o lu tio n  a lo n g  th e  o p p o s it io n  s e r i e s .
F ig u re  A56 T erm in a tio n  o r b i t  (e  = 0) o f  th e  o p p o s it io n  s e r i e s .
-  245  -
F ig u re  A49
-  246 -
F ig u re  A50
YF ig u re  A51
F ig u re  A52
-  249
F ig u re  A53
-  250  -
F ig u re  A54
-  251 -
F ig u re  A55

-  253 -
Group (d ) :  F ig u re s  A57 -  A70
F ig u re s  A57 -  A6 9 : A s e r i e s  o f  o r b i t  p l o t s  i l l u s t r a t i n g  th e  e v o lu tio n  o f
th e  fam ily  o f  p la n e  sym m etric o r b i t s  g e n e ra te d  from a  
b i f u r c a t io n  in  th r e e  d im ensions w ith  th e  fa m ily  A^v 
and te rm in a t in g  in  a  p la n a r  o r b i t  abou t th e  p rim ary  m^, 
w ith  co n se c u tiv e  c o l l i s i o n s  w ith
The o r b i t  p lo t te d  in  F ig u re  A57 i s  th e  b i f u r c a t io n
o r b i t  o f  th e  v e r t i c a l  b ranch  A^v from  which th e  fam ily
o r ig in a te s ;  th e  o r b i t  p lo t t e d  in  F ig u re  A60 i s  n e a r
th e  b i f u r c a t io n  w ith  th e  v e r t i c a l  b ran ch  , i ( p )  andv l5  ’
F ig u re  A69 shows an o r b i t  n e a r  th e  te rm in a t io n  o f  th e  
fam ily .
A ll o f  th e  o r b i t s ,  w ith  th e  e x c e p tio n  o f  t h a t  in  
F ig u re  A69, a re  p lo t t e d  w ith  r e s p e c t  to  c o o rd in a te s  
c e n tre d  on th e  p rim ary  m^ ( J u p i t e r )  and r o t a t i n g  w ith  
th e  p r im a r ie s ;  in  th e  f i n a l  p lo t  th e  o r ig i n  i s  s h i f te d  
to  th e  p rim ary  m^  (S u n ). Whenever th e  o th e r  p rim ary  
i s  w ith in  th e  scope o f  th e  p l o t ,  i t s  p o s i t i o n  i s  
in d ic a te d  by a  t i c k  on th e  X -a x is .
Note th a t  d i f f e r e n t  s c a le s  have had  to  be u sed  because 
o f  th e  la rg e  v a r i a t io n s  in  th e  s i z e s  o f  th e  o r b i t s  a lo n g  
th e  fam ily . The fo llo w in g  t a b le  in d i c a te s  th e  s c a le  
in  term s o f  th e  le n g th  o f  th e  p o s i t i v e  h a l f  o f  th e  Z- 
a x i s ,  in  u n i t s  o f  th e  d is ta n c e  betw een th e  p r im a r ie s .
F ig u re s S ca le
A57 -  A60 0*1
A6l -  A63 0 -2
A64 -  A66 1-0
A67 -  A69 2*0
F ig u re  AJO : I so m e tric  p r o je c t io n  o f  a  r e p r e s e n ta t iv e  o r b i t  b e lo n g in g
to  th e  fam ily  o f  p la n e  sym m etric o r b i t s  g e n e ra te d  from  a  
quad ru p le  b i f u r c a t io n  in  th r e e  d im en sio n s  w ith  th e  fa m ily  
A^v . The p a ram e te rs  o f  t h i s  o r b i t  a r e  g iv en  by th e  f i n a l  
e n t ry  o f  Table 8 .5* The o r ig in  o f  th e  c o o rd in a te  system  
i s  a t  th e  prim ary  ( J u p i t e r ) ,  and th e  s c a le  o f  th e  p lo t  
i s  0*1.
F ig u re  A57
F ig u re  A58
F ig u re  A59
F ig u re  A60
-  258  -
F ig u re  A6l
-  259  -
F ig u re  A62
~7
L
F ig u re  A65
-  261  -
j
i!
F ig u re  A64
-  262  -
F ig u re  A65
-  263  -
F ig u re  A66

-  265  -
F ig u re  A68
-  266  -
F ig u re  A69
-  267 -
F ig u re  A'JO
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Abstract. The mechanism by which ‘vertical’ branches consisting of symmetric, three-dimensional 
periodic orbits bifurcate from families of plane orbits at ‘vertical self-resonant’ orbits is discussed, with 
emphasis on the relationship between symmetry properties and multiplicity, and methods for the 
numerical determination of such branches are described. As examples, eight new families of all symmetry 
classes which branch vertically from the fam ily/of retrograde satellite orbits in the Sun-Jupiter case of the 
restricted problem (p  =0.000 95), are given in their entirety; these branches are found, as expected, to 
occur in pairs, each pair arising from the same self-resonant orbit, and their symmetry properties following 
the predicted pattern. The stability and other properties of the branch orbits are discussed.
1. Introduction
In the planar restricted three-body problem , the ‘horizontal branches’ of a family of 
symmetric sim ple-periodic orbits are fam ilies o f sym m etric m ultiple-periodic orbits 
of the second generation (Poincare’s ‘deuxieme genre') which bifurcate from the 
generating family of simple orbits. Each horizontal branch intersects the generating  
family at a horizontal self-resonant orbit, w here the horizontal stability param eter a 
satisfies the condition a =  cos { I n n / m )  for som e positive integers m  and n, the 
branch consisting of orbits of multiplicity m. M arkellos (1 9 7 4 ,1 9 7 5 ) has found many 
of the horizontal branches of family /  (retrograde satellite orbits around the 
less-m assive primary) for the Sun-Jupiter value fi =  0 .0 0 0  95 of the mass parameter.
W hen the restricted problem  is extended into three dim ensions it is found that the  
planar fam ilies also have ‘vertical branches’, which bifurcate from the generating  
fam ilies at vertical self-resonant orbits, w here the vertical stability param eter a v 
satisfies the condition a v = c o s  (27rn /m ), and which consist of sym m etric m ultiple- 
periodic orbits. The multiplicity of the branch orbits is initially equal to m. A ll the 
orbits o f a given vertical branch have the sam e type of symmetry; the characteristic 
symmetry properties of a vertical branch depend solely on the value of m, and in 
general vertical branches of all possible types of sym m etry (axisymmetric, plane 
symmetric, doubly-sym m etric) may occur. The im portance of second-generation  
solutions in the planar restricted problem  is w ell known, and w e may reasonably  
expect that investigation of the vertical branches of planar fam ilies will yield valuable 
information in the m ore general case of three-dim ensional m otion of the m assless 
third body.
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This paper deals with the vertical branches of fam ily /  in the vicinity of the 
less-m assive primary (Jupiter) for /x =  0 .0 0 0  95. Eight vertical branches in four pairs 
of initial m ultiplicities 5, 6 , 7 and 8 are presented; these are the low est-m ultiplicity  
vertical branches since as will be seen  below  fam ily /p o s se s se s  no vertical branches of 
m ultiplicity four or less in the vicinity of Jupiter. This group of eight vertical branches 
com prises three-dim ensional periodic orbits of all possible symmetry types. Each of 
the branches is com pletely determ ined here, starting with the bifurcation from  fam ily  
/  and finishing at the branch term ination orbit, which in every case but one is once  
again in the horizontal plane.
The dim ensionless barycentric rotating coordinate system  (*i =  x, x 2 =  y, x3 = z) 
with Jupiter at jci =  1 - / j l  = 0 .9 9 9  05, *2  =  23 =  0 , is em ployed, the velocity  
com ponents along the three axes being denoted  by * 4 (=  *1), *5 (=  * 2) and x6 (=  *3). 
The unit of tim e is such that the period of the primaries is 2 i t .  The Jacobi constant C  
used is that defined by Szebehely (1967) so that C  =  3 for a particle at rest at an 
equilateral triangle equilibrium  point. For definitions o f the horizontal and vertical 
stability param eters of a sym m etric plane periodic orbit w e refer to H enon  (1965, 
1973).
2. Determination of Vertical Branches
2.1. Symmetry properties and  periodicity conditions
M ethods of tracing fam ilies of sym m etric three-dim ensional periodic orbits have 
been discussed by various authors (e.g. Zagouras and M arkellos, 1977). The search  
for an orbit belonging to such a fam ily is sim plified by applying the w ell-know n  
Periodicity T heorem  of R oy and O venden (1955). The theorem  is valid in the general 
n-body problem  and states that any solution in which two mirror configurations occur 
at distinct epochs is periodic. The problem  of determ ining a sym m etric three- 
dim ensional periodic orbit in the restricted three-body problem  therefore reduces to 
that of finding a set o f initial conditions (jc0i> * 02, *035 * 04, * 05, * 05) satisfying a mirror 
configuration, which, upon integration of the equations o f m otion, yields a second  
mirror configuration at a later epoch.
In the restricted three-body problem  there are two possible types o f mirror 
configuration, which w e denote by (A) and (P). A  type (A) (on-axis) mirror 
configuration is one in which the m assless third body is located on the x i-ax is, the axis 
of the primaries, with its instantaneous velocity vector perpendicular to the axis. In a 
type (P) (in-plane) mirror configuration the particle is located in the (jci, * 3)-plane  
w ith its instantaneous velocity vector norm al to the plane. Various com binations of 
these two types o f mirror configuration occurring at the two epochs result in periodic 
orbits having different sym m etry properties. If the tw o mirror configurations are of 
the sam e type the orbit is sim ply-sym m etric: an orbit in which two type (P) mirror 
configurations occur successively possesses sym m etry with respect to the (*1, *3)- 
plane (plane sym m etric), w hile an orbit in which two type (A) mirror configurations
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occur successively is symmetrical with respect to the x i-ax is (axisymmetric). If both  
kinds of mirror configuration occur at different epochs in the sam e orbit, that orbit is 
said to be doubly-sym m etric, because of its symmetry with respect to both the 
(xu  x 3)-plane and the xi-axis.
Clearly in order to find orbits belonging to a vertical branch of a fam ily of plane 
periodic orbits by making use of the Periodicity Theorem , w e need to know which 
types of mirror configuration have to be satisfied at the initial and final epochs; i.e. we 
must know the symmetry class to which the branch orbits belong. It is known (H enon, 
1973) that the symmetry properties of a vertical branch consisting initially o f sim ple 
or double orbits (m =  1 or 2) may be inferred from the values of the vertical stability 
parameters bv and cv of the vertical critical orbit at which the branch bifurcates from  
the generating family of plane orbits. In a recent paper, M arkellos (1980) investi­
gated the m echanism  of vertical bifurcation m ore generally, to include cases where 
the branch multiplicity is initially greater than two, and reached the follow ing  
conclusions:
(i) A  vertical self-resonant orbit for which m ~  1 or m ~  2 (av =  ±  1, i.e. a 
vertical-critical orbit) is the point o f bifurcation of one and only one vertical branch, 
which consists o f orbits of simple or double symmetry respectively, the exact type of 
symmetry depending on the values o f bv and cv.
(ii) Exactly two vertical branches bifurcate from the generating family at a vertical 
self-resonant orbit for which m >  2. W hen m  is odd, one branch consists of 
axisymmetric orbits and the other of planesym m etric orbits; w hen m  is even, both  
branches consist of doubly-sym m etric orbits.
Owing to the symmetry of the restricted problem  with respect to the (x i, x 2)-plane, 
for every vertical branch there is a ‘mirror im age’ consisting of orbits which are the 
im ages under reflection in the {x\,  X2)-plane of the orbits belonging to the first 
branch. The above statem ents are m ade w ithout regard to this duplicity of vertical 
branches; we consider only one m em ber of each mirror-image pair.
The relationships betw een orbital multiplicity, sym m etry classes and types of mirror 





Type of mirror 
configuration at:







1 Odd P P plane symmetric T f 2 3 6
2 Odd A A axisymmetric T/ 2 6 3
3 Even A P 1 doubly T/4 6 ■ 6
4 Even P A J symmetric T/4 3 3
W e see from Table I that the interval of tim e betw een successive mirror configura­
tions, that is the interval over which w e require to perform trial integrations in order
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to determ ine a branch orbit, is equal to half the orbital period T  for orbits of sim ple 
symmetry and only a quarter of the period for doubly-sym m etric orbits.
In a type (A ) mirror configuration the state vector x  =  (jci, * 2, * 3, * 4, * 5, Xe) has the  
form
x =  (xu  0 ,0 ,  0, * 5,* 6 ) (2.1)
where x\,  x$ and xe m ay have any values. In a type (P) mirror configuration the state  
vector has the form
x =  (* i, 0, x 3, 0, x 5, 0) (2.2)
where the com ponents x lf x 3  and x 5  m ay have any values. O m itting the zero  
com ponents, the initial conditions of a sym m etric periodic orbit starting from a 
mirror configuration m ay therefore be w ritten as (jc0 i ,  * 05 , * o i ) ,  w here the subscript 
i =  3 for a type (P) and i =  6 for a type (A) mirror configuration at the initial epoch. If 
we integrate the equations of m otion with these initial conditions up to epoch t, say, 
the final state vector m ay be expressed as
x  =  x ( x 0 i , * o 5 ,* o « ;  0  • ( 2 .3 )
Since the initial conditions have been  chosen to satisfy a mirror configuration, the 
orbit will be periodic if at som e epoch  1 9* 0 the final conditions also satisfy a mirror 
configuration. Thus the ‘periodicity conditions’ are
*2(*01,*05, *0,-; 0  =  0
*4(*01, *05, *0/*, 0  =  0 . (2.4)
*>(*01 , * 0 5 , * 0 /; 0  =  0
w here j  -  3 for a type (A) and /  =  6 for a type (P) mirror configuration at epoch t. The 
rem aining three final conditions may have any values.
Trial integration up to a specified epoch  (as em ployed in this and later sections) is 
usually preferable, from  the com putational point of view , to the alternative m ethod  
of integration to a specified crossing of the (jci, x 3 ) -plane, w hen vertical branches 
such as those described in this paper are being traced. This is because of the frequent 
occurrence o f m ultiplicity changes as the branches evolve, causing breakdown of 
predictor-corrector algorithm s based on the latter procedure; by contrast with the 
discrete nature of the m ultiplicity, the orbital period is a continuous variable along  
any branch, and by integrating to the epoch  using the procedures described below , it 
is possible to trace an entire fam ily w ithout any interruption.
2 . 2 .  C o r r e c t o r  a l g o r i t h m
The periodicity conditions (2.4) present form ally the problem  of determ ining a 
sym m etric periodic orbit in three dim ensions; the equations can be applied to orbits 
of any sym m etry class by suitable choice of the subscripts i and /  (see Table I). 
Equations (2.4) can be solved num erically to an arbitrary accuracy by an iterative
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procedure in which the results of trial integrations are used to com pute corrections in 
the initial conditions and the period. The corrector algorithm  is derived from the 
periodicity conditions as follows.
Suppose (*Si, Jtos, *o/) and t* are approxim ate values of the initial conditions and 
integration interval of the sought branch orbit, differing from  the exact solutions 
(*oi, * 05, *oz, t) of (2.4) by the amounts
which are assum ed to be small. W e seek  an algorithm  allowing the ‘corrections’ 5*0i, 
&t05, <5*o; and St to be determ ined, t being equal to half or quarter of the period T  
depending on the symmetry of the orbit.
Num erical integration from initial conditions (** i, * 05 , **/) up to epoch t* yields 
final conditions
X j  -  * j(*oi +  5*oi, * 0 5  +  5*05, * 0 / +  5*o /; t* +  St) =  0 .
Expanding the right-hand sides of E quations (2.7) in Taylor series, to first order in 
the corrections, we obtain
(2.5)
* 2  “  *2(*01> *05 , * 0 m **)
* } = x 4(*Si, *& , *& ;**)
x f  =  * ;(* 0 1 , *05 , * 0 / J /* )  .
(2 .6)
U sing Equations (2.5) w e may write the periodicity conditions as
*2 =  *2(*01  +  5*01, *05 4- 5*05 , * 0 / 4- 5 * 0 /;  t*  -h S t) — 0  
*4 =  *4(*01  +  5*01, *05 +  5*05, * 0 / +  5 * 0 /; t* +  St) =  0 (2.7)
5*01 dxos 5*0/ d t
5 * o i dx 0 5  5*o/ d t
(2 .8)
The partial derivatives 5**75* 0/ are known as the first-order variations, and are 
denoted by T he matrix of first-order variations V  =  (vki)6x6 is calculated by 
integrating the equations of variation sim ultaneously with the equations of m otion.
400 I. A. ROBIN A N D  V. V. MARKELLOS
T he tim e derivatives d x k /d t  are denoted  by /&. R ewriting E quations (2.8) in terms of 
these quantities, w e have
V21 Sx01 +  v 25 Sx05 +  v 2i Sx0i + f 2 8t  =  - x 2
v 4i 8x0 1  +  ZJ45 $x05 +  tUi 8x0i +  / 4 St =  - x *  (2.9)
Vji 8 x 0 1  +  vj5 8 x 0 5  +  Vjt 8 x 0i + fi  8t =  - x f  .
In these equations the first order variations Vki and tim e derivatives fk have the  
values calculated at epoch  t* in the trial integration from  initial conditions
(*01» X05» *0i).
This system  of three sim ultaneous equations, in the four unknow ns 6* 01, & c05 , 5*oi 
and 8 t, is the basic form of the corrector algorithm. The system  is underdeterm ined, 
with one degree of freedom , allowing a further arbitrary constraint to be applied. 
This is usually done by setting o n e o f the four corrections to zero and solving for the 
other three. The choice of which of the corrections to set to zero, i.e. which of the 
initial param eters to fix in value w hen the corrector is applied, can have an important 
effect on the convergence of the solution. This question is connected  with the choice  
of ‘fam ily param eter’ in the predictor algorithm , and will be discussed in Section 2.3. 
For the tim e being, in order to introduce the convention of interchangeable  
subscripts allowing flexibility in the choice of the fixed param eter, let us rewrite 
Equations (2.9) in the form
V2K 8 Xqk +  V2L 8 Xol  +  V2M 8 Xqm + /2  8 t =  —x 2
V4 K 8 Xqk +  V4 L 8 Xql +  V4 m 8 Xom +  A  8 t =  — X4  (2.10)
VjK 8 Xqk +  VjL 8 Xol +  V,M 8 x 0 M +  fj 8 t =  ~ x f  .
The three subscripts K t L  and M  can be selected  as any perm utation o f 1, 5 and i 
(recall that / =  3 or 6  depending on the sym m etry class of the orbit as in Table I). 
Since K  can always be selected  appropriately w e can, w ithout loss of generality, set 
foo/c =  0 , keeping x*k  fixed in the corrector process, and then solve for the  
corrections 8 xol,  8 xom and St. A  new  integration is started with the corrected initial 
conditions up to the corrected final epoch  and the w hole procedure repeated in an 
iterative fashion until the final conditions satisfy those of exact periodicity w ithin  
som e specified accuracy. A  suitable form  of periodicity criterion is
y/(x2  +  X4 +  x f  ) < e , (2 .11)
w here e is som e small constant. (The orbits presented in this paper w ere com puted  
with a ‘periodicity accuracy’ e =  1 0 -8).
2 .3 . P r e d ic t o r  a l g o r it h m s
The corrector algorithm  described in the previous section  allows the initial condi­
tions and period of a three-dim ensional branch orbit to be found arbitrarily
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accurately in principle, assuming that the values of these parameters are known  
approximately in the first place. The use of a corrector alone is sufficient to allow a 
series of orbits at intervals along the branch to be found, by increm enting one of the 
parameters (*0i, * 05, x 0i; t) by a fixed am ount betw een successive orbits and taking 
the values of the other three parameters for the orbit just found as estim ates for those  
of the next orbit. The w hole process is started with the known initial conditions and 
period of the vertical self-resonant orbit from which the branch bifurcates (the period  
of a branch orbit close to the bifurcation point being approxim ately m  tim es that of 
the vertical self-resonant orbit). This ‘zeroth order predictor’, how ever, is inefficient, 
requiring many iterations of the corrector for the periodicity criterion to be satisfied; 
and the interval betw een successive orbits along the branch usually has to be m ade 
quite small to ensure convergence of the corrector. A t little cost in program  
com plexity, a first or second order predictor can be set up to produce accurate 
estim ates of the initial conditions and period of the next orbit on the family. 
Predictors of higher order than the second result in m ore accurate estim ates of these  
parameters, reducing and som etim es elim inating the need for a corrector step, but 
have the disadvantage of requiring either higher-order variations to be calculated, or 
more com plex starting procedures to be devised. In this section, the first and second  
order predictors used in obtaining the results given in this paper are described. In 
addition, a simple criterion is given for selecting the m ost suitable ‘family param eter’ 
at any point along a family of symmetric three-dim ensional orbits.
The linear predictor algorithm, like the corrector, is based on first-order Taylor 
series expansion of the periodicity conditions. Let us assum e that the initial condi­
tions jcoi, * 05, *o, and period T 1 of an orbit satisfying the periodicity criterion (2 .1 1 ) 
are known. Then, to accuracy e , w e have
x\ =  x2(xlu * 0 5 ,  * 0 / ;  t 1)  =  0
*I =  *4(*01,*05, *0«; ^ ) =  0 (2.12)
1 / l  1 1 , 1 \  nXj =  * , ( * 0 1 ,  * 0 5 ,  * 0 i \ t  ) =  0
where t 1 is the epoch of the second mirror configuration (i.e. t l =  T 1/ 2 or T 1/ 4 
depending on the orbital symmetry). Let (*oi, * 05, *oi; f2) be the corresponding  
parameters of another orbit of the sam e family in the neighbourhood of the known  
orbit, such that the quantities
^ * 0 1 =  * 0 1  — * 0 1
^ * 0 5  =  * 0 5  — * 0 5
2 1 (2*13)d*0f *0/ *0i
At =  t 2- t 1
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are small. The periodicity conditions for the second orbit can be written
X2  =  x 2{xhi +  Ax01, Xos +^*05, x l i + A x o i \  t x +  At) =  Q 
X 4 ~ X 4 (* 0 1  +  4 * 0 1 ,* 0 5  +  ^ * 0 5 ,  Xw+Axoi' ,  ^  +  2lr) =  0 
x ]  = X j ( x l  1 + A x 01, * 0 5  +  ^ * 05 , x h  +  AXoi', t l +  At) =  0 .
( 2 .1 4 )
Expanding in Taylor series to first order in the A 1 s and using Equations (2 .12), w e  
obtain the basic form of the linear predictor algorithm:
The values of the first-order variations Vki and tim e derivatives fk appearing as 
coefficients in the equations are those for the known orbit.
The system  of three sim ultaneous Equations (2.15) is formally very similar to the 
corrector algorithm (2.9); in particular, like the corrector, it has one degree of 
freedom , allowing an arbitrary constraint to be applied, for exam ple by assigning a 
value to one of the A ’s. The trivial solution Axoi =  AxQ5 ~AxQi — A t ~ Q  m erely  
reflects the property of periodicity of the known orbit. The param eter to which a 
fixed increm ent is given is term ed the ‘family param eter’. The choice of this 
param eter from jc0i, * 05, *oi and t can be important; if the selected  family parameter 
has an extremum  over the branch being traced, the predictor-corrector schem e will 
break down com pletely and will require to be restarted with a new choice of family  
parameter.
T o overcom e this difficulty, w e rewrite Equations (2.15) in terms of the variable 
subscript notation introduced in the previous section:
A s before, the subscripts K ,  L  and M  can be any perm utation of the set (1 ,5 ,  /). By  
suitable definition of K  w e can, w ithout loss of generality, specify the value of the 
increm ent A x0k  and solve for A x0u  Ax 0m  and At  from
V 2 X A x 01 +  v 2 5 A x 05 +  v 2i A x0i + / 2 At  =  0 
V4 1  Axoi  +  v 2 5 Ax05 +  v 4 iAx0i + f 4 At =  Q 
Vji A x oi +  u/5 Ax 0 5  +  Vn A x0i +  fj A t  =  0 .
(2.15)
V 2 k A X q k  + 0 2 L A X q l  +  v 2m  A x q m  + f i  At — 0  
V4K  A X q k  +  04L  Ax 01, +  0 4 M  A X q m  + f 4 At =  Q
VjK A x qk +  vjL Axql +  viM Axom +  fj At  =  0.
(2.16)
02L  A x q l  +  02M  A X q m  + f 2 At =  ~ V 2K  A X q k  
0 4 L A X q l  +  0 4 M  A X o m  +  A  At =  ~ V 4k A X q k  
VjL A x q l  +  0 /M  A x 0M  + / /  A t =  — V j K  A X q k  •
(2.17)
A  criterion for selecting the fam ily parameter on a ‘local’ basis, i.e. for selecting K  
from the set (1, 5, z) each tim e the predictor is to be applied, can be established in
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terms of the determ inants
V2i V 2 S h
£>1 = t>4 ; V4 5 u
Vji VjS ft
V2 1 v 2 i h
d 5  = V4 1 v4i u
vn Vji h
V2 5 V2 1 f l





It can be shown that these determ inants are proportional to the direction cosines of 
the tangent to the fam ily characteristic in the space of initial conditions (x0i> *os> * o;) 
at the point (jtJi, x i 5, jto;), and thus the param etric equation of the tangent can be 
written as
x 0 i(s) =  x l 1 + s D i
x 0 s(s) =  x l 5 + s D 5  (2 .19)
xoi(s) =  x£i +  sD it
In principle we could arrange, by assigning an appropriate value to the param eter s, 
that the predicted initial conditions (jcoi, *o s, *o/) be the coordinates of a point som e  
specified interval a long the tangent from the point representing the known orbit. This 
choice of arbitrary constraint on the system  (2 .15) w ould ensure that the branch 
orbits determ ined by application of the predictor and corrector algorithm s were in a 
geom etrical sense evenly spaced on  the fam ily characteristic. A nother m ethod would  
be to fix the increm ent At  in the param eter t, to generate orbits equally spaced in 
terms of the orbital period; this suffers from  the disadvantage that the m ethod breaks 
down at an extremum  in the period.
The strategy adopted by the authors was to select as the local fam ily param eter the 
initial condition jc0k  corresponding to the determ inant D K having the largest 
absolute value am ong the set ( D u  D 5, £>,)• This is equivalent to specifying a fixed  
increm ent in the m ost rapidly-varying initial condition, thus ensuring that difficulties 
associated with extrem a in the initial conditions along the branch are avoided. 
H aving chosen the value of the subscript K  according to this criterion, Axqk is 
assigned an appropriate value and Equations (2 .17) solved  for A xol, A xom and At  
(the subscripts L  and M  being defined as the rem aining tw o from the set (1, 5, /)).
Solving Equations (2 .17) w e obtain
A x o l  — A x q k D l /  D k  
A x o m  =  A x q k D m /  D k  
At — A xqkD /  D k
(2 .20)
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w h e r e
V21 V25 V 2 i
D =  u4i V45 v4i . (2.21)
V j l  Vj5 Vji
The predicted values of the parameters (jtoi, *os> * 0;) and t 2  are then obtained from
)
Equations (2.13). W hen the corrector algorithm is applied to im prove the accuracy of 
these parameters, the local fam ily param eter jc0k  is kept fixed, K  having been  
selected  on the basis of the predictor criterion. This ensures that the corrector will 
converge successfully to the sought orbit. B y testing the relative absolute magnitudes 
of the three determ inants defined in Equations (2 .18a-c) every tim e the predictor is 
used, and redefining K , L  and M  as necessary, w e can proceed along the branch 
identifying orbits at roughly equal intervals w ithout the interruptions caused by 
extrema when the fam ily param eter is fixed.
The quadratic predictor differs from the linear predictor described above in that it 
requires that tw o orbits of a branch are known, in order to predict the initial 
conditions of a third.
Suppose (xoi, * 05, jc8* ; *°), (* 01, * 05, Jtj,-; f1) are the parameters o f the two known  
branch orbits, such that
is equal to the fixed increm ent in the family parameter, the subscript K  being one of 
(1, 5, 0  as usual. L et vu  and f k be respectively the first-order variations and time 
derivatives of the final conditions for the orbit indicated by the superscript T ’.
The equation of the branch characteristic in the space of parameters {xoL, Xom, 0  
may be written in parametric form with xqk as the (local) family parameter:
t — t (xox)  •
It can be shown by m eans of second-order Taylor series expansions of the periodicity 
conditions for orbits 0  and 2  w ith respect to orbit 1 that if
(2 .22)
X o L  — X o l ( X o k ) 
X o  M  =  X o m (.Xq k ) (2.23)
(2.24)
then
X o K  — X q k  +  2 AXok 
XO L  — *01, + 2  A x q l  
X OM — * 0M +  2 A X o m  
t 2 = t° + 2 A t
( 2 .2 5 )
w here A xQL, Axqm and At  are given by Equations (2.20).
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Equations (2.25) are correct to the second order in A x o k ,  higher orders in the 
Taylor series expansions being neglected. The quadratic predictor is therefore m ore 
accurate than the linear one and the requirem ent for sm allness of A xok is not as 
severe. It cannot be used, however, either (a) at the beginning of a branch when  
w e seek to predict the parameters of the second orbit with only one previous 
orbit known, or (b) im m ediately follow ing a change of family parameter, when  
Equation (2.24) is not satisfied due to unequal intervals in the initial conditions 
betw een the two pairs of orbits. In both these circumstances the linear predictor 
is used.
The criterion described above for selecting the local family param eter can still be 
applied when the quadratic predictor algorithm is in use. If the criterion indicates 
that a change of family parameter is required, the subscripts K , L  and M  can be 
suitably redefined so that the new value of K  corresponds to the new family 
parameter; by m eans of appropriate program logic the next orbit is predicted linearly 
rather than quadratically, the quadratic predictor being applied for subsequent orbits 
until another change of family param eter becom es necessary to take account of  
variations in the relative rates of change of the initial conditions along the branch.
It has been found by the authors that by com bining integration to a specified epoch  
with automatic selection of the family param eter based on the criterion described in 
this section, difficulties in tracing fam ilies of three-dim ensional orbits arising from  
multiplicity changes, and extrema in the initial conditions, are avoided. A s a rule an 
entire family of three-dim ensional periodic orbits, from  its beginning at a plane 
self-resonant orbit to its termination at another such orbit, is obtained from  a single 
run o f the computer program.
3. Vertical Branches of Family /
Having dealt with the general problem  of numerical determ ination of the vertical 
branches of families of plane periodic orbits, w e now confine our attention to one  
particular value of the mass parameter, f i  = 0 .000  95 , one particular family of planar 
periodic orbits, family / ,  and one particular part o f that fam ily, that for which x i  is 
greater than about 0 .93 at the conjunction crossing of the axis of the primaries. W e 
refer to this part of family /  as being ‘in the vicinity of Jupiter’. The significance of this 
part o f the family in relation to the vertical branches can be seen  from Figure 1, in 
which the vertical stability param eter av for fam ily /  is p lotted against jtoi, the 
Xi-coordinate at conjunction, for fi =  0 .0 0 0  95. The vertical stability curve reaches a 
minimum value a v — 0 .08  at xoi — 0 .93; to the right of this minimum, a u increases 
m onotonically, approaching the limit a v =  + 1 at the singularity jc0i =  1 —/& =  
0 .999  05 , where the retrograde orbits of fam ily /  shrink to zero size. B etw een  these  
two points a v assumes all interm ediate values and consequently a m anifold of 
vertical branches representative of all m ultiplicities m  5= 5 (and all types of sym ­
metry) is generated from  this part o f the family. The vertical branches of family 
/  in the vicinity of Jupiter are interesting because it is in this region that
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Fig. 1. Vertical stability curve of family /  near the less massive primary (Jupiter) for jx =  0.000 95.
three-dim ensional periodic m otion m ost closely resem bling the m otion of the natural 
satellites is to be expected.
Since a v never quite reaches zero at any point in Figure 1, no vertical branches of 
fam ily /  of m ultiplicity four or less occur in this part o f the fam ily, although all 
m ultiplicities higher than four are represented. This paper deals w ith vertical 
branches o f m ultiplicities 5, 6, 7 and 8, the four ‘sim plest’ cases; these occur in four 
pairs bifurcating from  the four vertical self-resonant orbits for which a v =  cos 27t/5  
(—0.309  02), a v =  cos 77-/3 (= 0 .5 ) ,  flu = c o s 2 7 r /7  (—0.623  49), and a v =  cos 77/ 4  
(—0.707  11). T hese four orbits are represented by points m arked on the vertical 
stability curve (Figure 1), and by pairs o f points, corresponding to the two inter­
sections o f each orbit w ith the x j-axis, on the fam ily characteristic in the (C, x i)-p lane  
(Figure 2). Each vertical self-resonant orbit is designated according to the form ula  
fvnm• T he letter ‘/ ’ indicates the generating fam ily according to Strom gren’s 
classification, the subscript V  is to distinguish vertical from  horizontal self-resonant 
orbits, and the integers m  and n define the value a v =  cos (27tn / m )  o f the vertical 
stability param eter. T he superscript T  is necessary to distinguish betw een  self- 
resonant orbits having the sam e value o f a v; it is assigned the value i =  1 for the first 
orbit having a given value of a v as the fam ily evolves from  its point of origin, 
subsequent orbits having the sam e value of vertical stability being labelled  i =  2 , 3 . . .  
etc. For the part of fam ily /  in the vicinity of Jupiter (jcoi >  0 .93) w e have the i =  1 
branches.
This notation for the vertical self-resonant orbits can be extended  to allow the 
vertical branches them selves to be classified. Since the vertical branches of fam ily /  
are of quintuple or higher m ultiplicity, w e can conclude from  M arkellos’ results on  
vertical bifurcations (Section 2 .1) that these occur in pairs bifurcating (or m ore 
accurately, ‘trifurcating’) from  the sam e plane orbit. A ny  vertical branch of fam ily /  
can therefore be uniquely specified by identifying the vertical self-resonant orbit
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Fig. 2. Characteristics in the (C, *i)-plane of the families /, gi and g2 of plane periodic orbits in the vicinity 
of Jupiter. The continuous heavy lines correspond to the positive crossings of the axis of the primaries. The 
broken lines correspond to the negative crossings. The hatched areas are the ‘forbidden regions’ bounded 
by the zero-velocity curves. The points marked on the family characteristics represent the vertical
self-resonant orbits at which the vertical branches of family /  intersect the plane families. The line---------
indicates the position of Jupiter at X\ = 1 - /x  = 0.999 05.
from which it bifurcates out of the plane, and distinguishing it from  the other m em ber 
of the pair. The superscripts (p ) and (a ) are added to the designation F lvnm o f the 
self-resonant orbit in the cases w here m is odd, to distinguish betw een  the plane  
symmetric and the axisym m etric branches bifurcating therefrom , and the capital 
letter F  is used instead of /  to clearly indicate the three-dim ensionality o f the orbits 
of the branch. W hen m  is even  both the branches consist of doubly-sym m etric orbits; 
one branch consists o f orbits which intersect the Jti-axis at conjunction, and the other  
of orbits w hich intersect'the axis at opposition. The superscripts (c) and (o) can
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therefore b e used to distinguish betw een  the two branches according to this property, 
which is invariant along any branch as long as collisions with Jupiter do not occur.
The four pairs of branches presented  in this paper fall naturally into two groups 
depending on the sym m etry class. G roup (i) com prises the four fam ilies F I S ,  F l i s ,  
F l W  and F l t f  ; these are all o f sim ple sym m etry, and are discussed in Section 4. 
Group (ii) com prises the four doubly-sym m etric fam ilies F J S ,  F \  S ,  F l i s  andFjAs’. 
This group is dealt w ith in Section 5. T he stability properties o f all o f these vertical 
branches are discussed in Section 6.
4. Results: Odd-Multiplicity Branches
4 .1 . F a m il y  F J S
This fam ily o f axisym m etric orbits branches from  fam ily /  at the vertical self- 
resonaut orbit / i i s  for which *oi — 0 .9 5 2  and C  — 3 .0044 . T he nonzero initial 
conditions (x0i, Xos, * 06), period T, Jacobi constant C  and m ultiplicity m  of 
representative orbits belonging to  this branch are listed in Table 1 (see the A p p en ­
dix). It is seen  that as the fam ily branches upward from the plane and the initial 
‘z-velocity’ (jc06) increases, the orbits contract inwards towards Jupiter (jc0i increas­
ing) and the ‘y-velocity’ at the axis crossing (jc0s) decreases m onotonically. The initial 
velocity vector, decreasing slow ly in m agnitude, becom es progressively m ore steeply  
inclined to the horizontal plane. This behaviour is m aintained as x 05 decreases 
towards zero, xo6 increases steadily, the period T  increases, the Jacobi constant 
increasing m onotonically and the orbits continuing to becom e smaller. Eventually  
the vertical com ponent o f velocity jc06 reaches a m axim um  value of about 0 .173  and 
begins to decrease. W hen x 0s reaches zero one of the loops o f the orbit vanishes, and 
the orbital m ultiplicity (defined as half the number o f crossings o f the (* i, jc3)-plane  
occurring in the full period) is reduced from 5 to 4 . A fter a short interval the final 
‘y-velocity’ Xs also passes through zero from  negative to positive values, resulting in 
the loss o f another loop  at the second perpendicular crossing o f the axis, and a further 
reduction in the orbital m ultiplicity m  from  4 to 3. A s w e trace the fam ily further the 
size o f the orbit (indicated by the value of jc0i) continues to decrease, and the angle of 
inclination o f the initial velocity vector also decreases steadily as x 05 becom es m ore 
and m ore negative w hile x 06 continues to becom e sm aller in value. The m ultiplicity 
remains unchanged at m =  3 over the rem ainder of the fam ily as x 06 decreases 
towards zero and the orbits b ecom e ‘flatter’ in character, the sense o f orbital m otion, 
originally retrograde w ith respect to rotating axes, having becom e direct. The branch 
term inates back in the horizontal plane at the vertical self-resonant orbit g l v u  of 
fam ily g 2i for which a v =  cos 27t/3 =  —0.5 , x 0i — 0 .935  and C  — 3 .0 3 8 7 . This orbit is 
m arked on the characteristic o f fam ily g 2 in the (C, x i)-p lan e in Figure 2.
From  this identification of the term ination orbit of the vertical branch F \  is w e 
conclude that the fam ily is also the vertical branch G z f h  of fam ily g2. Classifi­
cation of the fam ily as either F J S  or G f(Ji3 is arbitrary since there is no obvious
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boundary where the two branches m eet; there is a kind o f ‘no m an’s land’ segm ent 
where a short bridge of quadruple orbits, which cannot be definitely assigned  
to either branch, joins together the quintuple ‘retrograde’ and triple ‘direct’ 
regim es. T he safest course w ould perhaps be to designate the entire family as
u r’l(a) / /^2(a) ,,
r * t > 1 5 / L 7 2 t ) 1 3  •
T he phenom enon of the direct linking together o f two planar fam ilies (such as, in 
this case, /  and g2) by a family of three-dim ensional orbits w hich branches vertically 
from the two generating fam ilies, is m ost com m on, though not universal. A s will be 
seen below , all the families given in this paper, w ith one exception, begin and 
term inate in the horizontal plane at intersections with planar fam ilies. A  vertical 
branch may, how ever, effectively term inate in three dim ensions, as will be seen in the 
next section. Typical orbits of F j i s  are given in Figures 4(a)-(i).
4 .2 . F a m ily  F l 1^
This is the other m em ber of the pair of branches which bifurcate from the vertical 
self-resonant orbit f h 5, and consists of plane sym m etric orbits. R epresentative orbits 
of the branch are given in Table 2 of the A ppendix. The branch exhibits generally  
m ore com plicated behaviour as it evolves than any of the other branches discussed in 
this paper. The orbital period T  and Jacobi constant C  do not vary m onotonically  
along the branch, both of these param eters possessing two turning points. The 
branch has altogether four different m ultiplicity regim es. The characteristic of fam ily  
F l i s  which distinguishes it from the other branches given in this paper, however, is 
that it effectively terminates in three dim ensions, rather than back in the horizontal 
plane.
T he initial condition jt03, which (for plane sym m etric 3D  orbits) confers the 
property of three-dim ensionality on the branch orbits, increases m onotonically as 
the branch evolves from its bifurcation with fam ily / .  A t the sam e tim e x 05 decreases 
m onotonically, although never becom ing negative, so that the branch consists 
entirely of what might loosely  be term ed ‘synodically retrograde’ orbits (insofar as 
the term can be applied to the com plicated m otion involved in the m ajority of cases). 
The initial condition xoi shows a general trend towards higher values, passing  
through first a maximum and then a m inim um  in the early stages of the branch. The  
trends in T  and C  are respectively towards decreased and increased values as the 
branch evolves, a pattern com m on to all the branches given in this paper.
The bulk of the fam ily retains the initial m ultiplicity o f five; this drops to three, 
briefly increases to four, and finally decreases again to two. The reductions o f two in 
the m ultiplicity (from 5 to 3 and from 4 to 2) occur w hen tw o loops o f the orbit, 
im ages of one another with respect to the plane o f sym m etry (the (x\,  X3)-plane) 
migrate away from the plane so that they no longer intersect it. The increase in 
m ultiplicity from 3 to 4 occurs through the form ation of a cusp with its vertex in the 
plane of symmetry. This cusp occurs at the final epoch w hen the final ‘y-velocity’ 
jt5 passes through zero from  negative to positive values; consequently at the vertex  
the instantaneous velocity with respect to the rotating coordinate system  is zero.
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A s the branch evo lves towards the effective term ination point in three dim ensions 
along the final double-periodic (m =  2 ) phase, the two perpendicular crossings of the  
(x l 9  X3 ) -plane m ove m ore and m ore closely together, until they eventually coincide  
exactly at the term ination orbit. This orbit, w hose param eters are approxim ately  
those given for the last orbit of Table 2, is a plane sym m etric sim ple-periodic orbit 
described tw ice, and is a m em ber of a fam ily of such orbits which bifurcates with the 
branch F l [ ps in three dim ensions, (This fam ily o f sim ple orbits has not been  
identified). The intersection orbit also represents a ‘point o f reflection’ of F \  15 since 
as w e continue to trace the branch with any choice of fam ily param eter, w e simply  
retrace the branch in the opposite direction. O ne interesting feature of the family  
F \ Vs, a short interval over which the orbits are distinctly stable, is described in 
Section 6 . Typical orbits of family F l i ps are given in Figures 5(a)-(g),
4 ,3 . F a m i l y  F l y }
Fam ily F lvy j  bifurcates from  its generating fam ily ( / )  at the vertical self-resonant 
orbit f l  17 for which *01 — 0 .9 6 6 1 , C  — 3 .0 1 5 1 . Its general features are very similar to 
those o f the fam ily F \  15 described above. R epresentative orbits are given in Table 5. 
The branch consists o f axisym m etric orbits, the m ultiplicity being initially m  =  7. A s  
the branch evolves out o f the horizontal plane the orbits shrink (*0i increases) and 
the initial velocity vector, decreasing gradually in m agnitude, becom es m ore and 
m ore inclined to the horizontal. The period decreases m onotonically and the Jacobi 
constant increases m onotonically  from  beginning to end o f the family. Shortly after 
the initial ‘z-velocity ’ *06 reaches a m axim um  value of about 0 .1 8 6  and begins to  
decrease, the initial ‘y-velocity’ passes through zero from positive to negative values. 
W hen this happens the m ultiplicity changes from 7 to 6  as one of the orbit loops  
disappears. A t this stage the final ‘y-velocity’ x$ has a sm all negative value and is 
approaching zero. A s x$ passes through zero and becom es increasingly positive, the 
m ultiplicity again drops from  6  to 5, as another loop  vanishes. From here the initial 
velocity vector, still decreasing in m agnitude and now corresponding to direct orbital 
m otion, becom es less inclined to the horizontal, w hile the orbits continue to becom e  
smaller. Just before the fam ily returns to the plane, how ever, x0i reaches a maximum  
value of about 0 .9 7 2  and starts to decrease. The orbital m ultiplicity remains 
unchanged at m  =  5 as the branch evolves, and eventually term inates back in the 
horizontal plane at the vertical self-resonant orbit g i„ i5 of fam ily g i, for which  
a v =  cos 27t/5 — 0 .309  02 , x 0i — 0 .971  and C  — 3 .0 4 1 7 . This orbit is marked on the 
characteristic of fam ily g i in the (C, ;ti)-plane in Figure 2. Fam ily F i r }  therefore acts 
as a three-dim ensional link betw een  the planar fam ilies /  and g i and is identical with  
the vertical branch G \^ is  of fam ily g i. N ote  that the branches F l u  and F i r }  
term inate on different planar fam ilies, g2 and g i respectively. W hile both g i and 
g2 consist o f direct satellite orbits around the less m assive primaries, they are 
quite distinct (M arkellos et  a l , 1975) for all values of the m ass param eter except 
in H ill’s case (fi =  0) of the restricted problem , w hen they intersect (H enon, 
1969).
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4.4. F a m i l y  F ) $
This is the plane symmetric branch which, together with F i r } ,  bifurcates from family 
/  at the vertical self-resonant orbit f h 7. Num erical data for the fam ily are given in 
Table 6 . A s the family branches vertically out of the plane, and the initial ‘z- 
coordinate’ *03 increases, the orbits becom e ‘sm aller’ (*0i increases) while * 05, the 
initial ‘y-velocity’, decreases. The multiplicity retains its initial value m —1 
throughout the first part of the branch; the period decreases m onotonically and the 
Jacobi constant increases m onotonically over the w hole branch. The perpendicular 
crossing of the plane at the initial epoch migrates upwards and towards Jupiter in the 
*oi-d irection , until * 03 reaches a maximum of about 0 .029  alm ost directly above 
Jupiter (at * i =  0 .999  05), and then begins to curve back down towards the horizontal 
plane on the other side of Jupiter, i.e. the opposition side. Shortly after the extremum  
in *03 has been reached, the multiplicity drops from 7 to 5, this value being  
m aintained as the branch evolves and *03 decreases towards zero; * 0i continues to  
increase while *05 reaches a minimum of about 0 .170  and then begins to increase. 
The branch term inates in the horizontal plane at the vertical self-resonant orbit g l^is  
of family g i, which is also the term ination orbit of the branch F l y }  (Section 4.3).
5. Results: Even-Multiplicity Branches
5.1 . F a m i l y  F \ ^ l
This fam ily is one of the pair of doubly-sym m etric branches which bifurcate from  
family /  at the branch orbit f l i6, for which av = c o s  277-/6 =  0.5 and the Jacobi 
constant C  — 3 .0103 . The two intersections of the branch orbit occur at *1 — 0 .961  
(conjunction crossing) and *1 —1.038 (opposition crossing), and the two branches 
consist of orbits which have their type (A) mirror configuration, or crossing of the 
*i-axis, at conjunction (family F l ^ ) or at opposition (family F l (°6 ). In establishing  
the doubly-sym m etric branches of fam ily /  it was found m ost convenient to integrate 
the orbits starting from the axis; thus the initial conditions of representative orbits 
from each family are those for a type (A ) mirror configuration, although in-plane  
initial conditions could equally w ell have been used. The data for family F l  16 are 
given in Table 3.
The initial conditions (*01, * 05, Xoe) evolve in m uch the sam e way as those for 
branches F l[as and F l y } .  A s the initial ‘z-velocity ’ * 06 increases to a m aximum value 
of about 0 .179 , *0i increases steadily (with the result that the orbits becom e smaller 
overall) and *05 decreases m onotonically, passing through zero after the maximum in 
*06 and becom ing negative. A ssociated with this change of sign of the initial 
‘y-velocity’ there is a drop in the orbital multiplicity from 6 to 4. This arises through  
the sim ultaneous disappearance of two loops cutting the (* 1, * 3)-plane; ow ing to the 
double symmetry of the orbits these two loops are im ages of one another with respect 
to the ( * 1, * 3 ) -plane. The orbital multiplicity remains m =  4  as the branch evolves  
back towards the horizontal plane, *01 continuing to increase and *05 becom ing m ore
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negative. A s with other vertical branches, the period is a m onotonic decreasing, and 
the Jacobi constant a m onotonic increasing function, as the fam ily evolves. The 
branch term inates in the horizontal plane at the vertical self-resonant orbit g 2t,i4 of 
family g 2, for w hich a v = 0 ,  xoi — 0 .979  and C  — 3 .030  97; w e therefore conclude  
that the vertical branches F ifg  and GIJm are identical. The term ination orbit g L i4 
is marked on the characteristic of fam ily g 2 in the (C, * i)-p lan e in Figure 2. Typical 
orbits o f F \ i l  are given in Figures 6 (a)-(f).
5.2. F am ily  Fl[°i
This is the other m em ber of the pair of branches of doubly-sym m etric orbits 
bifurcating from  fam ily /  at f l  i6. T he initial conditions at the perpendicular crossing  
of the jci-axis (occurring at opposition  throughout the branch) and other param eters 
of representative orbits are listed in Table 4. The orbital m ultiplicity is initially m  =  6 
and maintains this value as the initial ‘z-velocity ’ x 06 increases to a maxim um  of 
about 0 .178  and starts to decrease, w hile x 0i decreases slightly and *os increases 
steadily from  its m axim um  negative value at the beginning of the branch. The orbits 
becom e quadruple w hen x 05 passes through zero to take on increasingly positive  
values. The branch returns to the horizontal plane as x 06 decreases towards zero; xoi 
reaches a m inim um  value o f about 1 .030  and starts to increase until the branch 
term inates at the vertical self-resonant orbit g l„ i4 (the orbit being started from the 
opposition rather than the conjunction crossing). W e conclude that the pair of 
branches F i f e  and F l  i2 not only start from  the sam e vertical self-resonant orbit of  
fam ily f  but finish at the sam e orbit of fam ily g 2; w e can also identify F 1^  w ith the 
branch GlSrA. A s usual, the period is m onotonic decreasing and the Jacobi constant 
m onotonic increasing along the branch, starting from family /  and ending on family  
g 2. Typical orbits o f fam ily F I m  are given in Figures 7(a) and (b).
5.3. Family F jis
This fam ily has m any characteristics in com m on with F^fl .  It is one of a pair of 
doubly-sym m etric branches bifurcating from fam ily /  at f l  i 8, for which a v =  
cos 27t/8 — 0 .707  11 and C  — 3 .0 1 9 4 , the crossings of the x i-ax is occurring at 
Xi — 0 .970  (conjunction), x 1 — 1 .028 (opposition). A s indicated by the superscript (c), 
the branch with which w e are concerned here is the one w hose orbits all intersect the 
x i-ax is at conjunction. Num erical data for the fam ily are given in Table 7. The usual 
pattern is found in the evolution  of the initial velocity vector: xos decreases 
m onotonically from  positive to negative values, a drop in the m ultiplicity from 8 to 6 
occurring as the sign o f x 05 changes; jc06 rises to a m axim um  of about 0 .1 9 4  just 
before x 05 reaches zero, and then decreases towards zero. This rotation of the initial 
velocity vector through half a revolution about the x i-ax is changes the sense of 
m otion from synodically retrograde to direct (although these terms can only be  
applied m eaningfully to orbits at either end of the branch w here the m otion is m ore 
nearly confined to a com m on plane). The initial condition jc0i increases to a 
m axim um  value of about 0 .9 7 4  just before the branch term inates, and then decreases
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slightly. The familiar m onotonic behaviour of the period and Jacobi constant is 
apparent. The branch terminates at the vertical self-resonant orbit g } ^  of family g u 
for which a v =  cos 27r/6 = - 0 .5 ,  the Jacobi constant C  — 3 .0447 , and the con­
junction crossing occurs at x\ — 0 .974 . Thus family F \fg is identical to the vertical 
branch of g i. The orbit g i ^  is marked on the characteristic o f family g i in 
Figure 2.
5.4. F am ily  Fir,s
This is the fam ily of doubly-sym m etric orbits starting from the x i-axis at opposition, 
which together with F l fg forms a pair of branches bifurcating from family /  at the 
vertical self-resonant orbit f h 8. R epresentative orbits are listed in Table 8 . O wing to  
the fact that both branches consist of relatively ‘sm all’ orbits, they are alm ost mirror 
im ages o f one another with respect to the plane parallel to the (jc2, * 3) -plane passing 
through Jupiter, and this is apparent in the com parison of the various orbital 
parameters listed in Tables 7 and 8 . It can be seen from Figure 1 that as the branch 
multiplicity m  increases and av approaches unity, the vertical self-resonant orbits 
becom e smaller and, as a result, m ore nearly symmetrical with respect to the axis 
passing through Jupiter parallel to the ^2-axis. W e would therefore expect greater 
symmetry betw een the two m em bers of a pair of even-m ultiplicity branches as the 
multiplicity increases.
The initial ‘z-velocity’ x 06 increases to a maximum value of about 0 .193 , then starts 
to decrease just before x0s passes through zero and becom es increasingly positive; 
the change of sign of jt05 is marked, as in fam ily F jjg , by a drop in the orbital 
multiplicity from m =  8  to m =  6 . Throughout the branch, x0i decreases steadily, 
while T  and C  also vary m onotonically. The branch term inates at the same orbit, 
g Iv i6> as its ‘twin’ F jig . Thus the three pairs of branches of m ultiplicities 6 , 7 and 8 
form twofold connections betw een three vertical self-resonant orbits of family /  
{ f l  i6, f i n ,  f l  is) and the three self-resonant orbits g \ v 14, g L is ,  g iv i s  o f fam ilies g2
6.1. Calculation of the stability parameters
In order to calculate the stability parameters p  and q o f a periodic orbit in the 
three-dim ensional circular restricted problem , the matrix of first-order variations 





p = | ( a + V d ) ;  q = i { a - y / ~ A )
A = a 2- 4 { ( 3 - 2 )  
a  =  2 —Tr (V )
/ 3 = f ( a 2 +  2 —T r ( V 2))
(6 . 1)
(6 .2)
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(e.g. Zagouras and M arkellos, 1977). The criterion for stability can then be stated in 
terms o f p and q\ three conditions m ust be satisfied:
(i) p and q both real (A ^  0)
(ii) | p | < 2 .
(iii) k l < 2 .
W e note that in the three-dim ensional case p and q are determ ined indis­
criminately as the two roots of the quadratic
v2 — av +  (/? — 2) =  0 ; (6-3)
if the orbit is plane the variational equations decouple into tw o sets, one referring to  
‘horizontal’ variations and the other referring to ‘vertical’ variations, and each of the 
two roots is now  determ ined uniquely from  the linear equation arising from  the  
corresponding submatrix o f the variational matrix. If the roots arising from the 
‘horizontal’ and ‘vertical’ subm atrices are called ph and pv respectively, then the 
follow ing relations with the horizontal and vertical stability param eters a  and av are 
easily seen to hold:
ph =  - 2 a ,  pv =  - 2 a v . (6.4)
W hen w e are dealing, as in this paper, w ith sym m etric orbits, it is not necessary to  
integrate the equations of variation for the full period in order to determ ine p and q. 
B y making use o f the sym m etry properties of an orbit it is possible to relate the 
variational matrix V ( T )  at the full period 7, to its value at 7 /2  or 7 /4 ,  according to 
w hether the orbit is o f sim ple or double symmetry; that is, at the epoch of the second  
mirror configuration. D efining the 6 x 6  diagonal matrices L  and M  by
L  =  d i a g { l , - 1 , 1 , - 1 , 1 , - 1 }
(6.5)
A f =  d ia g { l,  - 1 , - 1 ,  - 1 , 1 , 1 }  
w e obtain the follow ing form ulae for V ( T )  for each of the four cases listed in Table I.
Case 1 (Plane Symmetric Orbits): V ( T ) = L V ~ 1( T / 2 ) L V ( T / 2 )  (6.6a)
Case 2  (A xisym m etric Orbits): V ( T )  =  M V ~ 1( T / 2 ) M V ( T / 2 )  (6.6b)
Case 3  (D oubly Sym m etric Orbits,
starting from axis): V ( T )  =  [ M V ~  1( T / 4 ) L V ( T / 4 ) ] 2 (6 .6c)
Case 4  (D oubly Sym m etric Orbits,
starting from plane): V ( T )  =  [ L V ~ \ T / 4 ) M V ( T / 4 ) f  (6.6d)
T hese relationships result in an econom y of com puting effort in the determ ination of 
the stability of an orbit.
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6.2 . S t a b i l i t y  o f  t h e  v e r t i c a l  b r a n c h e s  o f  f a m i l y  /
In this section w e deal briefly with the stability of the orbits belonging to the vertical 
branches of fam ily /  given in Sections 4 and 5.
It was found that, in general, the bulk of the vertical branch orbits are unstable 
according to the criterion of Section 6.1 , although there exist intervals where the 
conditions are marginally satisfied: that is, both stability param eters are real, one  
lying distinctly within the ‘stable zon e’ betw een  ± 2 , and the other very close to the 
limit of this zone. Since no numerical checks w ere m ade on the accuracy of 
calculations of the stability parameters, w e have m arked as ‘stable’ (by the letter S  
appearing on the right-hand side of the entries in Tables 1 -8 ) only those orbits which  
certainly satisfy all three of the conditions o f Section 6.1.  The absence of the letter ‘S ’ 
from a given entry in one of the tables should not therefore be taken to imply that the 
corresponding orbit is necessarily unstable, although any stable orbits not so marked  
would possess only marginal stability.
Only two of the vertical branches given in this paper contain definitely stable 
orbits: these are F l i?  and F ’(i6 (Tables 2 and 3). In the latter case the stability is still 
som ew hat marginal; while p  varies betw een about —1.36 and + 1 .86 ,  clearly within  
the limits o f condition (ii), q is never further from the boundary value - 2  than 
—1.995. In the former case (family F l { Ps ), how ever, there exists a definitely stable part 
represented by one orbit in Table 2. This part of F l [ P5 has been surveyed in more 
detail, and a plot of q versus p  for a part o f the branch including the stable segm ent is 
shown in Figure 3. In this figure the hatching marks the part of the diagram in which  
the stability criterion is satisfied.
W e conclude, therefore, that apart from marginal cases w here one of the stability 
parameters is very close to the stability limit, the vertical branches of fam ily /  given in 
this paper are generally unstable. This is particularly true of those orbits which  
involve significant departures from the horizontal plane (i.e. large values of x 03 or 
* 06)-
7. Remarks
(1) The follow ing table lists the vertical self-resonant orbits o f fam ilies / ,  g i and g 2 at 
which the vertical branches of fam ily /  given in this paper start and finish:
TABLE II
Branch Starting orbit Termination orbit
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- 1 5
- 2 0
00 10 2 0
Fig. 3. Stability curve in the (p, <j)-plane of part of the vertical branch F l[Ps containing distinctly stable 
orbits. The hatching marks part of the stable region defined by |p | < 2 , |<?|<2.
W e see from  this table that the m ultiplicity of the term ination orbit is two less than  
that o f the starting orbit. This pattern has been  found to apply also to higher- 
m ultiplicity branches of fam ily /  not discussed in this paper. This appears to be a 
general feature o f the three-dim ensional branches which connect the retrograde 
fam ily /  with the direct fam ilies g i and g 2.
(2) A s can also be seen  from Table II, the m ultiplicity 5 and 6 branches of fam ily /  
(with the exception  of F j i ? ) term inate on g2, w hile those of m ultiplicity 7 and 8 
term inate on g i. Figure 2 shows that this sequence o f term ination orbits occurs in the 
sense of increasing C, the jump b etw een  fam ilies g 2 and g i taking place in the vicinity 
of the narrow ‘neck’ w here the tw o fam ily characteristics in the (C, x\)  plane 
approach m ost closely (and where the two curves actually intersect in H ill’s case, 
/lc =  0). There seem s to be a general trend in the term ination points of vertical 
branches o f /  in the vicinity of Jupiter, indicated by the four m ultiplicity cases 
exam ined, w hereby those branches starting from the neighbourhood of f \ \ 5 and f h e  
connect with g2, w hile those beyond f i n  end up on g i.
(3) A s m any authors have pointed  out, the circular restricted problem  may not be 
an adequate m odel for studies of certain astronom ical system s, such as the E arth - 
M oon or outer Jovian satellite system s, in which the non-zero eccentricity of the orbit 
of the primaries may have im portant dynamical consequences (particularly with  
regard to capture and escape m echanism s). It m ay therefore be desirable to 
investigate such system s in the fram ework o f the elliptic restricted problem . The
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determ ination of vertical branches in the circular problem  is a useful starting point 
for finding sym m etric periodic orbits in the three-dim ensional elliptic problem , for 
these branches contain isolated orbits w hose periods are com m ensurable with the 
period of the primaries, and can therefore be used to establish fam ilies of periodic  
orbits in the elliptic problem  with either the mass param eter /1 , or eccentricity e o f the 
primaries, as the family parameter. A  natural continuation of the present work would  
be to use com m ensurable orbits of the vertical branches of fam ily /  to obtain  
three-dim ensional symmetric periodic orbits in the elliptic problem  for the S u n-  
Jupiter case (fi =  0 .000  95) in the vicinity of Jupiter, with a view  to application to the 
problem  of the outer retrograde satellites o f Jupiter.
(4) It m ust be stressed that the generation of three-dim ensional periodic orbits 
from the vertical-critical orbits (av =  ± 1 ) o f sim ple-periodic plane orbits is a special 
case providing the simpler form of three-dim ensional periodic orbits, nam ely the 
cases of multiplicity 1 or 2, and these forms occur in a finite and relatively small 
number o f instances. The present work describes the m echanism  of generation of 
three-dim ensional periodic orbits in the general case where the generating plane  
orbit is vertically self-resonant and the m ultiplicity of the resulting orbits can be any 
integer m >  2. Thus, this work exem plifies the behaviour of the great abundance of 
the three-dim ensional periodic orbits of the problem . For, even if w e restrict 
ourselves to the vertically stable segm ents of sim ple-periodic (one-revolution) plane  
orbits, there are many infinities of fam ilies of three-dim ensional periodic orbits of 
arbitrary multiplicity that can be found to bifurcate therefrom  in the way described.
(5) The numerical procedures described here are not only efficient for the 
determ ination of entire fam ilies of three-dim ensional periodic orbits, but can easily  
be modified to be applicable in the case of asymmetric plane periodic orbits which  
present, in so far as numerical determ ination is concerned, the sam e degree of  
com plexity as the symmetric three-dim ensional orbits.
Appendix 
Tables 1-8 and Figures 4-7
In Figures 4 -7 , orbits representing various parts o f the fam ilies described in Sections 
4 and 5 are plotted with respect to coordinates (X , Y,  Z )  defined by
X  =  x 1~ ( l - fjL) =  x 1- 0 .999  05
Y  = x 2
Z = x3 ■
Thus the origin o f this coordinate system  is at Jupiter (xi =  1 — / i ).  T he scale of the 
plots is such that the length of the positive half of each axis is 0.1 (in units of the 
Sun-Jupiter distance). The orbits are projected orthogonally on the (X , Y ), (X , Z )  
and ( Y, Z )  planes. Figure 5(g) is an orthogonal projection on a plane perpendicular 
to the vector ( 1 , 1 , 1 ) .
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TABLE 1
Family
*01 *05 *06 T C m
0.951982 0.199 771 0.005 8.527 992 3.004 444 5
0.952 009 0.199 526 0.01 8.516 937 3.004 482 5
0.952116 0.198 545 0.02 8.473 496 3.004 633 5
0.952 528 0.194 587 0.04 8.311018 3.005 226 5
0.954 000 0.178 091 0.08 7.790 756 3.007 485 .5
0.956 194 0.146 902 0.12 7.177 642 3.011 175 5
0.959 557 0.084 317 0.16 6.521408 3.017 354 5
0.962 546 0.013 698 0.173 014 6.126 857 3.023 174 5
0.963 138 -0 .001  302 0.172 406 6.066 102 3.024 294 4
0.964 178 -0 .026  302 0.169 123 5.976 432 3.026 075 3
0.969 812 -0 .0 8 6  302 0.165 598 5.717 008 3.029 878 3
0.973 415 -0 .116  302 0.167 475 5.531260 3.031697 3
0.978 654 -0 .176  302 0.160 732 5.255 900 3.034 653 3
0.980 581 -0 .2 0 6  302 0.150 640 5.159 574 3.035 809 3
0.983 336 -0 .261  302 0.114 048 5.028 337 3.037 521 3
0.984 528 -0.291  332 0.073 921 4.973 970 3.038 283 3
0.984 849 -0 .3 0 0  254 0.053 921 4.959 584 . 3.038491 3
0.985 052 -0 .306  108 0.033 921 4.950 533 3.038 623 3
0.985 157 -0 .309  211 0.013 921 4.945 854 3.038 691 3
0.985 177 -0 .309  783 0.003 921 4.944 999 3.038 704 3
TABLE 2 
Family
*01 *03 *05 T C m
0.952 359 0.005 0.199 526 8.505 618 3.004 521 5
0.953 530 0.01 0.198 536 8.427 558 3.004 796 5
0.958 379 0.02 0.194 222 8.117 607 3.005 996 5
0.956 833 0.039 158 0.169 505 8.985 683 3.005 174 5 S
0.970 833 0.044 457 0.161227 8.584 528 3.007 524 5
0.985 833 0.048 168 0.150 268 8.229 079 3.010 729 5
0.992 672 0.049 434 0.143 539 8.120 409 3.012 304 5
1.002 156 0.051581 0.129 539 8.002 749 3.014 539 5
1.005 978 0.052 804 0.121 539 7.947 346 3.015 475 5
1.011451 0.054 889 0.107 539 7.837 344 3.016 912 5
1.013 858 0.055 859 0.100 539 7.774 735 3.017 596 5
1.017 957 0.057 473 0.087 539 7.649 209 3.018 836 5
1.019 708 0.058 138 0.081 539 7.589 944 3.019 390 5
1.023 205 0.059 455 0.068 539 7.467 896 3.020 501 3
1.024 923 0.060 127 0.061 539 7.409 845 3.021 026 3
1.027 838 0.061 359 0.048 539 7.322 457 3.021 820 3
1.029 281 0.062 022 0.041 539 7.287 356 3.022 143 3
1.031590 0.063 145 0.029 539 7.246 401 3.022 524 3
1.032 321 0.063 510 0.025 539 7.237 926 3.022 603 4
1.034 422 0.064 553 0.013 547 7.227 158 3.022 704 2
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TABLE 3 
Family F i S / G i a
*01 *05 *0 6 T C m
0.960 903 0.202 786 0.005 7.768 097 3.010 288 6
0.960 912 0.202 563 0.01 7.763 612 3.010 314 6
0.960 949 0.201 669 0.02 7.745 780 3.010 414 6
0.961 095 0.198 055 0.04 7.676 075 3.010 816 6
0.961 705 0.182 945 0.08 7.419 880 3.012 447 6
0.962 793 0.154 532 0.12 7.051 156 3.015 313 6
0.964 290 0.110 066 0.155 6.652 516 3.019 381 6
0.965 770 0.057 581 0.175 6.334 946 3.023 697 6
0.966 509 0.027 342 0.178 983 6.196 464 3.026 002 6
0.966 890 0.010 568 0.179 040 6.129 494 3.027 233 6
0.967 344 -0.010 570 0.176 928 6.053 228 3.028 740 4
0.967 729 -0.029 511 0.172 892 5.991444 3.030 054 4
0.968 179 -0.052 960 0.164 851 5.922 218 3.031634 4
0.968 547 -0.073 149 0.154 851 5.868 134 3.032 958 4 S
0.969 324 -0.117 005 0.119 851 5.765 421 3.035 716 4 s
0.976 955 -0.198 339 0.082 300 5.553 752 3.038 516 4 s
0.978 980 -0.228 014 0.04 5.470 898 3.039 450 4 s
0.979 326 -0.233 753 0.02 5.456 139 3.039 621 4 s
0.979 408 -0.235 142 0.01 5.452 629 3.039 662 4 s
0.979 431 -0.235 528 0.004 5.451658 3.039 673 4 s
TABLE 4 
Family F ^ / C S
*01 *05 *06 T C m
1.037 500 -0.201 469 0.003 632 7.768 784 3.010 285 6
1.037 478 -0.201 174 0.010 909 7.762 293 3.010 321 6
1.037 404 -0 .200  162 0.021 919 7.740 325 3.010 445 6
1.037 168 -0 .196  806 0.040 779 7.670 487 3.010 849 6
1.036 220 -0 .181203 0.082 771 7.394 357 3.012 624 6
1.035 071 -0 .156  718 0.118 252 7.069 467 3.015 152 6
1.033 255 -0 .100  918 0.160 394 6.583 780 3.020 217 6
1.032 780 -0.081  762 0.168 295 6.463 212 3.021 809 6
1.032 321 -0.061 049 0.174 096 6.349 708 3.023 468 6
1.031 877 -0 .038  705 0.177 471 6.242 791 3.025 197 6
1.031447 -0 .014  654 0.177 948 6.142 026 3.026 998 6
1.031030 0.011 181 0.174 840 6.047 014 3.028 871 4
1.030 724 0.031774 0.169 549 5.979 317 3.030 325 4
1.030425 0.053 441 0.161001 5.914 524 3.031821 4
1.029 780 0.108 779 0.120 015 5.772 498 3.035 518 4
1.033 248 0.111504 0.080 294 5.670 506 3.037 257 4
1.036 641 0.105 860 0.040 743 5.513 805 3.038 963 4
1.037 492 0.104 951 0.019 207 5.465 535 3.039 512 4
1.037 667 0.104 783 0.010 102 5.455 374 3.039 630 4
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TABLE 5 
Family F lfeV G lffs
*05 *06 T  C
0.207 918 0.005 7.405 761 3.015 110
0.207 708 0.01 7.403 231 3.015 130
0.206 867 0.02 7.393 133 3.015 208
0.203 465 0.04 7.353 133 3.015 521
0.189 246 0.08 7.198 740 3.016 810
0.162 700 0.12 6.956 258 3.019 124
0.114 524 0.16 6.622 982 3.023 049
0.066 281 0.18 6.377 806 3.026 683
0.039 683 0.185 6.267 931 3.028 580
0.019 683 0.186 245 6.194 281 3.029 964
-0 .0 0 0  317 0.185 372 6.127 086 3.031314
-0 .005  317 0.184 819 6.111187 3.031647
-0 .0 2 0  317 0.182 336 6.065 443 3.032 634
-0 .0 8 0  317 0.158 320 5.906 783 3.036 443
-0 .1 1 9  810 0.124 564 5.817 877 3.038 876
-0 .1 4 7  330 0.079 564 5.757 591 3.040 642
-0 .1 5 7  420 0.039 564 5.728 629 3.041 462
-0 .1 5 8  999 0.019 564 5.720 388 3.041 669
-0 .1 5 9  287 0.009 564 5.718166 3.041 721
-0 .1 5 9  349 0.004 564 5.717 612 3.041 734
TABLE 6
Family F & '/G 'f f i
*03 *05 T  C
0.001 0.207 973 7.405 867 3.015 110
0.002 0.207 929 7.403 649 3.015 127
0.004 0.207 751 7.394 761 3.015 195
0.007 0.207 254 7.370 149 3.015 387
0.013 0.205 373 7.278 304 3.016130
0.016 0.203 922 7.208 931 3.016 721
0.019 0.202 045 7.121 124 3.017 509
0.024 217 0.197 311 6.908 370 3.019 629
0.027 356 0.192 654 6.710 559 3.021919
0.029 017 0.188 152 6.529 215 3.024 351
0.029 439 0.183 815 6.362 710 3.026 932
0.029 205 0.181714 6.284 558 3.028 281
0.028 665 0.179 662 6.209 571 3.029 669
0.026 575 0.175 737 6.068 402 3.032 569
0.024 933 0.173 894 6.001 847 3.034 086
0.019 974 0.170 676 5.876 512 3.037 246
0.013 974 0.169 591 5.792 046 3.039 625
0.007 974 0.171352 5.743 972 3.041 039
0.004 974 0.173 296 5.728 817 3.041 458
0.001 974 0.175 150 5.719 411 3.041 692
0.000 974 0.175 489 5.717 933 3,041 726
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TABLE 7 
Family
*01 *05 *06 T C m
0.969 965 0.213 616 0.005 7.188 209 3.019 407 8
0.969 968 0.213 416 0.01 7.186 556 3.019 423 8
0.969 979 0.212 616 0.02 7.179 954 3.019 487 8
0.970 025 0.209 384 0.04 7.153 648 3.019 745 8
0.970 218 0.195 906 0.08 7.049 825 3.020 811 8
0.970 580 0.170 971 0.12 6.879 715 3.022 734 8
0.971207 0.127 298 0.16 6.635 554 3.025 953 8
0.971 727 0.089 138 0.18 6.463 596 3.028 622 8
0.972 165 0.054 864 0.19 6.333 291 3.030 919 8
0.972 689 0.010 452 0.193 566 6.190106 3.033 770 8
0.972 914 -0 .010  152 0.191 774 6.131 537 3.035 051 6
0.973 024 -0 .020  647 0.19 6.103 327 3.035 694 6
0.973 355 -0 .054  550 0.18 6.018 741 3.037 734 6
0.973 671 -0 .091  943 0.16 5.935 203 3.039 927 6
0.973 932 -0 .134  017 0.12 5.850 409 3.042 355 6
0.973 991 -0 .157  386 0.08 5.805 840 3.043 716 6
0.973 970 -0 .169  632 0.04 5.782 423 3.044 451 6
0.973 957 -0 .172  506 0.02 5.776 826 3.044 629 6
0.973 952 -0 .173  213 0.01 5.775 439 3.044 673 6
0.973 951 -0 .173  389 0.005 5.775 093 3.044 684 6
TABLE 8 
Family F ifc '/G 1(0) lu 16
*01 *05 *06 T C m
1.028 278 -0 .212  692 0.005 7.188 201 3.019 407 8
1.028 273 -0 .212  500 0.01 7.186 528 3.019 423 8
1.028 254 -0 .21 1 7 3 0 0.02 7.179 844 3.019 488 8
1.028 180 -0 .208  619 0.04 7.153 270 3.019 749 8
1.027 891 -0 .195  597 0.08 7.049 182 3.020 818 8
1.027 424 -0 .171335 0.12 6.880 437 3.022 726 8
1.026 854 -0.135 225 0.155 135 6.673 746 3.025 409 8
1.026 348 -0 .096  225 0.177 582 6.492 206 3.028151 8
1.025 908 -0 .056  225 0.189 787 6.337 656 3.030 838 8
1.025 709 -0 .036  225 0.192 514 6.269 615 3.032 141 8
1.025 520 -0 .016  225 0.193 155 6.206 672 3.033 421 8
1.024 340 0.003 775 0.191739 6.148 217 3.034 679 6
1.024 996 0.043 775 0.182 521 6.042 852 3.037 135 6
1.024 610 0.088 775 0.160 395 5.939 737 3.039 803 6
1.024 190 0.132 711 0.121170 5.852 337 3.042 298 6
1.023 876 0.158 774 0.081170 5.806 242 3.043 704 6
1.023 658 0.173 219 0.041170 5.782 597 3.044 446 6
1.023 598 0.176 794 0.021170 5.776 967 3.044 624 6
1.023 581 0.177 715 0.011 170 5.775 530 3.044 670 6
1.023 577 0.177 962 0.006 170 5.775 146 3.044 682 6
Fig. 4(a).
Fig. 4(b).
Figs. 4(a)-(i). Typical orbits of family F j  is . Figures 4(a)-(c) are projections, in the (X, Y ), (X , Z )  and 
(Y, Z )  planes, of an orbit belonging to the m = 5 segment of the family; Figures 4(d)—(f) are the three 
projections of a representative quadruple (m = 4) member, and Figures 4(g)—(i) the projections of a
representative triple-periodic (m = 3) member.
NUM ERICAL DETERMINATION OF THREE-DIMENSIONAL PERIODIC ORBITS 423
Fig. 4(c).
Fig. 4(d).
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Fig. 4(e).
Fig. 4(f).




Figs. 5(a)—(g). Typical orbits of family F l[Ps .  Figures 5(a)-(c) are the (X, Y ), (X ,Z )  and (Y, Z )  
projections of an orbit belonging to the m  = 5 segment, and Figures 5(d)-(f) are the projections of a 
representative orbit of the m = 3 segment. Figure 5(g) is a ‘three-dimensional’ projection of a double-
periodic orbit near the termination of the family.
NUMERICAL DETERMINATION OF THREE-DIMENSIONAL PERIODIC ORBITS 427
Fig. 5(b).
Fig. 5(c).
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Fig. 5(d).
Fig. 5(e).
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Fig. 5(f).
Fig. 5(g).
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Fig. 6(a).
Fig. 6(b).
Figs. 6(a)—(f). Typical orbits of family i 7^ .  Figures 6(a)-(c) and 6(d)—(f) are the three plane projections 
of orbits representing the m = 6 and m — 4 segments of the family, respectively.
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Fig. 6(c).
Fig. 6(d).





Figs. 7(a)-(b). A  typical orbit of the m = 6 segment of family F xvi°6}, in (X, Y ) and (X , Z )  projections. This 
orbit is almost the mirror image in the (Y , Z )  plane of the orbit belonging to Fj,i6 plotted in Figures 
6(a)-(c). The orbits of the quadruple segment of F ^ ,  not plotted here, are similarly almost mirror-images 
of those belonging to the corresponding part of F ^ .
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